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Topics

e Probabilistic modeling
— mixture models and the EM algorithm
— mixtures of experts, examples
— hierarchical models
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Review: mixture density

e Data generation process:

ot 550 s
P(Y) s {@%ﬁ;}:
y=1 y=2

P(xly=1) P(xly=2)

p(x|0) Z pj - p(x|p;,2;)  (mixture of Gaussians)
71=1,2

e Any data point x could have been generated in two ways; the
component responsible for generating x needs to be inferred.
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Review: the EM algorithm
E-step: softly assign examples to mixture components

p(jli) «— P(y; = j|x;,0), forallj=1,2andi=1,...,n

M-step: re-estimate the parameters (separately for the two
Gaussians) based on the soft assignments.

p; «— —, where n; = p(jl7)
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Mixture demo
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The EM-algorithm

e Each iteration of the EM-algorithm monotonically increases
the (log-)likelihood of the n training examples x1,...,Xy:

n p(x;(0)
[(D;0) = Z log (1{?1]?(Xi|,u1, 1) + p2 p(Xi| 2, Zz?)
i=1

where 0 = {p1, p2, 11, 2, 21, X2} contains all the parameters
of the mixture model.
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The EM algorithm: why does it work?

e To show that EM increases the log-likelihood of the data after
each iteration we resort to the following auxiliary objective

Ha:0) =5 S q(ili)log [pf’p("i‘f&?’zﬁl

~ 5 q(j7)

where q(j|i) are soft assignments of examples to mixture
components. We view both ¢ and 6 as parameters to be
optimized.

e \We need to specify
— how we will use this objective (algorithm)
— how the algorithm relates to EM
— how the objective relates to the log-likelihood
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The auxiliary objective: algorithm

=2 2 alil)log

1 g=1,2

pip (x|, Zj)]
q(jl?)

e \We maximize this objective in the following alternating steps.
Let 09 be the initial setting of the parameters, then at
iteration k:

¢*) = argmaxJ(q;0%)) (E-step)
q

Pl — argmng(q<k);9) (M-step)
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The auxiliary objective: algorithm

=2 2 a(ili)log

1 g=1,2

pip(Xi| s, Zj)]
q(jli)

e \We maximize this objective in the following alternating steps.
Let 09 be the initial setting of the parameters, then at
iteration k:

¢*) = argmaxJ(q;0%)) (E-step)
q

Pl — argmng(q(k);H) (M-step)

e Clearly these steps lead to a monotonically increasing value
of the objective J(q;6)

J(q"D50W) < J(¢™;0%) < J(g™; 0"
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Relation to EM

e Suppose we set q(j|i) to be the posterior assignments p(j|7)
based on the current setting of the parameters 6:

= > ) p(jli)log [pjp(:fi’.ﬂ?’zj)]

~ 55 p(j?)
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Relation to EM

e Suppose we set q(j|i) to be the posterior assignments p(j|7)
based on the current setting of the parameters 6:

JB:0) = 3 > p(jli)log [pjp(’fi’ﬂ?’zj)]

~ 5 p(jl?)
= S‘ S‘ p(jli)log |pjp(xilpj, Xj)| + const.
1 g=1,2
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Relation to EM

e Suppose we set q(j|i) to be the posterior assignments p(j|7)
based on the current setting of the parameters 6:

N PiP\X; ;
J3:0) = S5 B0l log[” 1, 5

1 g=1,2

_ S: S: p(j12) log [pip(xi|1;,

i j—12

= 2 |2 pUl

7=1,2 L

Tommi Jaakkola, MIT CSAIL

p(jli)

) log |pip(xilpj, 2

!

)]

;)| + const.

-+ const.
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Relation to EM

e Suppose we set ¢(j|i) to be the posterior assignments p(7j|¢)
based on the current setting of the parameters 6:

. pip(Xilpy,
J(p;0) = Y ;‘ p(jli) log | (A |] i)
~ 5 - p(J)
= Y Y p(jli) log pjp<XZ|:uJa )] + const.
i §=1,2
— S: S‘p ) log pjp(le,uj, )} +const.
j=1,2 L 1

weighted Iog—likelihood

The estimation of 6 reduces to finding ML Gaussians based
on a weighted training set, separately for each component

= M-step of the EM-algorithm.
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Relation to the log-likelihood

=Y Y q(jli)log [pjp(xz-\.u:j,Zj)]

~ 55 q(j7)

e This objective has two relevant properties for our purposes:

J(q;0) < I(D;0) (1)

J(p;0) = UD;0) (2)

where p(j|i) = P(j|x;,60) are the posterior assignments.
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Proof of property 1

For any setting of ¢(j]7)

J(g:0) = > Y q(jli)log

i §=1,2
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Proof of property 1

For any setting of ¢(j]7)

J(q;0)
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INA

> D alli

1 7=1,2

Z log

%j)|

) log [pjp(ximj,

q(jlt)

(X’i‘:ujv

)

DD
>l
j=1,2

q(jl?)
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Proof of property 1

For any setting of ¢(j]7)

J(q;0)
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VAN

> 3 g [P E)

i §=1,2

q(jli)

Z q(j]i)pjp(Xin’ Ej)

= q(417)
> pip(xilus, ;)
j=1,2
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J(q;0)
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VAN

Proof of property 1
For any setting of ¢(j]7)

%)

> Y q(jli) log [p"'p(xilw’

1 g=1,2

q(jli)

i)

Z log p(x;|6) = I(D; 6)

PP\ X5 |,
d " log | ) Q(J’)j( b, 2
j=1,2

> log | Y pip(xilps,
j=1,2

q(jl?)
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Proof of property 2
By setting ¢(j|i) equal to the posterior assignments

(Gli) = pip(Xalpy X5)  pip(Xalpg, Xj)
ijzl,g Pj’p(Xi\/ijfa ) p(x4]0)

— S ST Bl log [pgp(§i|ﬂgazj)]

~ 55 p(jl?)
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Proof of property 2
By setting ¢(j|i) equal to the posterior assignments

2(li) = pip(Xilpg, X5) — pip(Xa| g, ;)

Zj/:LQ pj’p(xi‘,uj’a Ej’) p(x4]0)

we get

. pip(Xa| g, 25
J(p;0) = Y Y pjli)log |~ (A ‘.”:7 J)]

~ 55 - p(l)

= Y ) pjli)log p(xi\Q)]
i j=1,2 :
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Proof of property 2
By setting ¢(j|i) equal to the posterior assignments

2(li) = pip(Xilpg, X5) — pip(Xa| g, ;)

Zj/:LQ pj’p(xi‘,uj’a Ej’) p(x4]0)

we get

. pip(Xilpg, 2
J(B:0) = > Y p(jli)log |2 (A ‘.”:7 J)]

~ 55 - p(l)

= XX atiltog | plxlo)
i j=1,2 :

_ Z log p(x;|0) = I(D; 0)
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Completing the argument

e [he algorithm and properties

¢® = argmax J(q;0®) (E-step)
q
ple+1)  — argm@axJ(q(k);é’) (M-step)
J(¢;:0) < I(D;0) (property 1)
J(p;0) = 1(D;0) (property 2)

e \We can now set up the following chain of inequalities

[(D;0%)) = J(g®);0k,)) (E-step, prop. 2)
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Completing the argument

e [he algorithm and properties

(k)

¢® = argmax J(q;0®) (E-step)
q
ple+1)  — argm@axJ(q(k);é’) (M-step)
J(¢;0) < U(D;0) (property 1)
J(p;0) = 1(D;0) (property 2)

e \We can now set up the following chain of inequalities

[(D; 0F) J(q®);0))  (E-step, prop. 2)
J(g"W;0%+D) (M-step)

A
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Completing the argument
e [he algorithm and properties

¢*) = argmaxJ(q;60")) (E-step)
q
ple+1)  — argm@axJ(q(k);H) (M-step)
J(g;0) < UD;0) (property 1)
J(p;0) = U(D;0) (property 2)

e \We can now set up the following chain of inequalities
J(g®); gF)) (E-step, prop. 2)

J(q®);0%+1)  (M-step)
J(qF1; 0% +1) - (E-step)

IA A

Tommi Jaakkola, MIT CSAIL

24



Completing the argument
e [he algorithm and properties

") = argmax.J(g;0'")) (E-step)
ple+1)  — argm@axJ(q(k);H) (M-step)
J(g;0) < U(D;0) (property 1)
J(p;0) = U(D;0) (property 2)

e \We can now set up the following chain of inequalities

J(g®); gF)) (E-step, prop. 2)
J(q®);0%+1)  (M-step)
J(g" ;0% +D)) - (E-step)
[(D; gt+1) (prop. 2)

I IAIA
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Classification example
e A digit recognition problem (8x8 binary digits)
Training set n = 100 (50 examples of each digit).
Test set n = 400 (200 examples of each digit).

e We estimate a mixture of Gaussians model separately for
each type of digit

Class 1: P(x|61), (e.g., a 3-component mixture density)

Class 0: P(x|0y), (e.g., a 3-component mixture density)

e Assuming the examples in each class are equally likely a
priori, we will classify new examples x according to
P(x[6,)

Class = 1 if log — > (0 and Class = 0 otherwise
P(x]0o)
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Classification example cont’d

e The figure gives the number of missclassified examples on the
test set as a function of the number of mixture components
in each class-conditional model

44

42

40

38

36

34

32r

30

28}

26
0

e Anything wrong with this figure?

Tommi Jaakkola, MIT CSAIL 27



Classification example cont’d

e A single covariance matrix has 64 % 65/2 = 2080 parameters
but we have only n = 50 training examples...
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Classification example cont’d

e A single covariance matrix has 64 % 65/2 = 2080 parameters
but we have only n = 50 training examples...

e We can regularize the model by assigning a prior distribution
over the parameters, especially the covariance matrices

We use a Wishart prior over each covariance matrix

1 /
\Z\”’/Q exp (—%Trace(z—l S)>

P(X]S,n') x

(written here in a bit non-standard way)

S = "prior” covariance matrix

n' = equivalent sample size
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Regularized EM

e E-step is unaffected (though the resulting values for the soft
assignments will change)

e In the M-step we maximize instead a penalized log-likelihood
of the (weighted) training set: for each component j

zp ) log Plxilug, ) +log P(S1S, )

e Adding such a regularization penalty changes the resulting
covariance estimate only slightly

- 1 ~ . .
2j — < > () (i = i) (xi = fu)T + 'S

n; +n'
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Regularized EM: demo
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