e Directed graphical models (Bayesian networks)
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e Undirected graphical models (Markov Random Fields)
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e Quantitative probabilistic inference
— diagnosis example
— marginalization and message passing
— cliques, clique trees, and the junction tree algorithm
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Ean Three inference problems oan Inference: graph transformation
e Medical diagnosis example: binary disease variables d and P(d) P(dy) P(ds)
dy dy dy

possible findings f

Discases
S
O @ @O

Findings

1. What are the marginal posterior probabilities over the
diseases given observed findings f* = {ff,..., fi}?

2. What is the most likely setting of all the underlying disease
variables?

3. Which test should we carry out next in order to get the
most information about the diseases?
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P(fildi, ds) P(folds, ds)

. V3(da, d3)
1

Pia(di,da) = P(di)P(d2) P(f{]d1,do)
Va3(da, d3) = P(ds)P(f5]da,ds3)

e Joint distribution as a product of “interaction potentials”

P(dy,dy, ds, data) = 112(d1, d2) - 123(d2, d3)
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Esan Inference: graph transformation B, Inference: graph transformation
“17(d1 pi2(dy, d; Pa3(da, d3)
P(d, ) P(d) Pmm
dl ; ‘ dy dl/ dy d3 \
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fl\d1,d: P(fo|ds, ds) P(}‘z\d2>d:1)
V12(dr,dz) = P(dy)P(d2)P(f7|d1, d2) V12(dr,dz) = P(dy)P(d2)P(f7|d1, d2)
Yo3(dz, d3) = P(d3)P(f3|dz,ds)
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B, Inference: graph transformation B, Inference: graph transformation

e We have transformed the Bayesian network into an
undirected graph model (Markov random field):

Va3(d2, d3)

undirected interactions
\d2 L\\ ds

Pra(di, da) 1Paz(da, d3)

independence properties based
on simple graph separation

P(fildidy)  P(falds, dy)

P(dy,dy, ds, data) = 112(d1, d2) - 123(d2, d3)
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Esan Marginalization Esan Marginalization and messages
dy dy dy mi—a(da)

Pio(di, da) Pa3(da, d3)
e It suffices to evaluate the following probabilities

P(dy,data) = Y P(dy,dy,ds,data)

dg,d3

P(dy,data) = Y P(dy,dy,ds,data)
dy,d3

P(ds,data) = Y P(dy,dy,ds, data)
dy,dg

These will readily yield the posterior probabilities of interest:
P(dy|data) = P(d, data)/ Y _ P(d},data)
&
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Pra(dy, da)  a3(da, d3)

P(dy, ds, data) > P(dy, ds, ds, data)

dy
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Esan Marginalization and messages Esan Marginalization and messages
mi—a(da) mi—a(ds)
413 dz: d:}Q 413 dz: d:}Q
Pia(di, da)  o3(da, ds) Yia(dy, do)  o3(da, d3)
P(dy,ds,data) = ' P(dy,da,ds, data) P(dy,ds,data) = ' P(dy,da,ds, data)
dy dy
= Zwl2(d17d2) - 1pa3(da, d3) = Z¢12(d17d2) “1pa3(da, d3)
dy dy
= Z¢12(d1,d2) ~p23(da, d3)
dy
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= Marginalization and messages = Marginalization and messages
mi—2(da) m1—a(d) ma—3(ds)
dl: dz: ds@ 413 dz: d:}Q
Pra(di, dg)  1ba3(da, d3) Y12(d1, da)  Pa3(da, d3)
P(dy,ds,data) = ' P(dy,ds,ds, data) P(ds,data) = ) P(dy,ds,data)
dy da
= > 1a(dy, da) - ha3(da, ds)
dy
= D tra(di, do) | - tas(da, ds)
dy
= mi—a(da) - P23(da,d3)
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Esan Marginalization and messages Esan Marginalization and messages
m1—a(d) ma—3(d3) m1—a(dg) ma—3(ds)
413 dz: d:}Q 413 dz: d:}Q
Pia(di, da)  o3(d, ds) Yia(dy, do)  o3(da, d3)
P(ds,data) = ) P(dy,d3,data) P(ds,data) = ) P(dy,ds,data)
da da
= Zml—>2(d2) “1ba3(da, ds) - 1 = Zm1~2(d2) “1ba3(da, d3) - 1
da da
= Zmli,g(dg) . ll)gg(dg,dg) . 1
da
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Esan Marginalization and messages Esan Marginalization and messages
mi—a(da) ma—3(ds) mia(dy) m3_o(d2)
dl: dz: dsO dl: 42: d_;O
Yra(dy, do)  o3(da, ds) Dra(dy, da)  tos(da, ds)
P(ds,data) = ) P(dy,ds,data) P(dy,data) = Y P(dy,ds, data)
ds m
= > mia(dy) - Pas(dy, ds) - 1
da
= Zmlgﬁ(d?) - 93(da, d3)
dy
= mo_3(ds) -1
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Esan Marginalization and messages Esan Marginalization and messages
mi1—a(ds) m3—o(da) mi1—a(ds) m3z—a(da)
dy : dy : d_;O dy : dy : 430
Pra(dy, da)  a3(da, d3) Pra(dy, da)  a3(da, d3)
P(dy,data) = ) P(dy,ds, data) P(dy,data) = ) P(dy,d3,data)
ds ds3
= Zﬂh—»z(dz) < tpa3(dz, d3) = Zm1—>2(d2) “1o3(da, d3)
ds d3
= mi_a(dy)- | Y tas(da, ds)
ds
Tommi Jaakkola, MIT CSAIL 21 Tommi Jaakkola, MIT CSAIL 22
A A
Esan Marginalization and messages Esan Message passing and trees
mi_a(dz) my_a(dz) e The same message passing approach (belief propagation)
& ( > dz() dSO works for any tree structured model
Yra(dy, do)  o3(da, ds)
1
()] | oa(d, i)
P(dy,data) = 3 P(ds,ds, data) el ”5‘“
d3 dy
= > mia(dy) - Pas(da, ds)
45 ma_s(ds) = > mia(da)mao(da)as(da, ds)
dy
= my_o(ds) - Z’¢23(d27d3) P(dy,data) = 7
ds
= mi_a(da) - m3_2(da)
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Back to the diagnosis problem
e This does not look like a tree...
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Outline

e Quantitative probabilistic inference

— cliques, clique trees, and the junction tree algorithm
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Exact inference

o All exact inference algorithms for Bayesian networks perform
essentially the same calculations but operate on different
representations

e The junction tree algorithm is a simple message passing
algorithm over clusters of variables

Preliminary steps:

1. transform the Bayesian network into an undirected model
via moralization (“marry parents”)

2. triangulate the resulting undirected graph (add edges)

3. identify the cliques (clusters) of the resulting triangulated
graph
4. construct the junction tree from the cliques
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