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Backpropagation Algorithm - Outline

The Backpropagation algorithm comprises a forward and backward pass through the
network.

For each input vector x in the training set...

1. Compute the network's response a,

e Calculate the activation of the hidden units h=sig(x ¢ w')

e Calculate the activation of the output units a=sig(h ¢ w)
2. Compute the error at each output e’=a-t

Take the derivative of the activation d’=a(1-a) e’

This gives us the 'direction’ that we should move towards
3. Pass back the error from the output to the hidden layer d’ = h(1-h) w?d?
4. Adjust the weights from the hidden to output layer. w? =w? + (h xd?)

5. Adjust the weights from the inputs to the hidden layer. w' =w' + (x xd’)

Backpropagation - The Forward Pass

During the forward pass all weight values are unchanged.
The inputs x;...,X, are multiplied by the receptive weights for each hidden unit - W’,-

(W'; e X) > net_h value of H; (for Hy - H)

Each Hidden unit sums the activation that it receives, from the weights that fan into it from
the units it is connected to in the input layer.

The summation of the inner product is passed through the (sigmoid) activation function
which for the hidden units is H; = 1/1+e™™-"

The hidden units h;,...,hp are multiplied by the receptive weights for each output unit - W2
(W’ « H) > net_o value of O (for Oy - Op)

Each Output unit sums the activation it receives, from the weights that fan into it from the
hidden units it is connected to.

The summation of the inner product is passed through the (sigmoid) activation function (also
known as the threshold logistic function) which for the output units is Oy = 1/1+e™'-°
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Hidden to Output Weight Adjustment

The connectivity within an MLP network is complete.
A weight connects each j'th unit in the hidden layer to the k'th unit in the output layer.

The result of the forward pass through the net is an output value ax for each k'th output unit.
This value is subtracted from its equivalent value in the Target giving
the raw error signal (tx — ax).

The error measure at each unit is calculated by multiplying the raw error by the 1st derivative
(gradient) of the squashing function, (ax (1 - a)),

calculated for the unit k, 8k = ax (1 —ak) (tk — ax)

The 8 value is then multiplied by the value of out for the j'th unit in the preceding (hidden)
layer and by 7, which scales the value by which the weights should be adjusted, to giveAW.

Aij =n 5k hj
The weights are then changed using this Wii(t+1) = Wi(t) + AW

Where Wgis the weight value from the j'th unit in the hidden layer to the k'th unit in the
output layer , Wi(t+1) is the new value of the weight, & is the value of for the k'th unit in the
output layer, 7 is the learning rate, ax is the output value for the j'th unit in the hidden layer.

Passing Back the Error — Output to Hidden

The Hidden units have no target vector, therefore it is not possible to calculate an error for
them by subtracting the output from the target

BP propagates the error computed over the output layer back through the network to the
hidden units.

To achieve this the value calculated over the output layer, is propagated back through the
same weights to generate a value for each hidden unit.
This process is performed for all units between the hidden and output layer

During the reverse pass, the weights multiply the value from the k‘th unit in the output and
pass it back to the j'th hidden unit.

The value of for the j'th hidden unit is produced by summing all such products from each
output unit, and then multiplying by the derivative of the squashing function.

D1j = hj(1- j) Zk=0 szk dzk

Input to Hidden Weight Adjustment
The propagated values are used in turn to adjust the Input to Hidden weights.

The Input to Hidden weights are adjusted using this Delta, as for the output layer
The result is the value by which the weights should be adjusted, i.e. AW.
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To change the weights between the inputs and hidden units as follows

AW = 17 Gji Xi Wii(t+1) = Wji(t) + AW;
Note

GDR usually includes a momentum parameter

This speeds up the training time and stabilises the learning process by scaling the current
weight adjustment so that it is proportional to previous weight change.

This means that the algorithm becomes directionally optimistic. When it finds a clear descent
it progresses rapidly.

The learning equations including momentum are shown here for the input to hidden unit
weights. The same applies for the second layer of weights

AWi = n Gji xi + aAW;;i
Wii(t+1) = Wji(t) + AW
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Example
Given the following weight values

Input to Hidden 1 -5.851 -5.880 +2.184
Input to Hidden 2 -3.809 -3.813 +5.594
Hidden to Output -7.815 +7.508 -3.417

apply the Generalised Delta Rule For 3 cycles to the XOR training set,
1>1
0->1
1->0
0->0

O -0

use an pof 0.4.

Use the following graph or tables to approximate the sigmoid and its derivative

a sigmoid function, s{x), and its first derivative
‘ y

Look at the example and use the template provided
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-5.851 -3.809 -5.880 -3.813 +2.184 +5.594
|
-7.815 +7.508 -3.417
Pattern No. (1)
Input: Target 1 0 1| .product
Weights:Inp-Hid0 -5.85100 -5.88 2.184 -3.667
Weights:Inp-Hid1 -3.80900 -3.813 5.594 1.785
Hid: (Sigmoid) h = sigmoid(xe w") 0.02492| 0.85631 1.00
Weights:Hid-Out -7.81500 7.508| -3.417|2.8174076
Out (Sigmoid):  [a = sigmoid(he w’) 0.94360
Target t 1.00000
Error e=(a-1) -0.05640
Out Derivative a(1-a) 0.05321
Delta Out: 1 d’=a(1-a) x €* x i -0.0012
Delta Out: 2 ?=d**h -0.00003 -0.00103 -0.00120
Delta Hid d'=h(1-h) x W xd’ x 0.00000 -0.00038 0.00000
NewWts:Inp-Hid0: v’ = w'+ (xx d’) -5.85100| -5.88000| 2.18400
NewWts:Inp-Hid1: v’ = w'+ (xx d’) -3.80900| -3.81300 5.59400
NewWts:Hid-Out |w*=w’+ (hx &) -7.81500| 7.50767| -3.41700
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2 0.88079
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7.9 0.99963

8 0.99966
8.1 0.99970
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8.9 0.99986

9 0.99988
9.1 0.99989
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Pattern No. (1)

Input: Target 1| .product
Weights:Inp-Hid0 -5.85100 -5.88 2.184
Weights:Inp-Hid1 -3.80900 -3.813 5.594
Hid: (Sigmoid) |, - sigmoid(xe w') 1.00
Weights:Hid-Out

Out (Sigmoid): a = sigmoid(he w’)

Target t

Error e=(a-1)

Out Derivative a(1-a)

Delta Out: 1 d2: a(1-a) X 62 xn -

Delta Out: 2 d=d**h

Delta Hid d'=h(1-h) x WP x &? x

NewWts:Inp-Hid0:|,,' =,/ (x x ¢')

NewWts:Inp-Hid1:|,/_ 7., (xx d")

NewWts:Hid-Out | >_ 2, (hx &)

Pattern No. (2)

Input: Target 1| .product
Weights:Inp-Hid0

Weights:Inp-Hid1

Hid: (SlngId) h = sigmoid(xe W1) 1
Weights:Hid-Out

Out (SingId): a = sigmoid(he VV2)

Target t

Error e’=(a-1)

Out Derivative a(1-a)

Delta Out: 1 d’=a(1-a) x €% x n -

Delta Out: 2 d’=d**h

Delta Hid d'=h(1-h) xw? x & x

NewWts:Inp-Hid0:|,," - /. (x x ¢")

NewWts:Inp-Hid1: |,/ 7y ( x o)

NewWts:Hid-Out VV2 - V|/2+ (h X dz)

Pattern No. (3

Input: Target 1| .product
Weights:Inp-Hid0

Weights:Inp-Hid1

Hid: (SIQmOId) h = sigmoid(xe W1) 1
Weights:Hid-Out

Out (Sigmoid): a = sigmoid(he w’)

Target t

Error el=(a-1)

Out Derivative a(1-a)

Delta Out: 1 ?=a(1-a)x e’ xn -

Delta Out: 2 d=d**h

Delta Hid d'=h(1-h) x W2 x o’ x

NewWts:Inp-Hid0:

w =w'+ (xxd')

NewWts:Inp-Hid1:

w'=w'+ (x X d’)

NewWts:Hid-Out

w2 =wA+ (hx d)
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Pattern No. (1)

Input: Target 1| .product
Weights:Inp-Hid0

Weights:Inp-Hid1

Hid: (SIQmOId) h = sigmoid(xe W1) 1
Weights:Hid-Out

Out (Sigmoid): a = sigmoid(he w?)

Target t

Error e=(a-1)

Out Derivative a(1-a)

Delta Out: 1 d2: a(1-a) X 62 xn

Delta Out: 2 d=d**h

Delta Hid d'=h(1-h) x WP x &? x

NewWts:Inp-Hid0:|,,' =,/ (x x ¢')

NewWts:Inp-Hid1:|,/_ 7., (xx d")

NewWts:Hid-Out | >_ 2, (hx &)

Pattern No. (2)

Input: Target 1| .product
Weights:Inp-Hid0

Weights:Inp-Hid1

Hid: (SlngId) h = sigmoid(xe W1) 1
Weights:Hid-Out

Out (SingId): a= SIngId(h. VV2)

Target t

Error e’=(a-1)

Out Derivative a(1-a)

Delta Out: 1 =a(1-a)x €2 xn

Delta Out: 2 d’=d**h

Delta Hid d'=h(1-h) xw? x & x

NewWts:Inp-Hid0:|,," - /. (x x ¢")

NewWts:Inp-Hid1: |,/ 7y ( x o)

NewWts:Hid-Out VV2 - V|/2+ (h X dz)

Pattern No. (3

Input: Target 1| .product
Weights:Inp-Hid0

Weights:Inp-Hid1

Hid: (SIQmOId) h = sigmoid(xe W1) 1
Weights:Hid-Out

Out (Sigmoid): a = sigmoid(he w’)

Target t

Error el=(a-1)

Out Derivative a(1-a)

Delta Out: 1 d2: a(1-a) X 62 xn

Delta Out: 2 d=d**h

Delta Hid d'=h(1-h) x W’ x & x

NewWts:Inp-Hid0:

w =w'+ (xxd')

NewWts:Inp-Hid1:

w'=w'+ (x X d’)

NewWts:Hid-Out

w2 =wA+ (hx d)
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Pattern No. (1)

Input: Target 1| .product
Weights:Inp-Hid0

Weights:Inp-Hid1

Hid: (SIQmOId) h = sigmoid(xe W1) 1
Weights:Hid-Out

Out (Sigmoid): a = sigmoid(he w?)

Target t

Error e=(a-1)

Out Derivative a(1-a)

Delta Out: 1 d2: a(1-a) X 62 xn

Delta Out: 2 d=d**h

Delta Hid d'=h(1-h) x WP x &? x

NewWts:Inp-Hid0:|,,' =,/ (x x ¢')

NewWts:Inp-Hid1:|,/_ 7., (xx d")

NewWts:Hid-Out | >_ 2, (hx &)

Pattern No. (2)

Input: Target 1| .product
Weights:Inp-Hid0

Weights:Inp-Hid1

Hid: (SlngId) h = sigmoid(xe W1) 1
Weights:Hid-Out

Out (SingId): a= SIngId(h. VV2)

Target t

Error e’=(a-1)

Out Derivative a(1-a)

Delta Out: 1 =a(1-a)x €2 xn

Delta Out: 2 d’=d**h

Delta Hid d'=h(1-h) xw? x & x

NewWts:Inp-Hid0:|,," - /. (x x ¢")

NewWts:Inp-Hid1: |,/ 7y ( x o)

NewWts:Hid-Out VV2 - V|/2+ (h X dz)

Pattern No. (3

Input: Target 1| .product
Weights:Inp-Hid0

Weights:Inp-Hid1

Hid: (SIQmOId) h = sigmoid(xe W1) 1
Weights:Hid-Out

Out (Sigmoid): a = sigmoid(he w’)

Target t

Error el=(a-1)

Out Derivative a(1-a)

Delta Out: 1 d2: a(1-a) X 62 xn

Delta Out: 2 d=d**h

Delta Hid d'=h(1-h) x W’ x & x

NewWts:Inp-Hid0:

w =w'+ (xxd')

NewWts:Inp-Hid1:

w'=w'+ (x X d’)

NewWts:Hid-Out

w2 =wA+ (hx d)
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