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INTRODUCTION

The phonology of a language must provide a phonetic representa-
tion for each of the infinitely many sentences generated by the
syntax. Hence the phonology as well as the syntax is a finite device
{hat accounts for an infinite set of cases. To be sure, the phonology
differs in several important respects from the syntax. Where the
phrase-structure component lakes a single symbol § as initial input
and responds with one of an infinite set of alternative outputs, the
phonalogy behaves as a mapping device accepting any of an
infinite set inputs and responding in each case with one or al most
a small set of alternative outputs. Under current views of syntax,
the transformations too constitute a mapping device, though of a
radically different sort from the phonology.

A phonological theory must characterize precisely the form of
phonologies and the way they process strings. Among the results
ol such a theory will be a prediction as to what sorts of mappings
can be effected by the phonologies of natural languages. Such a
prediction would be analogous 1o a hypothesis in syntax that all
natural lanpuages are, say, contexi-sensitive. Although it has
proven difficult to formulate and sustain strong hypotheses of this
sorl in syntax, we will try to show that in phonology we are
somewhal more forlunate.

When confronted with several phonological formalisms with
the same mapping capacity, there are several lines of aclion we
could take. We could simply regard the formalisms as empirically
equivalent and choose one of them on the basis of practical
convenience. The standard view, however, is that formal theories
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10 INTRODUCTION

of E_Eﬂ._a_cmw carry an empirical burden far greater than the mere
prediction of phonologically possible mappings and that there are
:EEEH additional and perhaps even more important criteria for
choosing among them. In particular, it has been held that the
naturalness or plausibility of a phonological process ought to be
reflected formally by a corresponding simplicity of formulation
d._a:m: this kind of consideration is much less well-defined Emuh
mapping capacity, it has played a central role in most discussions
of notational devices in phonology and will serve as an imporiant
guide to our preseni investigation.

D:.w first step will be to examine, in Chapter 2, certain me-
nuuz_mn.: for characterizing sets of phonological strings. Although
the major focus of our attention will be on how such sets should
be F”aﬂnwn:nna in the contextual portions of rules, some incidental
consideration will be given Lo the problem of representing mor-
ﬁ_ﬁ_m.__,m structure. The major result of Chapter 2 will be that the
familiar schematic notation formalized in Chomsky and Halle
(1968) is quite restricted in its capacily to represent sets of strings
and consequentily reflects a strong empirical claim concerning the
nature of such sets as they occur in phonology. Specifically, we
shall see that schemata can represent just the regular sets E,, the
technical sense of automata theory. In Chapter 3 we consider some
nn_uz..uzﬁ devices which do not add to the representational
capacity of schemata but which seem to be necessary for linguistic-
ally satisfactory formulations. Most of these devices are already
familiar from the literature, bul we introduce them systematically
to m:mui how they fit into a formal system and to establish the
sc::ﬁ: to be employed in subsequent chapters. One new depar-
ﬂ_E is suggested: the use of bracket notation to represent set
inlersection.

It is not until Chapter 4 that rules are formally introduced
There we consider some properlies of two diametrically aav:ﬂnm
Eﬂ_nm of rule, the iterative and the simultaneous. Our conclusion
is that the iterative type is excessively powerful, being able to effect
u.,:.Em:u,__ any computable mapping, while the simultaneous type
is highly restricted indeed, being able to effect only the sort Mw
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mapping known in gutomata theory as a finile-state transduction.
Thus to confine phonological rules to the simultancous type is Lo
make another strong claim about phonology, @ claim that is
essentially correct as far as I can tell.

In Chapter 5 we consider some rule Lypes that arc equivalent
1o the simultangous in mapping capacity but yield superior for-
mulations in many cases. These new Lypes of rules are called right-
linear and left-linear. A body of empirical evidence is considered
which leads us to the conclusion that right-linear and left-linear
rules should both be allowed in phonological descriptions, although
the simulianeous type can apparently be dispensed with.

Linear rules are formalizations of pracesses which proceed from
left-to~right or from right-to-left through a string, Two other ways
of formalizing these processes, the restricted iterative and the
cyclic, are considered in Chapter 6 and rejected after a review af
some empirical evidence.

Distinctive features, originally introduced in Chapter 3, are
assumed to be binary up through Chapter 6. In Chapter 7 we
consider the effects of allowing integers as feature coefficients. It
cepms clear that integer coefficients are necessary with at least
gertain prosodic features. The formal consequence is that certain
rules are not strictly finite stale and therefore stand as exceptions,
albeit of a highly restricled nature, to one of our assertions in
Chapter 4. A right-lincar tone rule is discussed which manipulates
an integrally-valued pitch feature, and it is shown that this rule
cannot possibly be ormulated with the standard notational de-
vices il simultanecus application is presupposed; a right-linear

formulation, on the other hand, seems quite satisfactory, We
continue with a discussion of {he stress feature, also integrally
valued, Our general conclusion is that when stress is a colminative
feature, being placed on at most one vowel in any given rule
application, then it is cither the rightmost or leftmost vowel flting
the structural description of the rule that is affected. Thus in par-
ticular we consider unmnecessary the complex ordering relations
among the subcases of the English Main Stress Rule as given by
Chomsky and Halle. It is shown that an alternative I prmulation,
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due to Raoss, fils quile neatly into the more restricted formalis
thal we propose, gt
Certain general conventions to be used throughout should be
taken note of. We use O to designate the null string; thus XY =
XY for all strings X and Y. Also, if X isany string then X0 = 0
and X! = X1"IX for each positive integer i. Thus X; = X
MJ_ = XX, X% = XXX, and so on. It is important to keep m_“
mind that the notational devices just discussed will not be thought
of us .mnmmm:w occurring in expressions that appear in phonological
descriptions. Rather, they are part of the metalanguage we use to
talk about such expressions. This practice is different from that
Mm. Chomsky mun Halle (1968, Appendix to Chapter 8), who regard
owﬁwnn H“ﬂmj_ﬂ“_ﬁﬁ_: _N”n_ subseript integers as part of the notation
ﬂw:m,u.: portions of the text can be skipped without loss of
continuity, The beginning and end of such a portion is signaled
by (* and *), respectively.

SCHEMATA

We will assume that the phonology of any natural language can
be described in terms of a fixed universal alphabet aof phonalogical
units, For simplicity of exposition we will usually assume that all
phonological units are segments, boundary symbols being usually
excluded from consideration. A string of phonological units will
be called a phonological string.

It is generally accepted that the phonological component of a
generalive grammar consisis wholly or largely of rules which
rewrite phonological strings. Each of these rules operates by
appropriately altering short substrings (usually single segments)
that satisfy certain conditions. Some of these conditions are
contextual: a segment will be rewritten in the specified way only
if the substring to the left belongs to a certain set (the left environ-
ment) and the substring to the right belongs to a certain sel (the
right environment). Consider, for example, the Sanskrit rule which
changes a dental n into a retroflex n when the n is

(a) preceded somewhere in the same word by a retroflex con-
tinuant without an intervening palato-alveolar, retrofiex, or
dental consonant, and

{b) followed immediately by a sonorant.!

I For other deseriptions of the Sanskrit pasal retroflexion rule see Allen
{1951), Emencau and van Mooten (1968 7), Langendoen (1962 84), and
Whitney (1889 fd-66), Our way of representing vowels and semivowels in
underkying forms is similar to that of Zwicky (1965}, T wish to thank Professor
Murray Emeneau for personally clarifying ceriain points of Sanskrit grammar.
Any errors thal remain are entirely my owi.
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{a) characterizes the lelt environment of the rule, (b) the right
wnﬁ_nnnEnE. MNow suppose that the segments which may appear
in phonological representations when this rule applies fall into the
classes indicated in the following table.

CONSONANTAL SEGMENTS

Palato-  Retro-
Velar  alveolar  flex  Dental  Labial

k g 1 t il
kh ch th th ph
(e j d d b Moncontinuant
gh jh gdh dh bh
1 i n n m
§ 5 5 | Conti
: | H ontinuant

MOMCOMSOMANTAL SEGMENTS

g8 i uh

Then some instances of the left environment of the rule will be

us... (.. usnam becomes nspam)
ksubhaa... {e.g. ksubhaanaam becomes subhaanaam)
draui... (e.m. drawinam becomes drauiai)

The following strings, however, will not be instances of the left
environment:

upaakhina... (e.g. upsakhicanaam remains unchanged)
rathii. .. (c.g. rathiinaam remains unchanged)

Characterizing a rule environment, then, is a matter of describing
a set of phonological strings. How such sets are to be represented
formally is & crucial guestion of phonological theory.

In the past it has been proposed that a phonological description
also contain a set ol statements or rules which characterize the
set of phonologically admissible morphemes in a language, The
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status and organization of this morpheme-structure component,
a5 we shall call it, is a matter of some controversy, but il we grant
it some sort of existence we are again faced with the problem of
representing a set of strings, namely, those strings that are phono-
lagically admissible as morpheme shapes. (On the other hand,
{here seems to he no need at all for a special component to describe
the set of admissible phonetic strings, since this set is determined
indirectly by the morpheme-siructure component and the phono-
logical rules).

Several possible mechanisms for representing sets of phonolo-
gical strings immediately suggest themselves. We might, for
example, generate such sets by means of phrase-structure or even
transformational grammars. A number of authors {Romeo 1964,
Waratomasikkhadit 1964) have proposed that the admissible
phonetic or phonemic strings of a language be deseribed in this
manner. However, no one to my knowledge has suggested the
use of such powerful devices to characterize the environment of a
phonological rule. Morpheme structurc too has usually been
described otherwise by generative phonologists.

Another approach would be to allow the use of string variables
and truth-functional conditions. The lelt environment of the Sans-
krit nasal retroflexion rule could then be piven as
PAQ

Conditions: A is a retroflex continuant;
Q = RBS if B is a palato-alveolar, retroflex or dental

consonant.

This way of describing environments is often found in the litera-
ture, though usually conjunction with other formal devices and
not in the pure form exemplified here.

Most formalisms actually used or proposed for wriling phono-
logical rules and representing morpheme structure appear 10 be
versions of a schematic notation involving two fundamental
devices:

(2) () Explicit finite lists. The usual notation is { X1, ..., Xa}
where Xa, ..., Xn are the listed items.
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(b) Some means of representing an infinite list of the form
Mo, XY XA XY, L Both (X)g and (X)* have been used
in this function. We will use (X)*.

Using this notation we can represent the left environment of the
Sanskrit rule by the expression

(3)  ({ A1 o AgD* {r, 8} ({k, kh, g, gh, 1, p, ph, b, bh, m,
a, i, u, hj)*

where Ag, ..., Ay are all the segments of table (1),

Any meaningful expression involving brace and star notation
will be called a schema. From the informal explanation just given
it is probably fairly easy to construct and interpret the schemata
needed in phonology, However, we will not leave the matter to
the reader's intuition but proceed to a formal development. To
begin with, we characterize well-formed schemata recursively in
{(4). The term “clementary symbol”, used in (4), is for present
purposes equivalent to “phonological unit™,

{(4)  (a) @ is a schema and each elementary symbol is a schema.
{b) If Xy, ..., X are schemata then so is Xp... %,
{e) If X, ..., Xy are schemata then so is X1, ..., Xu}.
(d) If X is a schema then so is (X)*.

To verify that (3), for example, is a schema, we first note that
since each segment is a schema by virlue of (4a), the following are
also schemata by virtue of (dc);

‘h.}.._.. Sheg _.___r.__.._.
{r. s}
{k, kh, g, gh, 0, p, ph, b, bh, m, a, i, u, h}

Then because of (4d) each of the following is a schema too

ﬁ.“”._._...._._ nray ._m.r._u#.."_*
({k, kh, g, gh, 0, p, ph, b, bh, m, a, i, u, h})*

That (3) is a schema now follows directly by virtue of (4b).
AL this point it would be well to establish explicitly certain
notalional conventions which we have in fact been tacitly observing,
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Late capital letters U, ..., Z range over m}:ﬂ,ﬂ{ wnﬂﬁgzr the
earlier letters P, ..., T over elementary strings (strings of elementary
symbols), and the very garly letters A, .., E over elementary
bols. _
&:ﬂ:n interpretation of schemata in phonology is ﬁ:m:w_ given
in the form of conventions which expund schemata into nwﬁ._E:
lists, which may be finite or infinite. The standard convenlions

for brace and star are given in (3).

(5) (a) X{Y1, ..., Yo} Z expands to the finite list
vmd»HN_ By uﬂd._.w_._.N )
(b) X(Y)*Z expands to the infinite list
XYVZ, XY1Z, XY2Z, XYZ, ...

{cf. Chomsky and Halle, 1968; 394, 308). By Hn:._.m?aq applying
these conventions one presumably ends up with a list of n_man.:ﬁ.m__i
strings. These strings constitule the set represented by the original
schema.

In general, of course, we cannot 1
from expansions since these may very well be
rently just a metaphorical version of (6).

iterally write out lists resulting
infinite. (5) is appa-

(6)  (a) Each elementary string represents the set consisting of

that siring alone. : , .

(by X {Y1, .., Yy} Z represents the union of the sets
represented by XY1Z, .. XY -

(c) X(Y)*Z represents ihe union of the sets represented by

KYUZ, XY1Z, XY2Z, XY4Z, ...

It is convenient to say that 4 string is subsumed under a schema

il it belongs to the set represented by that schema.
Alternatively, then, we state (6} as 1o (7).

ine subsumes itself and only itself.
7 {a) Each elementary slring su ) .
- (hy P is subsumed under X {Y1, - Yl .N if E.E only if
it is subsumed under XYiZ for some 1, I =i <n
T is subsumed under X(Y)*Z if and only if it is sub-

() ,
sumed under XY!Z for some 1 = .
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Another way of interpreting (5) is this. Suppose that instead of
replacing a schema by an expanded list we replace the schema by
an arbitrarily chosen item in that list. Continuing in this way we
eventually arrive at a particular elementary string. Suppose we say
that the sequence of items written down in this process is a chain,
and that adjacent items constitute links. We can formalize this
alternative interpretation of (5) as in (8).

(8) (a) A brace-removing link is an ordered pair of the form

(X{Yy, ..., YulZ, XY\Z)
where 1 <i < n,

{(b) A star-removing link is an ordered pair of the form
(XY )2, XY'Z)
where i = 0.

fc} A link is an ordered pair that is either a brace-removing
link or a star-removing link.

{d) A chain is a nonempty sequence (X, ..., Xq) in which
(X4, Xi;1) is a link for each i, 1 =i < n—1L

Under this conception a schema X represents the set of all P which
occur at the end of chains beginning with X. An example of a
chain beginning with schema (3) and ending in the string brafima
is given in {9). For brevity we have set

U= .nhn.__._.a peiy ._____:.L.
M_ﬂ = M“rn- ”rn_.-.._ “n m_c.u ._.u- .ﬁ.__ ﬂju —n__"_ ”_.u.__—._.._ m, a, H- u, u..-w.

For cach line we indicate whether it forms a brace-remaoving link
or a star-removing link with its predecessor,
@ (UHr 5; (OF

U {r, } (V)*

b{r 5} (V)*

slar-removing
brace-removing

br(V)* brace-removing
brVVVY star-removing

braVVvy brace-removing
brabh V'V brace-removing
brahmV brace-removing

brahma brace-removing

L
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Some fairly obvious consequences of the definitions given 50 far
are stated in (10). N
" is a link if v if there are schemata ¥,
o (a) %, X'} is a link if and only ;
_ﬁ Y, X, Z such that X = WYZ, ¥ = WY'Z, and
(¥, Y') is a link. )
(b) If (X1, «ors Xn) and (Xn, --r Kngm) 8TE chains, then 0

is _U.ﬁ__._ vaag Hrn.“.n_» iEey M“_.__.___.n_.u_. . i
fc) EP #= ¥, then P is gubsumed under X if and only if

thereis a link (X, X) such that P is subsumed under X'

The question of primary interest, of course, is whether or not __,_.:_

and (8) yield equivalent interpretations of schemata, The answer

is yes; that is,

(i) Pis subsumed under X if and only if some chain begins
with ¥ and ends in P,

{*First we prove {12
(12) If thereisa chain beginning with X and ending in P, then
¥ suhsumes P,

Let the chain be (X1, ... ¥p). Suppose n = I, Then va = Xn= d
But by (7a) P subsumes itself, Suppose next that n = 1 .Ea =”._:
(12) is true for all chains of length less than n. By the inductive
hypathesis P is subsumed under Xz and hence, because (X1, Xu)
iz o link, under Xy (cf. {(10c)).

To prove the converse of (12) we make use of a deplh :._E__m:qn.
The depth of any schema %, denoted d{X), is defined recursively
as follows:

(15 (o) IfX is an elementary string then Ay = 1. _
(b) If X = YZ then d(X) is the maximum of d(Y), d(Z).
) HX={Yn -0 Yo} then d(X) is one greater than the
maximum of d(¥1), -, d(¥n).
(d) If X = (Y)* then d(X) is one greater than d{Y).

This definition assigns a unique depth to every schema and 15 50
framed that every schema is at Jeast as deep as any schema it

contains.

e A R H RS R S
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A 7 .
chema (3) provides convenient examples. Letting U and V have
the same values as in (9) we have:

Expression Depth
any segment |
brahma

{r 5}

]

V

Ui s}

fr; s}V

(uy*

(V)*

(U)* {r, 5}

{r, s} (V)*
(uy* (v)*
(U)* {r, 5} (V)*

For each schema X of de
pth greater than | the i
et s here will be schemata

L L L L L L B B B BS BD e

(i X =WYZ:
(ii) Y has the form {...} or (...)*; and

(iii} ¥ has the same depth as X,

The H_.E._wnw of distinct triples (W, Y Z) satisfying (i)-(iii) will b
called the linear complexity of X, denoted lc (X). Thus if X __w
schema D.f X will have a linear complexity of 2 because both ”.
the following triples, but no others, satisfy (i)-(iii); . ;

(@, (U¥, {r, 5} (V)"
(U)* {r, s}, (V)*, )

__H”HMMM me M_“% H_.q are as in E.__., Mow suppose that P is subsumed
byl t _m_.:, _H,ﬂ.__”H M, Z) is a triple satisfying (i}-(iii). Because
oy and (10c) there is a schema Y’ such that (Y, Y') is a link
w_”_mzﬁ mm mn.wm:En,nm ..Ennn WY'Z, The schema Y’ must be shallower
and hence shallower than X (ef. (13¢) and (13d)), while Y

mﬁ H . +
sell is as deep as X because by hypothesis it satisfies (iii) above,
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Consequently, if the linear complexity of X is greater than 1, the
linear complexity of WY'Z will be one less than that of X, al-
though the depths of X and WY'Z will be the same. On the other
hand, il the linear complexity of X is 1. the depth of WY'Z will
be one less than that of X.

We can now show (14)

(14}  If the depth of X is greater than | and P is subsumed under
X, then there is a chain beginning with X and ending in
some schema which is shallower than X and which sub-
sumes P,

Suppose first that l¢ (X) = 1. It follows from the remarks in the

preceding paragraph that there is a link (X, X') where X' is shal-

Jawer than X and subsumes P. But this link is also a chain. Now

suppose that (14) is true for 1c(X) < k. Consider the case where

le(X)=k-+ 1 It follows from the remarks of the preceding
paragraph that there is 2 link (X, X*) where X’ has the sume depth

as X, has a linear complexity less than that of X, and subsumes P.

By the inductive hypothesis there is a chain (X, X1, ..., Xu) such

that Xy is shallower than X' and subsumes P. But (X, X', Xy,

..., Xu) is also a chain, in fact, a chain that begins with X and ends

in a schema that is shallower than ¥ and subsumes P.

We are now ready to consider the converse of (12) directly.

This is given in (13).

(15) IfPissubsumed under X, then there is some chain beginning
with X and ending in P.

Suppose d(X) = 1. Then P = X, and the sequence consisting of

P alone is a chain beginning with ¥ and ending in P. Suppose
next that (15) is true for d(x) = k. Consider the case where
d(X) = k+ 1. By (14) there is a chain (X, X1, ... Xa) in which Xu
is shallower than X and Xy subsumes P. By the inductive hypothesis
there is a chain (Ko, o ¥pm) where Xogm = P. But (X, Xy
vy Xpym) is a chain beginning with X and ending in P. This con-
cludes the proof of (11).%)

A third way of interpreting schemata, the last we shall consider,
is given in (16).

= o E—— s S R ST
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(16) (a) @ subsumes itself and only itself, and each clementary

symbol subsumes itself and only itself.

{b) P is subsumed under XY if and only il there are strings
Q and R such that P = QR, Q is subsumed under X,
and R is subsumed under Y.

{c) P is subsumed under {X,, ..., X5} if and only if it is
subsumed under some X (1 < i < n)

{(d) P is subsumed under (X)* if and only if it is subsumed
under some schema of the form X (i = 0).

(16) interprets schemata in precisely the same way as (7) and (8).
(*To demonstrate this we need only show that (16} implies (7) and
conversely, That (16) implies (7) can be seen from the fact that
{7a), (7b) and (7¢) can be derived from (16) by taking (16a), (16c)

and (16d), respectively, in conjunction with (16b). That (7) %Evzmm,
(16) can be seen from the following considerations. (16a), (16c)
and (16d) are just special cases of (7a), (7b), and (7c), respectively.
As to (16b), we can reason as follows, First, suppose we know
that P = QR, where Q is subsumed under X and R is subsumed
under Y. Then there will be chains (X1, ... Xo)and (Y1 . Yi)
such that X = X5, Xu = Q, ¥ = ¥, and Y, = R. However,
..“H_,ér ey XY 1, o XaWw) 18 also a chain (ef, (10a)); in fact, it
is a chain beginning with XY and ending in P. On the other hand,
suppose we know that P is subsumed under XY. Then there will
be a chain beginning with XY and ending in P, and this chain
must have the form (Xi¥1, ..., Xn¥a) where X = X1, ¥ = Ya

and foreach i, 1 =i < n—1, either __

(i) (X1, X1.1) s a link and Yy = Yy, or else
(if) X1 = Xy.1 and (Yy, Y1) is a link.

(Again, cf. (10a).) Since (X3, ..., Xa) and (Y3, ..., Ym) can be
turned into chains merely by deleting repetitions, X; = X sub-
sumes Mg and Y1 = Y subsumes Yp. But P = XYy, so that we
can take Xq and Yy, respectively, as Q and R.¥)

The result just obtained is of some significance because it means
that schemata are just notational variants of regular expressions,
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familiar from theory of finite aulomata (cf. the definitions in
MecMaughton and Yamada 1960, where the term ‘denote’ corres-
ponds to our ‘subsume’ and where the notation Xiu ... UXa
corresponds to our {X1, .- ¥n}). The only discrepancy is the
trivinl one that we have no method of representing the null set,
a gap we can immediately remedy by introducing the symbol O
(to be distinguished from 0 denoting the empty string in our
metalanguage). We can, then, represent with schemala all and
only those sets that we can represent with regular EXpressions.
These sets, which are said to be regular, constitute a highly restrict-
ed family, ranking lowest in the following familiar hierarchy:

Recursively enumerable sets
Context-sensitive sets
Context-free sels

Regular sets.

As is well known, each family of sets in this list is n proper sub-
family of any family listed above it,

To propose, then, that schematic notation is adequate for
writing phonological descriptions is to agsert that all the sels that
need to be referred to are regular. This is a strong claim in view
of the highly restricted pature of regular sets. If the claim is correcl,
as T believe it is by and large, phonology stands in sharp contrast
to syntax, where comparably strong hypotheses seem not to be
tenahle. Furthermore, we now have 4 profound reason for rejecting
the proposal discussed earlier that phrase-struclure or transformia-
tional grammars be used to generate sels of phonological strings,
for many grammars of these types generale nonregular sets (indeed,
some recent work of Kimball (1967), of Peters and Ritchie (1969)
and of Ginsburg and Partee (1969) suggesls that we can generate
any recursively enumerable set with a {ransformational grammar).
The free use of string variables is also excluded by the regularity
claim, for with such variables we can generate such sets as (i) and
(i1), which are known not to be regular.

(i) The set of all strings of the form PAP.
(i) The set of all strings of the form PAQ, where P # Q.
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To conclude this chapter, el us consider which of the three equi-
valent ways of interpreting schemala should be taken as axiomatic,
This question is of no great theoretical import, but it must be
decided before we proceed to further development of the formalism
in the next chapter, In fact, we will find it most convenient to take
{16} as axiomatic, and we will henceforth refer to clauses (16a)-
(16d) as interpretive axioms. (8) then becomes a sel of auxilinry
definitions and (7) becomes a sel of theorems along with the other
assertions made in this section about subsumption. The clauses
fd4a) through (4d), which define well-formed schemata, will be
known as constructive axioms,

REFINEMENTS OF THE FORMALISM

Neither braces nor star can be removed from the formalism of
schemata without drastically reducing the family of Euunmmn_.u.q_n
sets. Hence both braces and star must be regarded as primitive
notational devices. However, we can exclude from the Em_s:mé
notation every expression of the form X{¥i o ¥t Z in which
X or Z is nonnull, since such an expression represents exactly the
same set as { XY12Z, ..., XY, Z}. Foran example we can turn again
to schema (3) of the preceding section. Letting U and ¥V be as
in (9), we can write this schema as (U)* fr, 5} (V)*. This m,.“wmi?
which is not primitive, represents the same sct as the primitive

schema
{(UY*e(VY*, (U)*s(V)*}

Although we can represent all phonologically relevant sets with
primitive schemala, assuming these sets to be h”.um:_.mq” wie cannal
always do so in a way thal is satisfactory for linguistic purpases,
because we frequently cannol express linguistically significant
generalizations concerning the subsumed strings. For this reason
il is essential to introduce nonprimitive devices of an abbreviatory
nature into the formalism. The classic example of such a device
is nonprimitive brace notation, as exemplified in schema (3). Since
this use of braces is so well established in phonology, we will
accept it here without further comment. .
Another aspect of our formalism that needs clarification is the
status of phonological units. We will make the ustal mmu.._m_un_._.m..u_..
that it is not the alphabet of units that is to be taken as primilive
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but rather some fixed finite universal set of distinctive leatures Fy,
..., Fu, each of which is associated with a set of possible coeflicients.
Phonological units are then defined by the constructive axiom (17).

(17)  Each expression of the form [KiFy, ..., KaFal, where K, is
a possible coefficient of F, is a phonological unit.

The expressions K Fi will be called feature specifications. Of course,
since certain combinations of features specifications are inherently
impossible, (17) can be regarded only as a first approximation to
the definition of unit. However, we will attempt no further refine-
ment here.

The distinctive features to be assumed here unless otherwise
noted will be those proposed by Chomsky and Halle (1968;
Chapter 7) as amended on page 354 to include a feature of sylla-
bicity., We also assume that the possible coefficients of each feature
constitute 2 finite set; in fact, we generally take these coefficients
to be just plus and minus. Under these assumptions the alphabet
of units is still finite, and the hypothesis of regularity put forward
in the previous chapter remains unaffected. The consequences of
allowing an infinite set of coefficients for some feature (all the
posilive integers, say), which may involve a deparlure from
regularity, will be considered in a laler chaplter,

The distinctive features form the basis of a highly important
system of abbreviatory notation. A simple version of this notation
is given by (18), which includes one constructive axiom ([8a) and
one interpretive axiom {18b).

(18) (a) Each feature specification is a schema.
{B) P is subsumed under a feature specification if and only
if P is a unit containing that specification,

Thus ¢ is subsumed under -Fcorfonal) but not under —cor,
Suppose now we extend the formalism to include the new

axioms (19a) and (19h), which are constructive and interpretive,
respectively.

(19 {a) Tf Xy, ..., Xpare schemala, then [Xq, ..., Xo] 15 & schema.
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(b) P is subsumed under [X1, ¥ if and only if it 18
subsumed nnder each X

1 other words, [X1, -+ Xal represents the wuﬁmnnma: of the VMH
represented by X1, ey An. Since the :.___E_mnn:n: ,_..;. E._% qu_mﬁﬁ
regular sets is regular, the brackel notaiion hereby ntro :E_. ,. _uwu
not increase the fumily of representable sets and can therefore

iF as nonprimitive. -
qrm%h“n“aﬂ ?m_ﬂmﬁicn for (19) is that it Enam Ea full mﬁwﬁ,mwc.m
of distinctive feature notation when nna..EE.".a .EE_ :E. .._n._._:_,._ nﬂq
subsumed under [4-cor, —voice] because 1t 18 subsumed unt r_
+-car and —voice, but is not subsumed under _m_mn__uq.. ._.__..._a._mw
hecause it is not subsumed under -+voice. To consider a s _mp ,,..,_,
mare complex example possible under the nin:nn.a, E:mn u.ﬂ._ﬂ.L
a is subsumed under [+syl, { --tos, —high}l Jnnwnmn it is su uE.M :
under both syl and { {-1ns, — high}, and 1015 m_ﬁ,umzﬂnn un

{ +tns, —high} because it 1s suhsumed under —high. Aiw H_H.:H___M
m::.nanun& between our notation and the m:.hm_.u.ams_ one sl hoﬂ £
be noted. First, we allow 1 feature mﬁnn:_n.ﬁ.:.uu to m_,ma. .ﬁE -
bracketed to represent the set of all units containing EE spec ___m.._m__
tion. However, since [X] is equivalent E_. b, _,..,.n can if we wis
hracket otherwise unadorned feature specifications, 8 nﬂmnr_.”m .,.“n
will follow. The other difference is that .Hnﬁ.n_mmnfozmwu,ﬁm_ w___
[ 1= [0]; hence, [ | stands for the set .no:_m:,:um _u_:m_ _.. ru ,HHE
string rather than the sel of u,_w_H —”:Mno_um_ni units, For the It

o will use the special symbol 5.

mﬂ,_uﬂm _.H_M_._h_hgcmwow Emmwn__.:ﬁ u__wanE notation wm. glaringly nﬂﬂwﬂ,ﬂﬁ
in schema (3), and we are now able E._ recast it E.c.a m.ﬁ_ﬁ__:.ﬂﬁr wm
Suppose that the segments of table (1) aie mﬁnﬁ._ﬂr_ _“_Hm%.nﬁ.:.
follows (this analysis is based on Chomsky and Halle ; 3143

Coronal  Distributed Anterior  Continani
k, kh, g, gh, 1 = ;
g, ch, j, jh, @i 4 x= -
t, th, ¢, dh, n e —
t, th, d, dh, n + — 2 -
p, ph. b, bh,m  — ="
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Schema (3) can then be reformulated as:
($)*[--cont, +-cor, —ant, —distr] { [—cor])*

. Although _H.:.mnwﬂ notation has been motivated chiclly by its utility
_ﬁn H.wam_mmn::_ﬁ classes of phonological units, it has, under our
mMEEﬁE. a polentially much vaster range of application. Con-
ﬂ M.__._ for example, _._t_.n readjustment rule of English (Chomsky and
nmﬂ_ r _wmm... 175) which marks a vowel as exempt from part of a
riain laxing rule il that vowel i i
i owel is followed by a string subsumed
[-+eons, +ant, -cor] [-cons, +cor]

I X o 1

(1) it must consist of two segments
?_ _: must consist of consonantal coronal segmenis, and
{iii) it must begin with an anterior segment.

d__,.;_.un, _Eimﬁaﬁ that the schema does not directly express these
m:.rn generalizations; rather, it describes each of the two segments
in the cluster separately. It might be held that this is undesirable.

..—H M-.U- wWe CaAn use _U.Hm_“ﬁ“—.rﬁ I ﬂn.a._._. an Lo ex o m..—__._u_..1 __._

[5§, ([+cons, +cor])®, [+ant]§]

Whether this is to be regarded as an improvement is disputable
of course. ﬂ.u:mmmnn another case, Tt has become customary ﬂ“ :mm
an expression of the form X to stand for X{X)*. Thus [—syl]
would subsume clusters of two or more nonsyllabics. We w.,:”.
reproduce the essence of this subscript notation by means of
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brackets and § if we wanl; for example, we can write [([—syl])*,
£5(%)1"). This expression says directly that (i) the subsumed strings
consist cntirely of nonsyllabics and (i) the subsumed strings
consist of two or more units. The bracket and § potation may in
some respects be superior to the subscript notation. Consider the
following phenomenon, discussed by Kiparsky (1968: 180). Old
English had a rule that laxed a vowel before a cluster of at least
three consonants, and Early Middle English generalized the en-
vironment to include clusters of two consonants as well. Without
subscripts orF extended use of brackets we could describe this
change as simplification of the schema [—syl] [—syll [—syl] to _
[—syl] [—syl]. However, 4 rule using this schema does not dircetly
express the generalization that members of the clusters arc all
consonants; the segments are specificd independently. We might
tien want to write the schemata of the two historic versions of the
rule as [—sylls and [—sylle. Then, however, if the subscripts are
an official part of the notation there is no difference in simplicity,
and one way of explaining the historic change in the rule is lost.
It would seem that the schemata [([—sylD*, $83] and [([—syIl}*, 581 _
would resalve this dilemma if § were assigned some small fractional
cost less than that of a distinctive feature.
The examples just discussed are intended only as illustrative.
[ have not pursued a {horough investigation of bracket notation,
and it is entircly unclear to me how far its use should be extended.
Henceforth, therefore, we will usually confine our use of brackets
to the representation of classes of phonological units in conformity
with the usual custom. )
$till another abbreviatory device thal has come into wide use
is the variable. In the preceding section we Sdw that variables
ranging freely over sirings make il possible to represent nonregular
gets, and since we ure assuming that nonregular sets do nol come
up in phonology, we will want to constrain varinble notation in
some appropriate way. What we will do is allow variables to range
only over [eature coefficients and phonalogical umits.
The basic formalism for variable notation is given in (20}, We
have adopted the convention of using capital letters from G through




30 REFIMEMENTS OF TIHE FORMALISM

O for strings that are not necessarily either schemata or phono-
logical strings.

(20) (a) If K is a coeflicient (resp.: unit) and L is a coefficient

(resp.: unit) variable, then K is a substitution instance
of L.

{b) If GKH is a schema and K is a substitution instance
of L, then GLH is a schema,

(¢) Let X be a schema of the form GeLiGi...LaGu, where
gach L, is a variable and each G is free of variables.
A substitution instance of X is a schema ol the form
GuK1G1.. . KnGy, where Ky isa substitution instance of
—.._ and mﬁh = _ﬂh if _..H = H.._.

(d) If X contains variables, P is subsumed under M if and
only if it is subsumed under a substitution instance of X.

In deference to custom, but not from any consideration ol prin-
ciple, we will use early Greek letters «, B, %, ... as coefficient
variables. Late Greek letters @, T, v, ... will be used as unit variables,
Actually, unit variables have appeared in a different guise under
another name, but we will not be ready to discuss this matter until
we treal rule formalism.

As the formalism now stands it is inconsistent because para-
doxes such as the following arise at every turn. According 1o (207
both ¢ and a are substitution instances of o and hence both are
subsumed under o. Also, according to (20), the strings ¢ and aa,
but not fg or at, are subsumed under oo. But by (16h) both
and ar are subsumed under oo. To avoid this contradiction we
must replace (16b) by (21).

(21y I neither X nor Y contain variables, then P is subsumed
under XY if and only if there are strings Q and R such
that P = QR, Q is subsumed under X, and R is subsumed
under Y.

MNow for a simple example involving unit variables. The set of
all strings of the form ABBA, where A is vowel and B a con-
gonant, can be represented by the schema
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[+syl, a] [—syl, 7] [—syh, 1] [yl al

Replacing the variables by a andfor ¢ in all the allowable ways,

we obtain the following as substitution instances of the ahove
schema:

[+syl, a] [—syL 1] [—syl, 1] [4syl, a
_Hn_lmu_._. mw._. _..I.mu.ﬂ_.. m& _“|m,.._..r H..”_. mn_.mu___r m._
_..l_. w.-.___. _._ m Imv_f n.h HlmMHu ; _Hun_lm._____r 5
[4-syl, (] [—syl, a] [—syL, a) [+syl, tl

The first of these substitution instances gubsumes only the string
atta. The temaining three subsume nothing whatever, wnnmcm.n
nothing can be subsumed under [—syl, a] or [+syl, t]. This is
precisely the desired result. . _

There are certain auxiliary devices which are of little use E
themselves but can be employed to good effect in conjunction with
variable notation. Among these are conditions, counterparts, and
coefficient strings. ) .

Conditions are frequently used to further restrict the iﬁe in
which variables can be replaced. Let us say {hat an expression of
the form (K = L), where K and L are both units or both coeffi-
clents is an atomic condition, Nonatomic conditions can be
constructed by using negation, denoted by a prefixed E”.___HF.E.
any of the sentential connectives vand?, ‘or’, if :.EE«_. l'o ‘.E.Em
conditions into schemata we add (22) to the existing axioms.
(22a) is constructive, (22b) inlerpretive.

(22) (a) fXisa schema containing no condition and if K is a
condition, then X:K is a schema.,
(by Pis subsumed under X:K if and only if P is subsumed
under X and K is troe.

Thus XK represents either the same set as X or the null sel,
according as K is true of false. Consider, for example, ﬂrn.mnﬁ_ﬁﬂm
o1:—(o = 1), which represents the set of all nEﬂ.ﬁ.m consisting .u._.
two nonidentical units. Among the substitution instances of this
schema ars nf—(n = 1) and ti—( =1, nti—(n= t) has a true
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condition, # and ¢ being in fact nonidentical; consequently it
represents the same set as af (which subsumes only itself), rr:
—(t =t} has a false condition and subsumes nolhing.

Schemata that might be referred to as counlerparl expressions
are introduced in (23).

(23)  (a) If Xy, ..., Xpare fedlure specifications and A is a phono-
logical unit, then [Xj, ..., Xp, (A)] is a schema.
{b) A is subsumed under
[#1, ooy K, KFy, ([Y15 -0 Yo LEL 21, 000 Ze])]
if and only if it is subsumed under
__unr aeey .KE ﬂ:._.? s J.,H_._u___ —ﬁ—u.: NH__ i WLH_
() [(A)] subsumes A and only A,

As an example, consider the counterparl expression [—voice, (d)].
{23b) tells us that to interpret this expression we should substitute
—voice for the fealure specificalion -voice in d; the resull will
be the voiceless counterpart of o, which is 7. The primary use of
counterpart expressions will be in the structural change portion
of rules, treated in the next chapter,

Coeflicient variables become more flexible instruments if strings
of coefficients are allowed to occur in feature specifications and
if the familiar equivalences 44 = 4, —— =+, +—=—,
and — -+ = — are adopted as interpretive principles. We intro-
duce this commonplace notation in (24).

(24)  {a) If K is a nonempty string of coellicients of Fy, then
KF; is a schema.
{b) Let K be a possibly cmpty string of cocfficients of F).
Then P iz subsumed under + -KF; (resp.: — —KFy,
+ —KF;, —--KF)if and only if it is subsumed under
+KF (resp.;: +KF;, —KF;, —KFj).

The variable notation and associated auxiliary devices just intro-
duced do not increase the family of sels representable by schemata.
IL is obvious that this is true of the auxiliary devices considered
by themselves; for the very axioms that interpret them are essen-
tially statements of equivalence between schemata that contain

REFINFMENTS OF THE FORMALISM 33
them and schemata that do not; thus XK is np::.ﬁ_n:. to X E”mwm
art expression is equivalent to a specific phonologica

each counte . .
= is equivalent to either

unit, and each schema of the form KF;
+F; or —Fi. As to unit and coefficient variables, each of :.”nE
has only a finite set of substitution inslances. ﬁnunn any schema
X containing such variables, but no other _.,EEEE_ will .rm.._ﬁ a
finite set of substitution instances Y1, ..., Yn and will be equivalent,
therefore, to the variable-free schema {¥1, .. Yn). !
The schematic notation as it now stands will form the basis of
our discussion of rules, to which we turn in the next n_..,.mm;nﬁ
Some customary devices that have not so far been .:.:w_..ﬁ__u;.__?m_u
such as angle brackets and purentheses, will be discussed in
- o
nrm_%_.ﬂn conventions adopted for solely typographical reasons are
the following. A list of items separated by commas, whether
enclosed in brackets or braces, will frequently be displayed ver-
In addition, we will write X* instead of (2)* where X 15 a

tically. .
o g, Thus our final reformulation

braced or bracketed schemi or
of schema (3) is

-+ cont
Sl

—distr
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ITERATIVE AND SIMULTANEOUS RULES

A mnnﬂ.m:ﬁ phonology is a system of rules for mapping phono-
logical strings into phonetic realizations, We will suppose _”E zo.
most rudimentary form such a rule can have is P —+ P'/Q — Hw,r
....&nwn P, Q, R, and P’ are phonological strings. This tvpe of ru _,
d..._E_ be referred to as elementary and will be said to have QPR _tM
its Input au,m QPR as its outpul. Usually such a rule is thought
E. as mﬁﬁ_m_am to any string of the form SQPRT, but for ncumn-
”_J“M”nm.:_ fi E_Em:m..w_:sz we will take the mare En.__s,:m:n view that
plies only to the specific siri ! i
S _.__mM__._n__._m. gpecific string QPR. If P = I, the rule is
In general it is neither possible nor desirable to represent a
phonology as an explicit list of elementary rules. Usually, in .u_..m_m.q
o preserve the finitencss of the grammar and to express m.mmnmmnci
m.:uﬂ.i_mm____n_:mb we must resort Lo nonelementary rules which, by
E.___.:ovﬂw:mq economical means, can achieve the effect of a _M.q Hw
or even infinile serics of elementary rules. It is a widely unnnﬂ.wﬁ_
view that these nonelementary rules should be constructed b
Emmzm.om a schematic notation similar to that developed in :__H
preceding chapters. Accordingly we will allow arrow, slash, and
dash to be elemenlary symbols along with Hur.u:o_mm__nm_ ”::_1
:HHE. implicitly introducing schemata that subsume strings ,H__._“,H
ltaining these symbols. A nonelementary rule will then be :m_o: hit
of wm having the peneral structure G:X, where G is a m_,._:mn_
anm_m:ﬁ__:m 4 particular mode of application and X is a schema
E_,cm_:ﬂ_um elementary rules, these being referred 1o as the mEuHEn.m
ol G:X. For the time being we will not associale a particular kind
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of application with a particular kind of schematic expression; for
example, we will make no special association between conjunctive
ordering and braces. Rather, we will treat all types of schematic
gxpression in a uniform manner, assuming that the rule G:X treals
an input string in a way that is determinable entirely from

(i) the input string,
(i} the mode of application G, and
(iii) the set of elementary rules subsumed under X.

Just what modes of application should be made available to
phonological rules is the question to which we now turn.

There are some phonological rules which make changes at no
more than one place in any input form. A rule which places a
stress on the first vowel of a word or which devoices word-final
obstruents is a rule of this type. For any such rule a very simple
method of application suffices. Given the string P, we try 1o find
out whether the rule which we wish to apply to P hasa subrile
whose input is P. If we find such a subrule, we take its output a8
the output of the application; if we find no such rule we take P
itself as the outpul.

If all phonological rules were of the sorl just described, our
discussion would be at an end. There are, of course, many rules
ihiat can chanpge several different places in an inpul string; in fact,
there may be no principled upper bound to the number of places
affected or to the distance separating these places. The Sunskril
rule discussed toward the beginning of Chapter 2, for example,
must retroflex every m occurring in the appropriate environment,
regardless of how many such n's there may be in an input waord.
An clementary rule, however, changes just one place in an input
string. In general, then, we must allow several subrules to be
sivolved in each rule application. One way we might do this is
a5 follows. Instead of stopping after & single one-place application
we continue performing such applications until we ablain a string
which cannot be further changed. This sort of application, which
we shall call iterative, was once proposed by Harms (1966a: 608)
and has been discussed by MeCawley (1968: 20-22) in connection
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o : :
______H:,. sets of ..:_.nm that are not necessarily elementary in our sense.
e can formalize the notion of iterative rule as in (25)

(25) (a) h&. iterative rule is an expression of the form [ ¥, where
M,_m a schema subsuming elementary rules (the LEE:H
of H.”uﬂ and I is a constant denoting the mode of
application next to be defined.

(b} Tmﬁ _u.mnn () be phonological strings and let J:X be an
_”ﬁ__:wn rule. Then I:X maps P into Q if and only if
w:MMm ﬁ__“.mﬂ sequence (Pi, ..., Pu) of phonological strings

_H_”. Pr=PF;
(i) for each i, 1 =i = n—1, some nonvacuous sub-
rule of 7:X has P as input and Py, as output;
(iii) T .,uM_ has no nonvacuous subrule with P as :.:._E.
an i

m.____“. H..u o=t D

h.ﬁ_.l.— ﬁ”—..- L *

+eor +cont

(26) 1: | --nas -%lmj +-cor
ni (o) B* Zant [—cor]*—[+son] $*

—distr

“.__.. mﬂﬁﬁnm:.&.._ of ﬁ._._mm rule is displayed in (27). Each line other
than the first is derived from the preceding line by virtue of LI
indicated subrule of (26). 4

(27) usnataragnaam
ugnat f
tM_.. Hmﬁﬂzmaa {(n — pjus—alaraanaam)
spataraanaam (n — p/usnataraa—aam)

Note that application (27) is i
: is complete despite the fact
schema in (26) subsumes both the following: e
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n-r pjug—ataraanaam
1 =+ nfugnataraa—aam

Because these subrules are vacuous {hey cannot be applied to the
(27). I they were allowed o apply, they would do so
forever, and (26) would nol have provided ugnataraapaai with
The desired outpul could have bean obtained
<sion to the left of the arraw Lo read

output of

any realization at all.
only by complicating the expre

-cor

“-nas

“-anl
o

There is another application of (26) that has the same input and

output as (27h namely (28).

(28) usnataraanaam
:%mEEm;mEﬂ
ugnata raanasm

(n = i__.a:w_ﬁmmimu:&
{n — njug— atarannaam)

A method of application dinmetrically opposed to the iterative
would be this. Instead of applying subrules in series, changing the
string under consideration step by step, We extract just those sub-
rules which have this string as their common input and then ke
simultaneously all \he changes that these subrules call for. This
kind of application has been discussed by MeCawley (1968 20-22)
and has been proposed by Chomsky and Halle (1968: 392, 398) as
the appropriate way of interpreting rules of certain restricted forms.

Formalization of simultaneous rules would be straightforward
if every subrule were of the form A =+ p/R—8, where A is a phono-
lagical unit. Then, given the input string A1-..Aa 10 which we wish

to apply the simultaneous rule N, we would say that the streing T
was a possible outpul if T had the form Qy...Qu, where for cach i
one of the following conditions held:
Aj_1 — Ay A is a subrole of N; of

A.: A D_______PT_.
o Ay and ™ has no subrule of the form

(i) Qi is identical

Ay — QA A — At Ao
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However, we will also want to account for subrules of the form
P— Q/R — S where P consists of several phonological unils,
since certain processes cannot he naturally formulated i such
subrules are excluded. For example, metathesis of two adjacent
vowels followed by a vowel is naturally formulated as

- m& syl
o VS

g -+ Taf $*— [+syl] §*
but not as
[-syl] -+ 1/8* — [-+syi)

T
[+syl] = af8* [4-syl] — [+syl] $*
o

On the other hand, we will make no allempt to accommodate sub-
rules of the form & — Q/R—S. Tt seems that in general we can
avoid such subrules with litile if any loss of naturalness. Thus a
rule that inserts a schwa between the second and third members
of a triconsonantal cluster could he written

Jmﬂu_ —5Yy

o T

@ —+ o3t/ §% — [—syl] §*

just as well as
@ -+ of§* [—syl] [—sy]] — [—sy]] §*

In the next chapter we will consider the matter of insertion rules
again and find a natural place for them.

In formalizing simultaneous rules we will malce use of the notion
of overlay, defined as follows. Let M — P — Q/R—8 and
N=PF-0Q/R' -8 be elementary rules. Then M overlays N if
and only if

(i) RPS = R'P'S’,
(ii) R is not longer than R’, and

(iif) 5 is not longer than §,

Thus, for example, M will overlay I if
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M = usnataraa —+ ugnalaran/—naam,
N = n - nfus—ataraanaam

i 5
On the other hand, neither of the following two elementary rule
averlays the other;

n -+ nfus—ustaraananm
n —+ nfusnataran —anm

: ; lic
We can now define simultaneous rules and their mode of appli

cation as in (29). P

(29) (a) A simultancous rule is an aaﬂ.ﬂmmma: of :.E :u:__.” ..“..._.Ar _:.“
where X is a schema subsuming n_nz.ﬁ:E.H.u_, rules {
subrules of S:X) and § is constant designating the Eam_m
of rule application defined in (b) below. Each mu_JHEs
of §:X is assumed to have the form P — Q/R—S where

{b) thﬁﬂg () be phonological strings .m_a _E. 5:X a.n_m
simultaneous rule. Then §:X maps P into Q if and on H..__”
if there is a finite sequence ((P1, Q1), .- (Pn, Qu)) 0
ordered pairs of strings such that
(i) nis odd;
_,.M““,.H__ WE. nMMWr_.m.ML i. 1 = i < n, the elementary rule
Pi— D_.____..._.:T_L — PyitePu
is a subrule of 5:X;
{iv) __Mu__.w Munr odd i, 1 =i=n, Ph=0Q and the e

mentary rule
Mu.___ =" _Q_.___m:..._...:l_ — FL...Tz
overlays no subrule of 5:X;

_._.._.v D — C._.....Gn_r |
The sequence ((P1, Qi), ..., (Pn, Pu)) will be called an application
of §:X with input P and output Q. The elementary rule
_u_ o Cu___—.,.._ ....T_.L == ﬂ_ _.H...ﬂ__._

L= N
will be referred to as the ith step of the application (thus the n“,“n
steps are subrules of §:X and the odd steps aré vacuous

— = e
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overlay no subrules of S:X). Frequently we will display a simulta-
neous application in the form

P,
3 muu ) Hv_.._l__. —U__.

.Mn _nm.ﬁ-_

We can creale a simultancous version of the Sanskrit nasal retro-
flexion rule by simply substituting 8 for [in (26). We then have (30).

Ly “+cont

(30) 5: | +nas| — “I_H,,E@\m; T [—cor]*—[-son]$*
- | (o) —ant
—distr

This rule gives the same result as (26) but is applied in a radically
different way. For example, (30) converis ugnataraanaam into
usnataraanaan by virtue of the following application:

n n
ug  ataraa  aam
n n

This application consists of the following five steps:

1. us —= us/—nalaraananm

2. n — gfus—ataraanaam

3. atarag -+ aloraa/ugn—naam
4, n —» nfusnalaraa—aam

5. aam — aamjusnataraan—

The even-numbered sieps are subrules of (30), and the odd-
numbered steps are vacuous elementary rules that overlay no
subrules of (30).

Consider the array

n
usnatarai aam
i1

This sequence consists af three steps:

|, uspataray — usnataraa/—naam
2. n — nfusnatarag—aam
3. aam -+ gamjusnalaraan—
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However, we have no application of rule (30) here because the

putative first step overlays
n —» nfus—alaraanaan.

which is a subrule af (30). = o
The vowel metathesis rule discussed earlier 18 & less restricle

version of a rule proposed by Chomsky and Halle :m.um_m” u,_m: for
the Kasem language. We give the rule again in (31) in & simulta-

neous formulation,

{3y s: T.EJ ﬂ+ S_J - taf5* — [+syl]

4] T

This rule changes piai into paii by virtue of the application

There arc three steps:

I. p-~ ﬂ___ —iai

3. ja — aifp—i

3, i —= ifpla—
Mote that under our Formalism (31) is ambiguous. .:H__u. Swﬂim?
tical input string piaia would be changed into either paiia or piiaa
depending on which of the following applications was taken:

" i o i al
ai in

In order to et an idea of the relative power of .__.nm:.:_n m.E_
simultaneous rules we will compare them with cerlain mapping
devices whose formal properties have been well studied. We E:
assume that a finite sequence of mapping devices is also a mapping

device, operating according 10 principle (32).

(32) Let M = (My, ... M) be a sequence Ew :.E_“.m__m:._nu_ devices
(possibly rules), and let 1 and ] be arbitrary sirings {not
necessarily phonological), Then
only il there 1s a scquence Ty cons

M maps 1 into J if and
Iy, of strings such that
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(i), =1
(i) for each i, 1 =i = n, M; maps into Iy into Ii,1, and
(i) Tnj = 1.

If M maps P into 0, we will sometimes say, using phonological
terminology, that M provides Q as a realization of Po Mote that
a realization must be a phonological string; if M maps P into 1
alone and I is not a phonological string, then M provides P with
no realization. Tt should be borne in mind that in general a mapping
device may provide a given string with zero, one, several, or in-
finitely many realizations, A device will be called monogenic if it
provides each string with exactly one realization. Phonological
rules are typically monogenic. Alternative realizations provided to
a string by a nonmonogenic rule are said to be in free varia-
tion.

One highly generalized and unstructured form af mapping device
is the (unrestricted) rewriting system. Chomsky {1963: 357) has
discussed devices of this sort from the point of view of string
generation, but here we are interested in the way they convert
strings into strings. We can assume that each rewriting system is
characterized by (i) a finite alphabet of symbols, including the
boundary symbol h and the start symbol s, and (i) a finite set of
instructions of the form [ — J, where 1 and J are strings of symbols
in the system’s alphabet. We define an immediate derivation of a
rewriting system M as an expression of the form GIH — GIH,
where 1 — J is an instruction of M, and G and H are strings of
symbols in the alphabet of M. A string T is automatically put in
the form of hslh when it is presented as input to a rewriting system,
and the system then applies in a series of immediate derivations
as long as possible. In other waords, rewriting syslems operate
according to (33).

(33) Let M be a rewriting system and let | and J be strings
consisting of symbols of M but containing no occurrences
of I or 5 Then M maps | into T if and only if there is a
sequence (I1, ..., [s) strings such that
{i) I = hslh;
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(i) for each i1=i=n-—1, I, = ly1 is an immediale
derivation af M,

(iiiy M has no immediate derivation of the form Iy = F
for any 1'; and

(ivy Ty = hih

It is a well-established principle that any mapping whatever that
can be computed by a finitely ctatable, well-defined procedure can
he effected by 2 rewriting system (in particular, by 2 Turing
machine, which is a special kind of rewriting system). Hence any
theory which allows phonological rules to simulate arbitrary re-
writing systems is seriously defective, for it asserts next to nothing
about the sorts of mappings these rules can perform. It is rather
alarming, then, that we can prove (34).

(34) If M is a monogenic rewriling sysiem there is a .mn:n
sequence of phonolagical rules, each simultaneous or 1iera-
tive, which provides every phonaological string with the
same realization that M does.

{(*In fact, the behavior of a monogenic rewriting system M can
be simulated by a single terative rule if we suitably code En
symbols Dy, - D, of that system in terms of w:nns_nm.au_ E..;r
To do this we can pick two arbitrary distinet phonological units
A and B as coding elements. Assuming the symbols D, <. [y
to be pairwise distinct and to include all phonological units, we
define the coding of Dy, denoted <Dy}, to be the string A'Ba1B.
If qi, .--s dn AIE symbols of M (not necessarily distinct), we anm:n
¢qi...dny (the coding of the string qi...qn) to be the string
{qi)y...{qQuny. Thus (GH)y = (G ¢H) for any strings G and H
over the alphabet of M. Furthermore, since the correspondence
between (he individual symbols and their encodings is one for one,
gvery string is unambiguously recoverable from its encoding,
Now suppose M has the instructions Iy -+ T, ey Im—+Jue
Since M is monogenic we can assume that each phonological siring
is the input of exactly one application of M, This {ollows from the
way rewriting systems can be constructed to imitate Turing ma-
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chines (¢f. Chomsky 1963 358-9), We can therefore nssume that
[y 5 0 Tor each i, For if any application of M contained an
immediate derivation of the form GI}H — GI;H, this application
would never terminate, and at least one inpul string would have
no realization, contrary to the assumption that M is monogenic.
Consequently if Iy = I, the instruction I; — J; would never
be invoked in any application and would therefore be elimin-
able,

Mow let ¥ be the schema {{D1}, ..., {IDu>}*, and let X be the
schema { {1} — {13, ..., T} = (I} /Y —Y. Weean show that
K -+ L is an immediate derivation of M if and only if X subsumes
some nonvacuous elementary rule whose input is (K and whose
output is {L}. Suppose first that K — L is an immediate deriva-
tion of M. Then there will be G, H, and i such that K = GILH,
L = GILH, and I; — Jy 15 an instruction of M. But then X will
subsume {Iiy = {Ji} [ {G» — {H), whose input and output are
¢{K and (L}, respectively. Furthermore, because I) == Iy, {I> #
Iy, Suppose next that (K3 and <L are the input and output,
respectively, of some clementary rule subsumed under X, Since
this elementary rule has the form {I;) — {J;) / {(G) — (H) for
some G, H, and i {l =i=m), we have (K% = {GI}H} and
(L} = {GIiH}. Consequently, because the coding is biunigue,
K = GLH and L = GIiH. But then, since 1; — I, is an instruction
of M, K —=L is an immediate derivation of M. By considering
these remarks and comparing (33) with (25b) one can easily verify
that M maps P into Q if and only if £:X maps <hsPhY into ChQhy,
where PP and O are phonological sirings,

Consider again the symbols Dy, ..., Dy of M, We can assume
that for some k, 3 = k = a, the symbols Dy, ..., [}y are phono-
logical units and that the remaining symbols (which must include
at least h and s) are special symbols of M used for internal compu-
tation, Thus the encoding of each phonological unit will have the
form A'B2~'B where i = k.

We can now design o rule sequence which will literally map P
into Q if and only i M does so. The sequence has the form (N,
viog M) where
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| g Mt
Ni = 8: {Di—> D) vey D> (Dap }3 e
Z“ = I { g == {hs) [—AXSY, @ —+ ChYy/S*ARA*BY— 1,
Ny = I: @ — (hsh)yf/—,
Ny =X,
?“ = §: {¢h) — 8, {Diy > Dy, o (D) - D)3 —§*

(M1, No) will convert P into ¢hsPh when P is nonempty, ﬂ_a.q”m“
will do the same job when P is empty. My then maps A:mﬁw _,v u_u_

¢hQh) if and only if M maps P into Q, as explained previously.
M5 then converts {hQh} into Q.%) . . o

It would seem, then, that a rule formalism which permits bo

and iterative rules is excessively vsin.q?_. Maotice
that we reduce this power very little if we exclude E::__Em_no“m
rules and permit only iterative ones, ?ﬂ.cﬂ let E,, ™, nn ﬂ.a_ : e
as above, Obtain Ny from Ny by replacing S with / an m”.n,Em
D — <Dy and Dia — {Dy 1y from :E, braced nxvqmmm_o.?
Obtain N's from Ng by simply replacing m with .h_. Then AZ .: ?um.
Mg, Mg, N's) will provide gach phonological w.:.E.m that i free o

: with the same realization that M does,
and Dj 1 will not in general
and Dy,1 have been sacrilied

simultaneous

geeurrences of Dy and Dy
Strings containing occuUrrences of Dy
he handled correctly, of course; Dy

so ¥
to the cause of coding.*) . . o .
Suppose we try the polar alternative of excluding iterative rules

altogether and allowing ,,._mz,._.___Enno_,ﬁ. rules E._E. ,,En will HQ,_H
show that simultaneous rules are equivalent Lo _:.Em”m:.p._.n qw_mF ¥
nes, which are highly restricted in structure and arc EEE :”..”. :
fuct, of performing @ vast array of nnE_mEmEn u.:..n.ﬂ_nm”.“ t p# _W.
the mappings they do perform seem 10 include most of those

arise in phonology.

In its most general form a finite-state machine is characterized by

(i) a finite alphabet of input symbols,

(ii) a finite alphabet of output symbols,
(i) a finite set of symbols referred to as m_Emm”
{iv) a subset of states designited as _mﬂ _.__qu:__m_, :
(v) a subset of states designated as right F::Em__ mz_l :
(vi) a finite set of instructions of the form g K—+L 4,
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where g and g’ are states, I is an input symbal, and
L is a siring of output symbols,

By a computation of a finite-state machine M we will mean an
expression of the form qik; — Li...quly =+ Laqur where for
each i, I =1i=n, qK; — Ligy,1 is an instruction of M., K,.. K4
will be referred to as the input of the computation, and Li...Lq
will be referred to as the output. If qq is a left terminal state of M
and qng1 15 a right terminal stale of M, the computation is said
to be terminated. By definition M maps I into I if and only if
some terminated computation of M has I as input and J as output,

A simple example of a finite-state machine is the one charac-
terized as follows:

Input alphabet: A, B

Output alphabet: A, B, C

States: 0, 1, 2

Left terminal states: 0

Right terminal states: O, 1

Instructions: 0A — Al
DA — C2
0B — BO
1A - CO
1B — Bl
24 — Al

One of the computations of this machine is
(0B — BOA — A1B —+ B1A — COB — BOA — C2A — Al

The input of the compulation is BABABAA, and the output is
BABCBCA. Since the first symbol of the computation is a lefi-
terminal state of the machine and the last symbol is a right terminal
state, the computation is terminated. Hence we may conclude that
the machine maps BABABAA into BABCBCA.

We will say that a fnite-state machine is right-deterministic il
it has exactly one left terminal state and, for each state g and each
input symbol K, exactly one instruction of the form qK — Lqg',
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If a finite-state machine has exactly one right E:.:EE mz:m Eam.
for each state q and input symbol K, exactly one E.".,..:E.”:Hu,u n.
the form 'K — Lqg, we will say that the Eun_.::..u is lelt-deter-
ministic. We denote by 1t(M) the unique left terminal mE:w n.:q _ ”__m
,.EE._”_EEEEW:_“ machine M, and use 2?”3 for the unigue righ
terminal state of a left-deterministic machine E‘. o

We will be especially concerned with two varieties of finite m._.m,H
machines called right transducers and left _Enm@:nnnm. A Mm .
transducer is 4 right-deterministic finite-state :..um_uﬁn w:. .u_.,i .umrn
states are right terminal. Clearly 2 device M of ;:.m sort will EHE,E
[ into J if and only if I is the output of p,_um_ unigue noEwEmﬁ“cm._
which has T as input and had (M) as its Eﬁcﬁ state. b_ N. i3
\ransducer is defined in completely symmetric manner as a,, M" t-
deterministic finite state machine all of whose states arc eft
terminal. A right transducer is also known as 2 m_"unnmsmnn,mﬂ
quential machine (Ginsburg 1962: 5, 209, the :E..“En... left termina
state being also known as the start slate of En EEE ma_n._

Although we have been regarding Bm.ﬂﬁ._am maqmnnm ..unm _._E..
mechanisms for converting strings inlo SITINES, this being ,,.F
function of phoneological rules, we can .,__m_u,l..u_uw upon ﬁrnﬁ,pm
devices for defining or representing sels of strings. ma,n_ﬂcun we _,..M_M
that a phonological string P is accepted by a mapping uE._%M i3
if and only il M provides P with at least one nnu___nm:n_fu. :_u.
phonological strings that are accepted by .:E H_nﬁnn, consti :%..
the defined set. It is well known thal a set 18 repular if and E..V“
il it is defined by some finite-state machine. Inun..u uscnm_om_r...,
schemata and finite-state machines are entirely equivalent in their

acity resenl sets,

nmﬂw n,”w F‘H_mh”ﬂ_b construct a finite-state n._EnEnn m_,._.wn._m _.mun ﬁ.rw
purpose of aceepling strings there is no poimnt in Esﬁn:._m it _UH_”_ ”.
output symbaols. We might just as well let each _mm:.:n:cu__ s
the form gK —q'. Then the machine nnnnﬂ.;m P ﬂ.ﬂ and .ud wm H.##
maps P into . A finite-state machine of this sortis np:na.p. u.__ nﬁ
gtate automaton. If such a machine is right- (left-) deterministic 1
is said to be a right- (left-) antomaton.

What we wish to show now is (35).

e
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(35) If N is a monogenic simultaneous rule then there is a left
transducer My and a right transducer Mg such that (M, M)
provides each phonological string with the same realization
that M does.

{(*We let N = S:X be an arbitrary monogenic simultaneous rule,
fixed throughout the proof. If W has no subrules it leaves input
strings unchanged, and there is a trivial transducer that can
accomplish this identity mapping. Henceforth we assume N Lo
have at least one subrule,

Without loss of generality we can assume that X = { X1, ..., X |
is a primitive schema. Each of the X, will then have the form
Yy —+ YUy — Vi, where Y, Yy, Uy, and ¥y subsume only phono-
logical strings. Ta see this consider each of the X; in turn, letling
(Z1, B, oo, Zp, Ep, Zp.a) be the longest sequence of schemata such
that X, = Z1F1...ZuEnZp,1 and such that each Ep (h =1, ..., p)
is an arrow, a slash, or a dash. Since this sequence is maximally
long none of the Z; can have the form Z'E'Z" where E' is arrow,
slash, or dash and Z' and 2" are schemala, Hence if arrow, slash,
or dash appears anywhere within a Z; it must be inside a braced
or starred expression (these being the only nonelementary schematic
expressions allowed in primitive schemata). Now, any braced
expression that is a proper part of a primitive schema must be
enclosed in starred parentheses. Consequently, an urrow, slash, or
dash appearing within any of the Z; must be inside a starred
expression. However, if an arrow, slash or dash appeared inside
a starred expression it could be repeated an unbounded number of
times in subsumed strings, and X would subsume some expressions
that were not elementary rules.

Because simultaneous rules have no subrules of the form
@ —+ (/R — T, we can assume that the Yy subsume only nonempty
strings. We can also assume that each Y’y is a phonological string,
since if §:3 is indeed monogenic none of the ¥'p need subsume
more than one phonological string. We will set 8 = Yy and
Wi = Y1V

The first step in creating a pair of transducers to simulate N is
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to construct, for each k = 1, ..., T, two left automala Mﬂr ..“..ﬁﬂnm_.,w
that represent the same regular sets as Wi and Vi, q.rm_v?. i E“m
and two right automata Oy and Vi ::4 ._.nuEmnE. the m_._,”_w:__maﬁw W.
sets as Uy and Yi, respectively. In unﬁ:ﬁ: we define Uy Mw.ﬁ“w_“.
Wy = Vatobetheautomaton having just ::.“ ane ﬂ".:,nmzn. _ " m
the instruction 0A — 0 for each ﬂsanﬂowﬁ& .EE .____, a E a Mm
to be both left terminal and right terminal. This ¢nﬁ3 is al ﬂ“
a right automaton and a left automulon, and it ﬁnnnu_ﬂ nH W
phonological string. Suppose now We deline ﬂ.,uE. _u_ Zm ”n Pw
for any (m-+1) -tuple (2o, - zw) and any _,.M_ p W..,:-WSE.._
(m--1) -tuple x will be said to be a W-state (resp.: V-std n“_ : I, "
if and only if (x)x is a state of Wi (resp.: Vi, 0y for eac #. nl_l r
 m. Henceforth we use the letters W, v, apd u to stan cm
?WEEP Vogiates, and U-states respectively. The letter ¥ Wi
range over states of all the ¥1. Also we define

® = (W), - 1t(Wia))
g = (rt(Va)y -5 rt(Via))
n = (100, s 11(0m)

We now construct the first transducer My, The input ..zn.:ﬂ_uﬂ
of My is the phonological alphabet and the aEﬁ,E m__EE_mw.H ncwm;c_m.
of triples of the form (w, v, &). The statcs of #: are rM:Hw_ nm_uﬁ
the form {(w, v). Each state of My is left EHEE.mr an m 5y
{the unigue right terminal state (%, ¥). _.1._.3 nu,n: 1F___H“._[_; m_,.,:wp Hw 4
and each state (w, V), M has the instruction (w', v)A = (W ’ d__._.,. M
(w, v} where for cach k=0, ..., m, (WA <> (Whe w“_,a ﬁ..____ u.r =
(v} are instructions of W and ﬂw.. Emﬁ_ﬁﬁ_{n:: 1 Hw_, i .
transducer which, when presented with an inpul m:.Ew”___- H_:_“n”.__u
responds with the outpul string (w1, Vi, Az {Wey Vo, o] W
the conditions of (33) hodd. -

a) [ Wk, 0= k=m, __....___u.vmh_urn — Tl Wk
S ”M.__.n__n_ﬂu.ux?u  rt(Vy) are instructions of Wy and Vi,
spectively.
(b} M.M”ﬁmmr%_“ﬂn ﬂ, 0=k =m, and each i 1 =i=n—1,
(Wi - (Wi and (vi)hs — ._u.__.._br
are instructions of Wy and V5, respectively.
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The second transducer My is constructed as follows. The input
alphabet of Mg is identical to the output alphabet of My, and the
E:.E.: alphabet of Mg is apain the phonological alphabet, The sta-
tes of Mz are triples of the form (u, y, k) where 0 = k =m, y is a
state of Yy, and u isa U-state. My has the unique left terminal state
(@, 0, 0), and all of the states of Mz are right terminal. The instruc-

tions of Ma are given by (36).

(36)  For cach input symbol (w, v, A) and each state (u, y, k)
M3 has the instruction (u, y, k) (w, v, A) = Q(v’, v’ ruw
where
(a) for each k, 0 =k = m, (u)eA — (0" is an instruction

of Uy;
(b1) if v is a right terminal state of ¥y and (v} is a left
terminal state of Vi, then
(i) k' is the highest integer such that (u)y is a right
terminal state of U and (w)e is a left terminal
state of Wy (such an integer will always exist
because 0, at least, 1s such an integer),
(i} Q = A or S according as k' is equal to or
greater than zero, and
(iii) 1(Yw)A — ¥ is an instruction of Yy
{ba) if ¥ is not a right terminal state of ¥y or (v)e is not a
left terminal state of ¥y, then
() K = k,
(i) Q = @, and

{iii) ¥A —y' is an instruction of ¥, = Ty

Each string (w1, vi, A1) ... (Wa, v, Ay) produced as output by
My will be the input of exactly one terminated compulation of the
right transducer Mg, and this computation will have the general
form Ko, Ky where

Ko = (uo, yu, ko) and
mﬂu T ﬁ.___..__._v iy _h____.w e ..._...___4.._:__. ¥i: W.—..‘- fori= __ wens T

ﬁ?ar.ﬁmuu then, maps Aj... Ay into Tr.. Ty We need to show that
the simultaneous rule N also maps Ay Ay into Ty, To.
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Since (up, yo. ko) is the lefi-terminal state of Ma we have (37}

(37} wm= i, ¥yo = 0, and kg = 0.

For eich i =1, ..., n and each r=10, ..., m, the expression
(u_t)rAr == () is an instruction of .. This follows by virtue
of (36a). Because of (37) (ue) = 1t(0y). Also D¢ is right-deter-
ministic. Hence

(uglrAq —+ (Undr...Ag — (U3)r

is that unique computation of O, that begins with 1t(0;) and has
Ay...A; as input. Therefore Ar... Ay is accepted by Or if and only if
(u)r is a right-terminal state of ;. Reasoning in a similar way
from (35) we can show that A A IS accepted by Wi (resp.: Vi
it and only if (wi)e (resp.: (vie) 15 & left-terminal state of W
(resp.: V). Hence we have (38).
(38) Ifl=i=nandl=r=m, then
(a) Aq...A is subsumed under U, if and only if (u)e is 4
right-terminal state of U;; and
(b) Aj...A, is subsumed under We (resp.: Vi) if and only
it (wie (resp: (w)e) B 2 left-terminal state of We
{resp.: Vi
x For cach i =1, ..., n wewill say that i is a type | or type 2 index
according as the instruction

(us_1, Y11, ki) (wi, vi, Ag) — Talw, ¥i ki)

satisfies condition (36b1) or (36hg). Nate that these conditions are
mutually exclusive and exhaust the possibilities, so that each 1 from
| through n must be either a type 1 index or a Lype 2 index, bul
cannot be both,

Now suppose that i is a lype | index such that k = 8. By
(36by.ii) Ty = AL Furthermore, if i << n, then i+ | is a type 1
index; this follows from the fact that y; =0 = fviei o =k

is both a right-terminal state and a left-terminal state of

¥, =Y, = __wnHﬂfﬁnﬁw@__u.u.muﬁmf.:En__n mmHEH ..v r.
such that (u,_ ), is a right-terminal state of O, and (w), is a
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lefi-terminal state of Wr. Hence by (38) there is no r = ki such
that Ai...Aq_y is subsumed under Ur and Aj... Ay is subsumed
::nm_._ Wi, Consequently, since W, = ¥V, foreachr = | i
m_.nanwa no j such that Ap... A is subsumed under Yr and Aj o .__r_“
i5 subsumed under Vy (taking A = @ ifj

: 2 Jglae e It =n). Th
there is no j such that : e

}L::br._ e .H.....n-.u.___.}H..:._fL G bﬁ+7:.&.=

is a subrule of M.

We can immediately extend the result i
o ults of the preceding paragraph

(3% ,Hh. m;E_n.ﬂ be indices such that i = j and such that each i'
i==1i" =}j, is a type | index for which ky = 0. Then |
(8} Ti... Ty = Aj...Aj;
(b} il j = n,j -+ 1is a type 1 index;
{c) there are mo i, 1" such that i =i =i" =] and such
that the elementary rule
.”n__ru. ava ._P_.... ..Ir..._.... ........_...._...___.____r_ e .__.wm....._. = ._m.:._.+_ e _mf
is a subrule of N. Consequently the elementary E__mn
m.r.:;__..p_ -t .H__:...._|_____.Pu..:___.£lu = }T.H:;___r:
does not overlay any subrule of N,

MNow :ﬂ.m be a type | index for which k; = 0. Because of (38)
Agfiog _m.mzrucﬂnn under U, and A;.. A, is subsumed under
M__w_,r, Em__uu. _.T H m..,_.,ZQE._E.m be Er highest integer not greater

an n such that each h, i == h =7, s a type 2 index. (If j =i
then of course there is no such h; but if j = i, then j at least ,____:m
be such an h.) For each such h we have Ty, = @ E.Emwm.:v and

therefore T, = —-T YL
(i) and ::““ Sy = Tye.. Ty, Mowbecause of {36b,), we have

(i) ¥y Ay, =+ ¥, 15 an  instroct
A : ion of Y
e m__. i, for ecach

(i kn =k Fori=h="h =j, and
)

Also, because of (36by.iii), 1t(¥, A, — y; is an instruction of
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¥, Recall, too, that ¥, is right-deterministic. Consequently,

fori=h=1
:.hmwf.* Ay — Vi — ¥

s {hat unique compulation of ¥, which has A,...A, as input anc
1(¥,,) as its leftmast state. Therefore A,...A; is accepted by s,
it and only il y, is a right-terminal state of ¥,,. Therefore Aj...Ay
is subsumed under Y,, if and only if y, is 2 right-terminal stale of

2., Now consider the (wo cases ] < nandj=n

Case 1: j < n. j+1 must then be type 1 index, But then hecause
of (36b,) y; is a righl-terminal state of ¥y, (= ¥y and
(Vjer )y, 152 left-terminal state of Vi, (= ¥,,). From this
it follows that Ay Ajls subsumed under Yy, and A;4 oty
is subsumed under V.

Case 2: | = n. Because A iy 8 subsumed under W, and
Wi, = Y,V one of the following conditions must hold:

(i) @ is subsumed under Yy, and Ay A, is subsumed
under V3

(ii) for some h, i =h < jo Ages Ay 18 subsumed under
Y,, and O T subsumed under Vg ; or

(i) Aj...A, is subsumed under Y, and & is subsumed
under ¥y,

(i} is not satisfied because Y,, subsumes only nonempty

strings (recall that rule ™ has no insertion subrules).

(ii) would imply that ¥, is a right-terminal state of ¥y,

and (Ve I8 8 left-terminal state of ,._..___:., therefore,

since k, = kj, h-1 would be a type | index (b 36b,0.

This would contradict the assumption that each integer

greater than i and equal to or less {han j is a type 2 index.

The only remaining possibility is (iil).
What we have managed to show is (40).

(40) Let i be a type | index for which ki = { and let j be the
highest integer such that each h, i< h =], is a type 2
index. Then
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. A Ay - TR T A LA L — Ay Ay
is subsumed under Y,, — 5, U,, — V,, and is therefore a
subrule of N.

Mow let s, ..., s, be all and only the type | indices for which
k, > 0. (1 =i=p). We can assume 5 < s if i <i’, For
each i, 1 = : =, let t; be the highest index such that each h
g5 == h == t1j, 15 a type 2 index. Also, define iy = Oand $5.1 = _T_L”

Clearly, t; < sig1. Now for i = 0, ..., p we define

Paiv1 = BBy -1
Qaiva = ._.:....____.Eilﬁ."
Pyiyz = A,.A;and
Q42 = T,... Ty,

From these definitions it follows that A;... Ap = Pi...Pap.y and
T1...Tn = Q1...Qapy1. Now foreach j, 1 =j = 2p+41, let E be
the elementary rule h

._.u_._ = Gh.____.u.“_.....—u_._l_ = ._.u_.: —...._.unc._”_

If j is even, then j = 2i--2 for some i, 0 =i = p. Then M, is
the elementary rule :

Aoy =~ T Tl A kye g = &g ol

which, E_,.ﬂ_..:_n of (40), is a subrule of M. Ifj is odd then | = 2i-|-1
for some i, 0 =i = p, and then M, is the elementary rule

}_._.T._...L_..._. -1 |v..H.._-.._....1._..._+____.__m—“_...}._ — A ....__..w._..

i+
30

There are now two cases to consider, t = s;,1 and t; < sp1—1

Case 1: ty = s,1—1. Then Py = Q; = ¢ and M overlays no
mqu..:n of M. The reason for this is that M; is an inser-
_:.u: rule, and an insertion can overlay only another
insertion rule. However, N has no insertion subrules.
Case 2: t; < 51,1—1. We consider first the type of index that
ti+ 1 is.
Subcase [. i = 0. Then t; 4 1 = I, which is a type I
index because kg = 0, yo = 0 is a right-ter-
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minal state of Yo, and (o =0 is @ lefi-

terminal state of Vo.

Subcase 2. 1= 0. Then t; 4 1 is less than 0 = Spaa—1
and is a type 1 index. For if y -+ | were a
type 2 index 4 would not be the highest index
such that each h, s = ho=1y is a type 2

index, contrary to the definition of t.

pe | index it is not among the

Now although t;-+1is a ty
han § 4 ;-

Syy oeey Spy DECAUSE it is larger than s; and less t
Therefore k, ,, = 0. Hence, because of (39c), M, overlays

no subrule of N. Furthermore, (3%a) implies that Py = Q.

We have now shown that when j is even M, is a subrule of N and
{hat when i is odd Py = Q) and M, overlays no subrule of N.
Consequently the sequence ((P1, Q1) .- (Papsts Qap, 1)), whose
jth step is My, is an application of N. But this application has
P1...Pap,1 = Ar..Aqasinput and Q1...Qaps1 = T1...Ta as output.
Thus N maps A...Aq into T - Th GELL®)

A left (right) transducer takes into account only what is to the
right (left) of an input symbaol in determining how to replace that
symbol in the oulpul. Schiitzenberger (1961) has investigated a
finite-state device which takes into account both the left and right
contexts of each input symbal. This machine, referred to simply
as a finite transducer, is characterized by the following struc-

fures:
(i) Two finite alphabets I and O (the input symbols and

the output symbols).
(i) A right automaton D whose
whose states are all right terminal.
(i) A left automaton V whose input
whose states are all left terminal.
(iv) A finite set of output instructions of the form
ukKy — L, where u is a state of 0, K is an input
is a state of ¥V, and L is a string of output
is cxactly one instruction uky -~ L

input alphabet is T and

alphabet is T and

symbol, v
symbols. There
for each ullv,
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The way a finite transducer works is Lhis, Suppose K, ..., K,

are input symbols. For each i {i = 1, ...;n} lel ”_”_ﬁ be the
[
rightmost | : ; : 1 2
slat thal termin : ation of { | which
feRinoat _ e in thal terminated computation m__,_:_
—ﬁ_..-. —ﬁhl._. el T . ry
has as ils input, and suppose uK;v, — L; is the
Kivp K,

output instruction for u;K;v. Then the transducer converts
K,..K,intoL;..L,.

Schiitzenberger has poinled oul that an ordered pair of machines,
one of which is a left transducer and the other of which is a right
transducer, is equivalent to some finite transducer in the mapping
its effects, Consequently every monogenic simultaneous rule is
similarly equivalent to some finite transducer. Thus a theory
which permits only simultaneous rules in a phonological descrip-
tion embodies a very strong hypothesis concerning the sorts of
string mappings that are possible in phonology, for finite trans-
ducers rank next to the bottom in the following hicrarchy.

I. Rewriting machines (in parlicular, Turing machines).
2. Linear bounded transducers.

3. Pushdown-store lransducers.

4. Finite transducers.

3. Right transducers; left transducers.

It is well known that every mapping effccted by a device of type
nin this list can be effected by a device of type n—1 (n = 2, .., 5},
but not conversely, (Right transducers and left transducers are not
comparable with each other in this way because some right trans-
ducers can do things that left transducers can'l and wvice-versa.)
There seem, in fact, to be few phonological processes thal exceed
the capacity of finite transducers; the ones known to me belong
to the very restricted types to be discussed in Chapter 7. In at
least one respect, then, simultaneous rules are far morc appro-
priale to phonology than iterative ones.

If the finite-state claim is correct, there is a clear choice between
two recent proposals concerning the way such processes as con-
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traction, metathesis, gemination, and depemination 555.“___55
handled, Postal (1969: 298) has suggested the use om. varia w.m
of feature specifications, He had in mind a
vowel-doubling tuie, but his considerations nxﬁz,; to :_m c”:__nw
types of processes just mentioned. Thus mcnmm_,:_m E. 08 r_,ﬁ
oned carlier that metuthesized two VOWCIS

ranging over lists

proposal the rule menti :
before another vowel could be written:

+&J +H.__ 11 +mw_._,mm_ h_u.T._L%s
A B B A

o e I ‘
Under our view of brackets as representing sct intersection, Postal s
variable can in most cases be regarded as a unit variable. It is
possible, therefore, Lo simplify slightly the above rule o

.Ii _M._.EJ l.mbh.-T_.%:
A B

This, of course, is just a notational variant of our rule ,E:... i
Another way of writing the kind of rule under discussion 15 with

iranslormational format:

uﬁ. “_..l_lmw_._._. _..l_lmu_._.”___ ._Hl_lmu__._,_. #, Hu.__ m_Hu h_m
1 2 3 4 5

Langacker (1969: §58-97 has correctly observed that all E__E.:_T
this format, and has proposed that
that in this format integers are used
Consequently many nonfinite-state
reduplication of whole

logical rules can be written in
this be done. Notice, however,
as general siring viriables. e
i can be performed, such as Lhe .
Hﬂwﬁ_.am”n: Euswﬂwn::n:m oceur, o be sure (for nx.._._nEP. :._F
Indonesian). However, reduplication seems to be a Ec_,_m__._o#o__mﬁw_
process spelling out grammatical elements of _.nm__sﬁ.m...””:m..ﬂ.:ﬂ,n
lity or distribution) and seeins to have no phonologica ..._:wM_. a
motivation. It belongs rather with what Chomsky and a. [
(1968: 9-11) have referred to as Hu&:ﬂ&m:r rules. 1 En_.:_n mf.E
{hat phonological rules proper never require mnﬁwﬁ siring v H:w.
bles for their expression and would therefore reject Langackers

proposal as insufficiently restrictive.




