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Topics

e Exact inference: belief propagation
— basic idea, messsages
— marginals and pairwise marginals
— example
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Belief propagation: preliminaries

e Belief propagation operates by sending messages between
nearby variables in the graphical model

The messages contain all the information (evidence)
necessary to locally evaluate the posterior marginals for each

variable

e Key issues: locality of information, use of the graph structure
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Belief propagation: preliminaries

e To better formulate the message passing algorithm, we use
the following common notation for the underlying probability
distribution and the evidence about the values of the variables

- pe i(z1) = Pw1)

©—>‘ Yr2(z1, x2) = P(22|21)

)
P(ZCl, ZCQ) = P(Jfl)P(CISQ‘ZCl) ¢2(x2) — 5(3327 j2)
Observation: zy = 2o

e The potential functions (tables of non-negative numbers) are
chosen so that

P(Qfl, L9, observed data) — ¢1 ($1)¢12(SU1, xg)wx(ab)

(the assignment of probabilities/evidence to potential
functions is not unique)
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Belief propagation: simple example

1 2 hi(x) = P(ay)

©—>© ¢12(x1,$2) — P(£B2|£131)

P(x1,x9) = P(x1)P(x3|21) Pa(z2) =1

e \We can evaluate marginals by sending messages:

P(x) = Z P(xq1,29)

— Zwl(x1)¢12($17x2)¢2(x2)

¢1(5131) Z ¢12($1, xz)wz(xz)

= P1(w1) ma—1(x1)

where mo_,1(x1) is a table (message) that x5 needs to send
to x4
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Belief propagation: simple example cont’d

1 2 hi(z) = Pay)

Q—»@ ¢12($1,$2) = P($2|$1)

Pla1,2) = Pla)Plasfer) ©27) =1

e \We can analogously evaluate the marginal over x5

P(CEQ) — ZP(CBl,CL’Q)

= Zw1($1)¢12($1,$2)¢2($2>

Vo (2) Z Y12(x1, £2)101(21)

= a(w2) m1_a(x2)

where mq_,o(x2) is a message that x; sends to x5
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Belief propagation: hidden Markov models

e Suppose we have the following hidden Markov model over
three time steps, where the hidden (homogeneous) Markov
chain has m states

S0 S1 S9

) I Io

e We are interested in the posterior probabilities over the
hidden states s;

e We formulate a message passing algorithm for this that
operates analogously to the forward-backward algorithm
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Hidden Markov models: notation

e We will first transform the probabilities and the evidence into
potential functions

(zols0) P(s0)
1(s1) = Po(z1]51)
Pa(s2) = Po(x2|s2)

%1(80, S1
¢12(82, S1

N— —

The distribution over the hidden states is given by

P(S()a S1, 52, data) — ¢0(80)¢01(307 Sl) :
Y1(81)Y12(81, 82)2(52)
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Hidden Markov models: messages
m0—>1(81)

S0 » S1 S9

Yo(s0) ©—>©—>© Ya(s2)

%1(80, 81) ¢12(81, 82)
V1(s1)

e [o evaluate the marginal posterior over so we need to sum
over the possible values of sy and sy. First,

P(sl,SQ,data) — ZP(SQ,Sl,SQ,data)

S0

— Z ¢0(80)¢01(80, 81) ¢1(31)¢12(517 82)¢2(52)
= m0_>1(81) ¢1(31)¢12(517 32)¢2(52)
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Hidden Markov models: messages cont'd
m0—>1(81) m1—>2(82)

S0 » S1 » S9

i) (= ntw

%1(807 81) %2(81, 82)
Y1(81)

e Finally
P(sy,data) = ZP(sl,SQ,data)

S1

— 2{:77uyﬁ1(81)¢q(81)¢ﬁ2(31752)¢Q(52)

— m1—>2(82) ¢2(82)

e To evaluate the other posterior marginals we would have to
send analogous messages backwards in time
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Belief propagation for trees

e In the more general case we have to combine messages
from different branches of the tree (independent sources of
information)

Example:
mao—1 $1 /)Q\
m4_>2 5132
/ m5—>2
m2_>1 5171 Zwlz $1,$2)¢2($2) m4_>2(x2)m5_>2(:132)

L2
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Belief propagation cont’d

e We can now define in general
how each node in the graph
should communicate with its
upstream and downstream nodes

igh .
(neighbors) T /
A message passing scheme:
1. Initialize messages to 1. My—2(T2) %mf)%
2. Message (information) that j d

sends to 7 Is

mj—i(T:) E :%J Tiy Tj)P;(T; | |ml—>3 ;)
[#1

where the product is over the neighbors of 7 not including
© who the message is sent to
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Belief propagation cont’d

e [he messages are sent both upstream and downstream in
the same manner

myi(w) = Y i@, w0 () | [ i (z;)

m1_>2(x:c2) /?Q\ )
m2_>4(:174)g}// Q m5_>@
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Belief propagation cont’d

mj—i(T:) E :¢ZJ Tiy )i (x5) | |ml—>3 ;)

[#1

e [his message passing algorithm s
guaranteed to converge when the
graph is a tree and

(the product is over neighbors of 7)

e The messages can be updated
synchronously, asynchronously, or

leaf-root-leaf)
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BN
) PN
P(xi,data>—w:cz-)l;[mw(xi) Q/ e

H5D) // \ I3
via a reasonable schedule (e.g., /;4 \%I;E)
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Belief propagation cont’d

e We can also easily construct pairwise posterior marginals
for neighboring variables in the graph from the converged

MesSages:
Q\\\ ms3—1 5131
My—2(22) %m
/ H—2

P(SEl, T, data) =

ma—1(z1) Y1(z1)Y12(x1, 22)Y2(22) Mma—a(z2)ms_2(x2)

e Evaluation of non-neighbor pairwise marginals is somewhat
harder
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Example

e A latent tree model

O
O

latent variables

O
O O O ©
el va 6% e
pixel values
o

e We'd like to be able to estimate such latent variable models

from a set of pixel images
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Estimation via EM

X1
<x2\xl> Pla)
latent variables @
/ Q J
pixel values

e We can try to find the maximum likelihood setting of the
parameters via the EM algorithm

E-step: we have to evaluate pairwise posterior marginals
P(x;, x;|image) for neighboring nodes in the tree, separately
for each image
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Estimation via EM cont’d

L1

P(s]21) Pl@)

L2

4

latent variables O
O
O O O @
pixel values O ©
O

M-step: we can update the conditional probabilities
P(x;|x;) in the tree by normalizing the soft posterior
“counts”

ﬁ(mi,xj)

n(xi,x;) = ZP($i7$j|imaget)a P(xi|x;) < S alz;)
; T; 1) 7]
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Example cont’d

e We can also use the belief propagation algorithm to complete
a partially observed image by evaluating P(z;|partial image)
for each unobserved leaf node

latent variables

O

pixel values
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