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Optic Flow and Direct Motion

T. Darrell

Material kindly adapted from B. Horn, Y. Welss, P.
Anandan, M. Black, K. Toyama
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Applications

tracking

recognition

structure from motion
segmentation
stabilization
compression
mosaicing
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'12-1. Displacement of a point in the environment causes a displacement,
rresponding image point. The relationship between the velocities can be
differentiating the perspective projection equation.
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Review: The Essential M atrix

Matrix that relates image of point in one camerato a
second camera, given translation and rotation.

5 Independent parameters (up to scale)
Assumes intrinsic parameters are known.




Review: |nstantaneous case

For small motion given translation and rotation
velocity:

t =otw,
p' = p+otp.

p” v ](Id + 6t [wy])(p + 6t p) = 0
See F& P, chapter 10



Review: FOE for translating camera

FIGURE 11.3: Focus of expansion: under pure translation, the motion field at every point

in the image points toward the focus of expansion.



Review: FOE for translating camera




Planar motion examples

 |deal motion of aplane

trandation  tandation  rotation rotation
in X inz aoundz ~ aoundY



How to find motion?

* Track features (asin stereo)?
— exhaustive search can be sow
— usually just return best match; no uncertainty

« Differential approach
— match gradients

— usually limited by first-order Taylor series
approximation

— most common in CV literature



Differential approach:
Optical flow constraint equation

Brightness should stay
constant as you track

motion | (X+ Udt, y+th,t +dt) = | (X, y,t)

1%t order Taylor series,
valid for small dt

(X, y,t) +udtl, +vatl +dtl, =1(X,y,t)

Constraint equation

ul, +vl, +1,=0

“BCCE” - Brightness Change Constraint Equation



—

e 12-3. The apparent motion of brightness patterns is an awkward con-
It is not easy to decide which point P’ on a contour (" of constant brightness
second image corresponds to a particular point P on the corresponding

: - (' in the first Image.




Brightness constancy constraint line

Av

e uIX+vaJ.rIt:O:
s one equation,
two unknowns!

7
(Ex.Ey)

Figure 12-4. Local information on the brightness gradient and the rate of
change of brightness with time provides only one constraint on the components
of the optical flow vector. The flow velocity has to lie along a straight line per-
pendicular to the direction of the brightness gradient. We can only determine the
component in the direction of the brightness gradient. Nothing is known about
the flow component in the direction at right angles.




Weiss and Fleet, in
Rao and Sgjnowski
(ed) Statistical
Theories of the
Cortex. MIT Press
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Figure 1: a. The “aperture problem” refers to the inability to determine the two
dimensional motion of a signal containing a single orientation. For example, a
local analyzer that sees only the vertical edge of a square can only determine the
horizontal component of the motion. Whether the square translates horizontally to
the right, diagonally up and to the right, or diagonally down and to the right, the
motion of the vertical edge will be the same. b. The family of motions consistent
with the motion of the edge can be depicted as a line in “velocity space”, where
any velocity is represented as a vector from the origin whose length is proportional
to speed and whose angle corresponds to direction of motion. Graphically, the
aperture problem is equivalent to saying that the family of motions consistent with
the edge maps to a straight line in velocity space, rather than a single point.



Aperture Problem and Normal Flow




Aperture Problem and Normal Flow




Aperture Problem and Normal Flow




Aperture Problem and Normal Flow




Aperture Problem and Normal Flow




Aperture Problem and Normal Flow




Aperture Problem and Normal Flow

The gradient constraint:

| U+l v+l =0

NI -U =0

Definesalinein the (u,v) space

Vv

Normal Flow;\ \
T -

uA:- — — u
INT{ NI \




Local Patch Analysis




Combining Local Constraints

N it.u=-12
\ NZ_U__ItZ
N NI®-U=-1]




What 1s Optic Flow, anyway?

o Estimate of observed projected motion field
* Not always well defined!

« Compare:
— Motion Field (or Scene Flow)
projection of 3-D motion field

— Normal Flow
observed tangent motion

— Optic Fow
apparent motion of the brightness pattern
(hopefully equal to motion field)

e Consider Barber poleillusion



Planar motion examples

* |deal motion of aplane

/Q
What isthe% andation  trandation

motion here?

SceneFlow: —
Normal Flow: undef
Optic Flow:  ?, probably O

rotation
around Z

rotation
around Y



Topics

Brightness Constancy

The Aperture problem
Regularization

L ucas-Kanade
Coarse-to-fine

Parametric motion models
Direct depth

SSD tracking

Robust flow

Bayesian flow



Solutions to “the aperture problem”

» Regularize the solution: add avelocity
smoothness constraint (eg, Horn 12.6).

* Integrate over alarger region in image (e.g., Lukas
and Kanade).

* More sophisticated scene models. segment object
boundaries, specularities, texturel ess regions, etc.



Horn and Schunck

e Smoothness is most natural:
- find v that minimizes

”(u_f}: VI + L) +o (U2 +uP +vE +v] )dxdy

ol ol ol
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Horn and Schunck
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L ucas-Kanade: Integrate over a Patch

Assume a single velocity for all pixels within an image patch

Euv)= & (1,00 y)u+1,(x y)v+1,f

X,yl W

Solve with:
Q12 1.1 lesg 2 |10
ca axy‘,’%‘Q: aa 1,19

Qo o) 5 é —— - éo 1] -
@. ley a. Iy Vﬂ a vitQg
On the LHS: sum of the 2x2 outer product
tensor of the gradient vector

(A RIRT)0 =- & N,



| ucas-Kanade: Singularities and the
Aperture Problem

. & allu
— 3 T d b=a & .
Let M =3 (NI)KI)" an e 31,

o Algorithm: At each pixel compute U by solving MU=b

* M is singular if all gradient vectors point in the same direction
-- e.g., along an edge
-- of course, trivially singular if the summation is over a single pixel
-- I.e., only normal flow is available (aperture problem)

e Corners and textured areas are OK



|terative Refinement

o Estimate velocity at each pixel using one iteration
of Lucas and Kanade estimation

o Warp one image toward the other using the
estimated flow field

(easier said than done)
* Refine estimate by repeating the process



Motion and Gradients

Consider 1-d signal; assume linear function of x

“shift by u to account
for I, with I, T

c
1



|terative refinement

A

BUT!!
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Limits of the (local) gradient method

1. Falswhen intensity structure within window is
DOOY

2. Failswhen the displacement islarge (typical
operating range is motion of 1 pixel per
Iteration!)

— Linearization of brightness is suitable only for small
displacements

Also, brightness is not strictly constant in images

— actually less problematic than it appears, since we
can pre-filter images to make them look similar




Pyramid / “ Coarse-to-fing’




Coar se-to-Fine Estimation

Ut v+ l» ==>gmalluandv ...

Pyramid of image J Pyramid of image |



Parametric (Global) Motion
Models

Globa motion models offer

— more constrained solutions than smoothness (Horn-
Schunck)

— Integration over alarger areathan atranslation-only
model can accommodate (L ucas-Kanade)



Parametric (Global) Motion
Models

2D Models:

(Translation)

Affine

Quadratic

Planar projective transform (Homography)

3D Models:

nstantaneous camera motion models
Homography+epipole

Pl anet+Parallax




E(h) =S [I(x+h)- 1K)’



« Transformations/warping of image

E(h) =S [I(x+h) - 1K)

&lx

Trandations h=a
&y



What about other types of motion?



Generalization

« Transformations/warping of image

E(A, h) :X% [1(Ax+h) - 1,)]?

s b
& d

&lx
Ty

g\

u
Affine A = LJ h =
u

(E{D’



Generalization

(7]

o b .
Affine A:ga gh:gjg
& dy &y



Example: Affine Motion

u(x,y) =a, +a,x+ay
V(X y) =a, ta;Xx+agy

Substituting into the B.C. Equation:
LU+l w+l »0

I (& +a,x+ay)+1,(a, +ax+ay)+1, »0

Each pixel provides 1linear constraint in 6 global unknowns
(minimum 6 pixels necessary)

Least Square Minimization (over all pixels):

Err(a) = q [Ix(a1+a2X+ a;y) +1,(a, +ax+azy)+ 't] 2



X+

u(x, y) = ap+a,x + a,y

1

wx, y)=azta x+agy

4

...........
..........
...........
,,,,,,,,,,,

...........

,,,,,,,,,,,

I(x+u(x; a), t-1) = I(x, t)
(Brightness Constancy Assumption)






Generalization

« Transformations/warping of image



Generalization

Affine + 4

Planar perspective: A =

>(D§JCD>$\
L L &P
Sl

CONCNCNCy



Generalization

« Transformations/warping of image

E(h) =S [I(f(x ) - 1,K)]°

Other parametrized transformations



Generalization

N
RN

Other parametrized transformations



2D Motion Models summary

Quadr atic — instantaneous U =0+ QX+ 0y + QX" +QgXy
approximation to planar motion V=0, +0.X+ 0.y + 0 Xy + Gy

o= nthx+hy
h, +hyx+hyy
h, +hx+hy
h, + hx+hy

and

[ Proj ective — exact planar motion } y'=

Uu=xX-X, v=y-y




3D Motion Models summary

Global parameters:

L P ;
% ocal Parameter

4 nstantaneous camera motion: )

WX ’\M’WZ ’TX ’TY’TZ

Z(X,Y)

u=-xyW, +(1+ XZ)\M( - YW, +(Ty - T,X)/Z
V=- (1+ yz)Wx +Xy\M/ j XWZ +(TY - TZX)/Z

/
Xl_ h1X+h2y+h3+gtl
” Homography+Epipole h h,X +hyy +h, +gt,
._ hyx+hy+h; +gt,
Global parameters; [N+ Mottt Y T x+hy+h +gt,
kLOcal Parameter: a(xy) J jland: u=x-x, v=y'-y
"Residual Planar Parallax Motion u=x"- x=—9 _(tx-t)
Global parameters: UL, 1+g%
W v—_ Y
: v=y"- x= ty-t
 Local Parameter: g(xy) y y T+ gL, (Ly-t,)




Residual Planar Parallax Motion
(Planet+Parallax)

Original sequence Plane-aligned sequence  Recovered shape

Block sequence from [Kumar-Anandan-Hanna 94]

* Glven two views where motion of pointson a
parametric surface has been compensated, the
residual parallaxisan epipolar field”



Residual Planar Parallax Motion

Theintersection of the two line constraints
uniguely defines the displacement.




Dense 3D Reconstruction
(Planet+Parall ax)

Origina
sequence

Plane-aligned
sequence

Recovered shape



Rigid pose estimation

* Head pose model: 6 DOF

I &X 1)

_evu

P_éYL:J
1 &z
/

5
(‘g> CDs(‘D> %\

_l
1
TP



Optic flow for rigid motion

o 3-D velocity:

V=T+W P=T- Pw=|) -P]eT”

&ué 00 0 Z -Yi_.
v=&U-&% 1 9 .z o x&U
eva e U

ME 01 Y -X 0§

(See Horn, 17.2)




Optic flow for rigid motion

» Perspective projection

. é/, u
eviu éf 0 -xu1lag,
e U_e A\ A%

v, &0 T - yaz'© ya



Optic flow for rigid motion

e Combine
&ué 00 0 Z -Yu_.
v=&U-8&% 1 9 .7z o x&'U
eva e _ U
&H 0 01 Y -X 0§



Optic flow for rigid motion

éV u &l (
« Rigid Motion (for small v): e U= He\/\f"
BY, f evvu
g0 L 000 Z Y0
= i~ 10-z o xY
& f -yuz's y
| 0 01 Y -X 0§
Perspective projection 3-D velocity at point P

of 3-D velocity

Hard to solve with just optic flow vectors! (but see Horn 17.3-
17.5).
Instead, Direct method combines constraint linearly with BCCE!



Direct Rigid Motion Estimation

 Brightness Change Constraint

L(X, y,t) =1 (X+V,,y+v,,t+])

d,d . d_,

dx * dy ¥ dt

G_édl d ugVﬂ
H &ax dy tgV,

¢ diu_
8 dt



Direct Rigid Motion Estimation

 Brightness Change Constraint
¢ dig_édl dl VU

- e ue U
& dtH Edx dy (igV,

« Rigid Motion Model

U U_ €Th

e u—nag |

g et
0 g 00 0 Z -Yo
= 16 10-z o xV
g0 f -yuz2'§ u
® 01 Y -X 0§



Direct Motion Estimation

* One equation per pixel:

&g 00 0 Z -Yu
é dig_éd doef 0 -xuleg 10 -7 0O Xueu
A= é_ - Q_l,\ -
t dyfgo f - ygz'€ Wy
8 ol sd dyig Nes® 01 v -x 0f

First, convert X,Y from screen coordinates to
pixel coordinates....



Direct Motion Estimation

One equation per pixd:

I ol dlef O x‘1é1 0 0 0 Z -yZ'l fu,
§ ﬁed dueo f 3?2010 4 0 XZ/fueu;’v\;
o dy e N9 0 1 yzif -xzif o g0



Direct Motion Estimation

* One equation per pixel:

do_éd dEf 0 -xile o o O z
§ al G oo 1 Wiz 10 7 ¢
€ e T o0 1 yziit - xzf

o Still hard!
« Z unknown; assume surface shape...
— Negahdaripour & Horn - Planar
— Black and Y acoob - Affine
— Basu and Pentland; Bregler and Malik - Ellipsoidal
— Essaet a. - Polygonal approximation

-yZ'l fu _ .
xZ'/ f UeéT“I',



“Direct Depth”

Use real-time stereo!
o GivesZ directly; no approximate model needed
e Express Direct Constraint on Depth Gradient

Z(X Y, 1) =Z(X+V,,y+v,t+]1)-v,



Direct Depth

3-D Depth and Brightness Constraint Equations:
* Orthographic
¢ di/cty_ed /dx di/dy O e

€ dz/dt " &z/dx dz/dy 1}3';;5

e Perspective

e— di/dta_éfdl/dx fdl/dy - ydl/dy- de/dxuléV
S dz/dtd &fdz/dx  fdz/dy -1 Hzgv



Direct Depth

Combined with rigid motion model!:
* Orthographic

&6 00 0 Z -vyu
e-dI/dtu édl /dx dl/dy OUéO el u
=@ (8 1 0 -Z2 O X A T,
& dz/dtd &dz/dx dz/dy - 1€ U\
g 01 y -x O0¢g
* Perspective
gL 0 O 0 Z - yZ'l f1
e dI/dtu efdl/dx fdl /dy - ydl /dy- Xdl/quléO e U
dz /dty &fdz/dx fdz/dy -1 (7 1 0 -2 0 2T
& e 01 yzit -xzif o g

One system per pixel, same T,W. Solve with QR or SVD.
[Harville et. al]



Input to Pose Tracking




Pose Results




Application

Track users’ head gaze for hands-free pointing...
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Correlation and SSD

» [or large displacements, do template matching as
was used in stereo disparity search.
— Define asmall area around a pixel as the template

— Match the template against each pixel within a search
area in next image.

— Use a match measure such as correlation, normalized
correlation, or sum-of-squares difference

— Choose the maximum (or minimum) as the match
— Sub-pixel interpolation also possible



SSD Surface — Textured area




SSD Surface -- Edge




SSD Surface — homogeneous area




Discrete Search vs. Gradient Based
Estimation

Consider image | translated by U,,V,
IO(X’ y) = I (X1 y)
I (X+Ug, Y +Vy) = 1(X y) +h, (X, y)

Eu,v)=a (1(%Y)- 1(x+u, y+V))?

=8 (1(% )= 1(X- Uy +U, y- vy +V) - hy(, )’

Discrete search ssimply searches for the best estimate.
Gradient method linearizes the intensity function and solves for
the estimate



Problem

Conservation

Violation of
Brightness Constancy

Violations of brightness constancy result in large
residual errors:

| u(x;a) +1,v(x;a) + It‘q

Choose g to be insensitive to outliers



Robust Estimation

Standard Least Squares Estimation allows too much influence
for outlying points

@}

EM =& r (x)
r(x)=0%-m)°

Influencey (X) _Ir =(x - m)
X



Robust Estimation

Goal:
* Recover the best fit to the majority of the data
e detect and reject outliers

Linear regression:

E(a,a,)=a r (ax +a,)- d,s)




Robust Estimation

Quadratic g function gives too much weight to outliers.




Robust Estimation

— o . .
E,(u,v,)=ar (| U+ yWVs T |t) Robust gradient constraint

Ed (us’vs) = é r (I (X’ y) - ‘](X+ us’ y+Vs)) Robust SSD

Minimize via coordinate descent.
e Non-convex
» Use a continuation method with deterministic
annealing.
e Coarse-to-fine
e |RLS



Iteratively Reweighted L east-Squares

Robust Minimization (over all pixels):

Err(8) = g W(X, y)[l LU Y) 1 (6 y)V(X, Y) + 1 (X Y)] 2

Reweight each pixel based on previous residual.

An QOutlier Measure I1s thus:

O(x,y) Invasay relatedto (1/W(X,Y))

. [NI
O(x,y) 1 R +e
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Bayesian Optic Flow

« Some low-level human motion illusions can be
explained by adding an uncertianty model to
L ucas-K anade tracking

* Theories from Psychology about normal flow
fusion:
— (VA) vector average (of normal motions)
— (10C) intersection of constraints (e.g., Lucas-Kanade).

a /, P _F




Vy /

1oC

VA

— -
R
d

This demo illustrates the insufficiency of either VA, IOC or feature tracking to explain human

perception of a horizontially moving rhombus. @ A “narrow" rhombus at high contrast appears to
move horizontally (consistent with IOC or feature tracking). 5. A “"narrow" rhombus at low
contrast appears to move diagonally (consistent with VA). ¢. Velocity space constraints for a
narrow rhombus. d-e. A ““fat" rhombus at low and high contrast appears to move horizontally
(consistent with IOC or feature tracking). ¥ Velocity space constraints of a fat rhombus.

http://www.cs.huji.ac.il/~ywei ss'fRhombus.



Occluders




Occluders




Occluders




Occluders




Brightness constancy with noise;

I(xy,t) = I(x+ v.At, y + v AtL, t+ At)+n

Assume Gaussian noise, smooth surfaces, locally constant; take first order
linear approximation:

P(I(x;,y;,1)|v;) o<

|

exp | — wilxy) (L(eyt)v, + Lixy,t)v, + Lixy,t))” dxdy

1
=T X,y

Prior favoring slow speeds:
P(v) o< exp(—||v||*/120,7%).
Assume noise is independent across location; apply Bayes.
P(V|I) == P(v) I1 P(I(x,,y;,t) |v),
]
With constant window w=1,

—|||-'||3;“2(T!,3 — % J Ulxsp) v + L2y )v,, + Uz dx dy

207 Yxy

Pl =< exp

Form ‘normal equations’ to arrive &t....



L ucas-K anade with uncertainty:

7 2 _l
( >I0+5 XL, \ | \
{T_,“ E I.\'In'

1;:': =

; [TE Z IJJ;
Zf_\.f]. Zf].h—i——} )
| ' g )

\

One parameter: ratio of observation and prior
gaussian spread.

http://www.cs.huji.ac.il/~ywei ss'Rhombus
[Weiss, Simoncelli, Adelson Nature Neuroscience 2002]



Likelihood Likelihood Likelihood
Stimulus at location a at location b at location ¢




image

likelihood 1 likelihood 2

posterior

Figure 4: The response of the Bayesian estimator to a fat rhombus. (replotted from
Weiss and Adelson 98)



likelihood 1 likelihood 2

posterior

Figure 3: The response of the Bayesian estimator to a narrow rhombus. (replotted
from Weiss and Adelson 98)



Effect of contrast

Image
a 5|

Posterior

Pricr

Image

Likelihood 1

Likelihood 2

Posterior

Prior

Image

Likelihood 1

Likelihood 2

Posterior
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