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“CsalL Topics
e Observations and Markov properties
e Hidden Markov models (HMMs)

— examples, problems
— forward-backward probabilities
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“CsalL Markov properties: example

e Data generation: successive states xy, x2, x3, and x4
come from different clusters (colored) in a counter-clockwise

Seean Markov properties: example

e Data generation: successive states xy, x2, x3, and x4
come from different clusters (colored) in a counter-clockwise

manner. manner.
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— we could try to define state transitions by partitioning the
space into regions that contain the clusters
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Seean Markov properties: example Seean Markov properties: example

e Data generation: successive states x1, x2, x3, and x4
come from different clusters (colored) in a counter-clockwise
manner.

— we could try to define state transitions by partitioning the
space into regions that contain the clusters
— problem: overlapping clusters lead to ambiguity
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e Data generation: successive states x1, x2, x3, and x4
come from different clusters (colored) in a counter-clockwise
manner.

R3

Ry

— we could try to define state transitions by partitioning the
space into regions that contain the clusters

— problem: overlapping clusters lead to ambiguity

— we can resolve such ambiguities by looking at previous
states (regions visited by the states)
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Ean Markov properties: example
e We can solve the problem more easily by modeling the
observations as samples from distributions associated with

discrete states
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o Hidden Markov Models (HMMs)

e Hidden Markov models are Markov models with state
dependent observations
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o1 T2 T3 P(z1]s1 = i) = N(21; i, 2i)
P(x|sy = i) = N(21; pi, %)
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AN At
Eoan HMM examples oan HMM examples: biased outputs

e Two states 1 and 2; observations are tosses of unbiased coins

) Ty T3

P,(z = heads|s = 1) = 0.5, Py(z = tails|s =1) =0.5
P,(z = heads|s = 2) = 0.5, P,(x = tails|]s =2) =0.5

e This model is unidentifiable from x—observations alone

e Two states 1 and 2; outputs are tosses of biased coins

P,(xz = heads|s = 1) = 0.25, P,(z = tails|s =1) =0.75
P,(x = heads|s = 2) = 0.75, P,(x = tails|s =2) =0.25

e What type of output sequences do we get from this HMM

model?
Tommi Jaakkola, MIT CSAIL 9 Tommi Jaakkola, MIT CSAIL 10
AN AN
Ean HMM problems oan Forward-backward probabilities
e There are several problems we have to solve . - -
1. How do we evaluate the probability of an observation
sequence {X1,...,Xp}?
— forward-backward algorithm ‘ A ~
2. How do we adapt the parameters of the HMM to better z z2 3
account for the observations?
— the EM-algorithm
e How do we uncover the most likely hidden state sequence
corresponding to the observations?
— dynamic programming (Viterbi algorithm)
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T Forward-backward probabilities

e Forward (predictive) probabilities o (7):
(i) = P(X1,...,X¢, 8¢ =1)
(i)
Z]' ()
e Backward (diagnostic) propabilities 3;(i):
ﬂt(l) = P(Xt+1, e 7X7L|St = Z)

(evidence about the current state from future observations)

P(sy = i[x1,..., %)
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Ty 352 .ig
al(l) = P($1,81 = 1)
a1(2) = P(z1,51 = 2)
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.Ti 352 xrs
al(l) = P($1,81 = 1)
a1(2) = P(z1,51 = 2)

ai(l) = P(1)Py(xi1)
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T1 T2 T3

al(l) = P($1,81 =1
a1(2) = P(z1,81 =2

)

)
ay(1) P(1)Py(x1]1)
a1(2) = P(2)Py(x1|2)
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.Ti ) xrs
ag(l) = P(zl,xg, So = 1)
(12(2) = P(Zl,IQ, So = 2)

T1 Z2 T3

ag(l) = P(zl,xg, So = 1)
(12(2) = P(Zl,IQ, So = 2)

as(1) = [an(D)Pi(1[1) + a1 (2)Pr(1[2)] Pa(xa]1)
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as(1)
(,YQ(Q)
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(1 (1) Pr(1[1) + a1 (2) Pr(1]2)] Pa(x2]1)
[a1(1) P1(2[1) + a1 (2) P1(2]2)] Pa(x2]2)
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Sesan Forward probabilities

e We get the following recursive equation for calculating the
forward probabilities (i) = P(x1,...,Xt, 8¢ = i):

ai(i) = P@)Py(xuli)
ali) = [Z_at_1<j>P1<iu>}Px<xt\i>
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Sesan Backward probabilities

e We can proceed analogously to derive a recursive equation for
the backward probabilities ;(i1) = P(X¢+1,- .., Xn|st = 1):

/Bn(i) =1
80 = | RGP xali) ()
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A -
“&a Uses of forward/backward probabilities
e The complementary forward/backward probabilities
ai(i) = P(X1,...,Xt, 8 =1)
ﬁt(l) = P(Xt+1,...,X7,’|St:Z‘)
permit us to evaluate various probabilities:
1. P(x1,...,Xn)
2. (i) = P(sy = i|x1, ..., Xp)
3. 51‘(27.7) = P(st = Z'751,4»1 = j‘xlw B 7Xn)
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i
“&a Uses of forward/backward probabilities

Probability of the observation sequence:

P(x17"‘7xn):ZP(le"'7xn,St:i)
i

= ZP(Xl7 coy Xty St = ) P(Xpg1, -, Xp|St = 1)
i

@Bl
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“caw Forward/backward probabilities cont’d

e We can evaluate the posterior probability that the HMM
was in a particular state ¢ at time ¢
P(X1,...,Xp, 8t = 1)
P(x1,...,Xp)
0B _aes
Y a(BG)
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P(St:i‘xh"wxn) =
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“caw Forward/backward probabilities cont’d

e We can also compute the
posterior probability that
the system was in state ¢ at
time ¢ AND transitioned to
state j at time ¢ + 1:

P(sy =1, 8141 = j|X1,. -, Xn)
fixed @ — j transition, one observation
(i) Pi(see1 = jlse = 1) Po(Xeq1]Se41 = j) Birv1())
> o(5)Be(d)

def

= gt(izj)a
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