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CSAIL

@E& Topics

e [he learning problem
— hypothesis class, estimation algorithm
— loss and estimation criterion
— sampling, empirical and expected losses

e Regression, example

e Linear regression
— estimation, errors, analysis
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CsAIL Review: the learning problem

e Recall the image (face) recognition problem

Jaakkola

e Hypothesis class: we consider some restricted set F of
mappings f : X — L from images to labels

e Estimation: on the basis of a training set of examples and
labels, {(x1,v1),-.., (Xn,¥n)}, we find an estimate f € F

e Evaluation: we measure how well f generalizes to yet unseen
examples, i.e., whether f(X,cw) agrees with ¥, e
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e

CSAIL Hypotheses and estimation

e We used a simple linear classifier, a parameterized mapping
f(x;0) from images X to labels £, to solve a binary image
classification problem (2's vs 3's):

y = f(x;0)= sign(@-x)

where x is a pixel image and § € {—1, 1}.
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ﬁcguﬁu Hypotheses and estimation

e We used a simple linear classifier, a parameterized mapping
f(x;0) from images X to labels £, to solve a binary image
classification problem (2's vs 3's):

y = f(x;0)= sign(9 : X)
where x is a pixel image and § € {—1, 1}.

e The parameters 6 were adjusted on the basis of the training
examples and labels according to a simple mistake driven
update rule (written here in a vector form)

6 — 0+ y;x;, whenever y; # sign(9 ' Xi)
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e

CsAIL Hypotheses and estimation

e We used a simple linear classifier, a parameterized mapping
f(x;0) from images X to labels £, to solve a binary image
classification problem (2's vs 3's):

y = f(x;0)= sign(9 : X)
where x is a pixel image and § € {—1, 1}.

e The parameters 6 were adjusted on the basis of the training
examples and labels according to a simple mistake driven
update rule (written here in a vector form)

6 — 0+ y;x;, whenever y; # sign(9 ' Xi)

e The update rule attempts to minimize the number of errors
that the classifier makes on the training examples
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e

CSAIL Estimation criterion

e We can formulate the estimation problem more explicitly by
defining a zero-one loss:

. 0,y =19
Loss(y,y) :{ | z#g

so that

—ZLoss yz,yZ — ZLoss Vi, | XZ,G))

gives the fraction of prediction errors on the training set.

e This is a function of the parameters 6 and we can try to
minimize it directly.
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e

CsAlL Estimation criterion cont’d

e \We have reduced the estimation problem to a minimization
problem

empirical loss

r n N\

1
find 6 that minimi — > L i, f(x4;0
in at minimizes n; oss(yi, f(xi;6))
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e

CSAIL Estimation criterion cont’d

e \We have reduced the estimation problem to a minimization
problem

empirical loss

'd n N\

1
find 6 that minimi — L 19 7;;9
in at minimizes n; oss(yi, f(xi;6))

— valid for any parameterized class of mappings from
examples to predictions

— valid when the predictions are discrete labels, real valued,
or other provided that the loss is defined appropriately

— may be ill-posed (under-constrained) as stated

Tommi Jaakkola, MIT CSAIL 9



e

CsAlL Estimation criterion cont’d
e We have reduced the estimation problem to a minimization
problem

empirical loss

~

rl n
find 6 that Inimi — L 19 7;;9
in at minimizes n; oss(yi, f(xi;6))

— valid for any parameterized class of mappings from
examples to predictions

— valid when the predictions are discrete labels, real valued,
or other provided that the loss is defined appropriately

— may be ill-posed (under-constrained) as stated

e But why is it sensible to minimize the empirical loss in the
first place since we are only interested in the performance on
new examples?
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csaie  Training and test performance: sampling

e We assume that each training and test example-label pair,
(x,y), is drawn independently at random from the same but
unknown population of examples and labels.

e We can represent this population as a joint probability
distribution P(x,y) so that each training/test example is
a sample from this distribution (x;, ;) ~ P

Barzilay

Collins

Jaakkola
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ﬁcguﬁu Training and test performance: sampling

e \We assume that each training and test example-label pair,
(x,y), is drawn independently at random from the same but
unknown population of examples and labels.

e WWe can represent this population as a joint probability
distribution P(x,y) so that each training/test example is
a sample from this distribution (x;,y;) ~ P

1 n
Empirical (training) loss = EZ Loss(yi,f(xi;ﬁ))
i=1
Expected (test) loss = FEx ,)~p {Loss(y, f(x; 9))}

e The training loss based on a few sampled examples and labels
serves as a proxy for the test performance measured over the
whole population.
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CSAIL

@E& Topics

e [he learning problem
— hypothesis class, estimation algorithm
— loss and estimation criterion
— sampling, empirical and expected losses

e Regression, example

e Linear regression
— estimation, errors, analysis
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e

CsAlL Regression

e The goal is to make quantitative (real valued) predictions on
the basis of a (vector of) features or attributes

e Example: predicting vehicle fuel efficiency (mpg) from 8
attributes
y X
cyls disp hp weight
18.0| 8 307.0 130.00 3504
26.0| 4 97.00 46.00 1835
3351 4 98.00 83.00 2075
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ﬁé Aﬁ. L Regression

e The goal is to make quantitative (real valued) predictions on
the basis of a (vector of) features or attributes

e Example: predicting vehicle fuel efficiency (mpg) from 8
attributes
y X
cyls disp hp weight
18.0| 8 307.0 130.00 3504
26.0| 4 97.00 46.00 1835
3351 4 98.00 83.00 2075

e \We need to
— specify the class of functions (e.g., linear)
— select how to measure prediction loss
— solve the resulting minimization problem
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CsAlL Linear regressio

6 T

) -1 0 1 2 -6 : : ‘
X =2 -1 0 1 2

e We begin by considering linear regression (easy to extend to
more complex predictions later on)

fiR—->R  fla;w)
f:R* >R f(x; W) = wg + wixy + ... Wy

Wo + W1T

where w = [wg, w1, ..., wy|! are parameters we need to set.
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e

CsAlL Linear regression:

squared loss

KH
=
!
=

K".a

5

Z
|

Wo + W1T

f:RESR f(x; W) = wg + wixy + ... Wiy

e \We can measure the prediction loss in terms of squared error,

Loss(y, ) = (y—1)?, so that the empirical loss on n training
samples becomes mean squared error
1 — 2
Jn(W) = —Z (i — f(xi; w))

n -
1=1
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e

CsAIL Linear regression: estimation
e We have to minimize the empirical squared loss

_Z flxw ))2

1
= E (y; — wo — wlxi)2 (1-dim)
n
i=1

I (W)

By setting the derivatives with respect to w; and wg to zero,
we get necessary conditions for the “optimal’ parameter

values
8
8
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CSAIL Optimality conditions: derivation

%, 0 1 )
a—len(w) = — Z (y; — wo — wix;)

owi n
1=1
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CSAIL Optimality conditions: derivation

0
B,
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(W)

0 1
—Z (yi — wo — ’w1377;)2

1=1

1 O )
ﬁ; 8—M(yz—wo—w1xz)

owi n
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@Z%%L Optimality conditions: derivation

0

——Jp(w) =

(9101
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0 1
dwy n Z (yi —wo — w1$7;)2
1=1
1 O
" Z 8—1111 (yi — wo — wlxi)z
2 0
- 2 (yi — wo — w1zy) 8—wl(yz~ — Wo — W1T;)
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ﬁc%ju Optimality conditions: derivation

9,

——Jp(w) =

8w1
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0 1

dwy n Z (yi —wo — w1$7;)2
i=1

1 0
" ow, (yi — wo — wlxi)z

i=1
2 0
n £ (yi — wo — wiz) 8—101(% — wo — W1T;)
2 n
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o

CSAIL Optimality conditions: derivation
0 0 1 )
0—w1Jn(W) = S ; (y; — wo — wyx;)
1 O )
- £ 8—1111 (yi — Wo — w1$z)
2 mn
= - 2 (y; — wo — wyx;) (%1(,% — wo — W1T;)
2 mn
= 23 (i — wo — wim) (—5) = 0
n =1
9, 2 —
8—1110Jn(w) = ” (yi — wo — wiz4)(—1) =0
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e

CsAlL Interpretation

e If we denote the prediction error as €; = (y; — wg — wix;)
then the optimality conditions can be written as

n

] — 1
E; 67;5132':0, EZ 62':0

i=1
Thus the prediction error is uncorrelated with any linear
function of the inputs

Tommi Jaakkola, MIT CSAIL 24



e

CSAIL

Interpretation

If we denote the prediction error as ¢; = (y; — wg — w1ix;)
then the optimality conditions can be written as

n

] — 1
E; 67;5132':0, EZ GiZO

1=1

Thus the prediction error is uncorrelated with any linear
function of the inputs

but not with a quadratic function of the inputs

1 n
— E e;ix; #0 (in general)
n

i=1
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ﬁcgsju Linear regression: matrix notation

e We can express the solution a bit more generally by resorting

to a matrix notation

Y1
y=| |, X=

Yn

so that

1 mn
— Z(yt — Wo — wlﬂﬁ't)z
L
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e

CsAIL Linear regression: solution

By setting the derivatives of |y — Xw||?/n to zero, we get
the same optimality conditions as before, now expressed in a
matrix form

o 1 , 01 .
gw nlY ~ XV = 5 n - Xw) iy — Xw)
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e

CsAIL Linear regression: solution

By setting the derivatives of |y — Xw||?/n to zero, we get
the same optimality conditions as before, now expressed in a
matrix form

o 1 0 1

aWn\ly Xw|| . n(y Xw)' (y — Xw)
— 2XT(y — Xw)
n
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e

CsAIL Linear regression: solution

By setting the derivatives of |y — Xw||?/n to zero, we get
the same optimality conditions as before, now expressed in a
matrix form

0 1 0 1
— |y —-Xw|? = —=(y—-Xw)l(y-X
S 1Y — Xw]| G Y~ XW) T (y — Xw)
2
= X' (y — Xw)
n
2
= —X'y —-X'"Xw)=0
n
which gives

w = (X'X)"' X'y

e The solution is a linear function of the outputs y
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e

CsAIL Linear regression: generalization

e As the number of training examples increases our solution
gets “better”

2.5r

1.5+

mean squared error

0.51

-6 . . : 0 50 100 150 200
-2 -1 0 1 2 number of training examples

We'd like to understand the error a bit better
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e

CSAIL Linear regression: types of errors

e Structural error measures the error introduced by the limited
function class (infinite training data):

min E, )~ p (y — wg — wlx)2 = Bz y)~p (y — wy — wika:)Q
wi,w(

where (wg, wy) are the optimal linear regression parameters.
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e

CSAIL Linear regression: types of errors

e Structural error measures the error introduced by the limited
function class (infinite training data):

min E, )~ p (y — wg — wlx)2 = Bz y)~p (y — wy — wikx)Q
wi,w(

where (wg, wy) are the optimal linear regression parameters.

e Approximation error measures how close we can get to the
optimal linear predictions with limited training data:

* * ~ ~ 2
Egy)~p (Wy + wiz — Wy — W)

where (g, w1 ) are the parameter estimates based on a small
training set (therefore themselves random variables).
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e

csaie Linear regression: error decomposition
e The expected error of our linear regression function
decomposes into the sum of structural and approximation
errors

E(zyy~p (y — Wo — W17)° =
Eyyopr (Y — wh — wiz)® +

* * ~ ~ 2
Eg y)~p (Wy + wiz — o — W)

2.5

2+

=
a1
T

mean squared error

[any
T

o
o

(=]

50 100 150 200
number of training examples

o
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e

CsAlL Error decomposition: derivation

E(zy)~p (y — o — t12)?
= Ey)~op (Y — wi —wiz) + (w§ + wiz — o — u?lx))Q
= Bz yy~p (Y — wp — wiz)’
+Ezyy~op 2(y — wy — wiz)(wy + wiz — o — W)
+E(, y)p (W + wiz — o — w17)?
The second term has to be zero since the error (y — w§ — wix)

of the best linear predictor is necessarily uncorrelated with any
linear function of the input including (w§ + wix — wy — W1x)
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