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Abstract
Thiswork is concernedwith thequestionof how to combineonlineanensembleof active learners
soasto expeditethelearningprogressin pool-basedactive learning.Wedevelopanactive-learning
masteralgorithm,basedon a known competitive algorithmfor the multi-armedbanditproblem.
A major challengein successfullychoosingtop performingactive learnersonline is to reliably
estimatetheir progressduring the learningsession.To this endwe proposea simplemaximum
entropy criterionthatprovideseffectiveestimatesin realisticsettings.Westudytheperformanceof
theproposedmasteralgorithmusinganensemblecontainingtwo of thebestknown active-learning
algorithmsaswell asanew algorithm.Theresultingactive-learningmasteralgorithmis empirically
shown to consistentlyperformalmostaswell asandsometimesoutperformthebestalgorithmin
theensembleona rangeof classi�cationproblems.
Keywords: Active learning,kernelmachines,onlinelearning,multi-armedbandit,entropy maxi-
mization

1. Intr oduction

Thegoalin activelearningis to designandanalyzelearningalgorithmsthatcaneffectively choose
the samplesfor which they ask the teacherfor a label. The incentive for using active learning
is mainly to expeditethe learningprocessandreducethe labelingefforts requiredby the teacher.
While thereis a lackof theoreticalunderstandingof active learning(in particular, thegeneralization
power of computationallypracticalactive-learningalgorithmsis not well understood1), there is
substantialempiricalevidencethatactive learningcandramaticallyexpeditethelearningprocess.

We focuson pool-basedactive learningby classi�ers,which canbe viewed asthe following
gamecomposedof trials. The learneris presentedwith a �x ed pool of unlabeledinstances.On
eachtrial the learnerchoosesoneinstancefrom thepool to be labeledby theteacher. Theteacher
providesthelearnerwith thetruelabelof this instanceandthenthelearnerinducesa(new) classi�er
basedon all thelabeledsamplesseensofar andpossiblyon unlabeledinstancesin thepool. Then
a new trial begins, etc. Othervariantsof the active-learningproblemhave alsobeenconsidered.

1. In noise-freesettings,the Query-by-Committee(QBC) algorithmof Freundet al. (1997)canprovably provide ex-
ponentialspeedupsin the learningrate over a randomselection. However, at this time a “practically ef�cient”
implementationof this techniqueseemsto bebeyondreach(see,for example,Bachrachetal., 1999).
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Two importantvariantsarestream-basedactive learning(Freundet al., 1997)and learningwith
membership queries(Angluin, 1988); seeSection3 for moredetails. We do not considerthese
variantsin thiswork.

Seekingtop performingactive-learningalgorithmsamongthe numerousalgorithmsproposed
in the literature,we found two algorithmsthat appearto be amongthe bestperformers,basedon
empiricalstudies.The�rst algorithmreliesonkernelmachinesandwasindependentlyproposedby
threeresearchgroups(TongandKoller, 2001,SchohnandCohn,2000,Campbelletal.,2000).The
algorithm,calledSIMPLE by TongandKoller (2001),usesthecurrentSVM classi�er to querythe
instanceclosestto thedecisionhyperplane(in kernelspace).A theoreticalmotivation for SIMPLE

is developedby TongandKoller (2001)in termsof versionspacebisection.Thesecondalgorithm
we consider, proposedby Roy andMcCallum (2001), is basedon a differentmotivation: the al-
gorithmchoosesits next exampleto belabeledwhile attemptingto reducethegeneralizationerror
probability. Sincetruefutureerrorratesareunknown, thelearnerattemptsto estimatethemusinga
“self-con�dence”heuristicthatutilizesits currentclassi�er for probabilitymeasurements.Through-
out this paperwe, therefore,call this algorithmSELF-CONF. Theoriginal SELF-CONF proposedby
Roy andMcCallum(2001)basesits probabilityestimates(andclassi�cation)on Naive Bayescal-
culationsandis shown to signi�cantly outperformotherknown active-learningalgorithmson text
categorizationtasks.In our studieswe usedanSVM-basedvariantof SELF-CONF, which appears
to bestrongerthantheoriginal.

EmpiricalstudieswehaveconductedrevealthatneitherSIMPLE nor SELF-CONF is aconsistent
winneracrossproblems.Moreover, bothalgorithmsexhibit a severepitfall thatseemsto appearin
learningproblemswith a “XOR-lik e” structure(seeSection4.4). While perhapsno singleactive-
learningalgorithmshouldbe expectedto consistentlyperformbetterthanotherson all problems,
someproblemsclearly favor particularalgorithms.This situationmotivatesanonline learningap-
proachwherebyoneattemptsto utilize anensembleof algorithmsonlineaiming to achieve a per-
formancethatis closeto thebestalgorithmin hindsight.This schemehasbeenextensively studied
in computationallearningtheory, mainly in the context of `online predictionusingexpert advice'
(see,for example,Ceza-Bianchiet al., 1997). Our maincontribution is analgorithmthatactively
learnsby combiningactive learners.

A reasonableapproachto combiningan ensembleof active-learningalgorithms(or `experts')
might be to evaluatetheir individual performanceanddynamicallyswitch to the bestperformer
so far. However, two obstaclesstandin theway of successfullyimplementingthis scheme.First,
standardclassi�er evaluationtechniques,suchascross-validation,leave-one-out,or bootstrap,tend
to fail whenusedto estimatethe performanceof an active learnerbasedon the labeledexamples
chosenby the learner. The reasonis that the set of labeledinstancesselectedby a good active
learnertendsto be acutelybiasedtowards`hard' instancesthat do not re�ect the true underlying
distribution. In Section6 we show anexampleof this phenomenon.Second,evenif we overcome
the �rst problem,eachtime we chooseto utilize a certainexpert, we only get to seethe label of
theexamplechosenby thisexpertandcannotobserve theconsequenceof choicescorrespondingto
otherexpertswithout “wasting”morelabeledexamples.

We overcomethesetwo obstaclesby usingthe following two ideas.Insteadof usingstandard
statisticaltechniques,suchascross-validation,we usea novel maximumentropy semi-supervised
criterion, which utilizes the pool of unlabeledsamplesand can faithfully evaluatethe relative
progressof thevariousexperts;second,wecastourproblemasaninstanceof themulti-armedban-
dit problem,whereeachexpertcorrespondsto oneslotmachineandoneachtrial weareallowedto
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playonemachine(thatis, chooseoneactive-learningalgorithmto generatethenext query).Wethen
utilize aknown onlinemulti-armedbanditalgorithmproposedby Aueretal. (2002).Thisalgorithm
enjoysstrongperformanceguaranteeswithoutany statisticalassumptions.

We presentanextensive empiricalstudyof our new active-learningmasteralgorithmandcom-
pareits performanceto its ensemblemembersconsistingof threealgorithms:SIMPLE, SELF-CONF

anda novel active-learningheuristicbasedon “furthest-�rst traversals”(HochbaumandShmoys,
1985).Our masteralgorithmis shown to consistentlyperformalmostaswell asthebestalgorithm
in theensemble,andonsomeproblemsit outperformsthebestalgorithm.

2. ActiveLearning

In thissectionwe�rst de�ne pool-basedactive learningandthendiscussperformancemeasuresfor
active learners.We considera binaryclassi�cationproblemandaregivena pool U = f x1; : : : ;xng
of unlabeledinstanceswhereeachxi is avectorin somespaceX. Instancesareassumedto bei.i.d.
distributedaccordingto someunknown �x eddistribution P(x). Eachinstancexi hasa labelyi 2 Y
(wherein our caseY = f� 1g) distributed accordingto someunknown conditionaldistribution
P(yjx). At thestart,noneof thelabelsis known to thelearner. At eachstageof theactive-learning
game,let L bethesetof labeledinstancesalreadyknown to thelearner.2 An activelearnerconsists
of aclassi�er learningalgorithmA, andaqueryingfunctionQ, whichis amappingQ: L � U ! U.
Thequeryingfunctiondeterminesoneunlabeledinstancein U to belabeledby theteacher. Oneach
trial t = 1;2; : : :, theactive learner�rst appliesQ to chooseoneunlabeledinstancex from U. The
label y of x is thenrevealedandthepair (x;y) is addedto L andx is removed from U. Thenthe
learnerappliesA to induceanew classi�erCt usingL (andpossiblyU) asa trainingsetandanew
trial begins,etc. Thus,theactive learnergeneratesa sequenceof classi�ersC1;C2; : : :. Clearly, the
maximalnumberof trials is the initial sizeof U. In this paperwe focuson active learners(A;Q)
whereA is alwaysanSVM inductionalgorithm.

To thebestof ourknowledge,in theliteraturethereis noconsensusonappropriateperformance
measuresfor active learning. A numberof performancemeasuresfor active-learningalgorithms
make sense.For example,someauthors(for instance,Tong andKoller, 2001) test the accuracy
achieved by the active learnerafter a predeterminednumberof learningtrials. Otherauthors(for
example,SchohnandCohn,2000,Campbellet al., 2000,Roy andMcCallum,2001)simply show
active-learningcurvesto visually demonstrateadvantagesin learningspeed.Herewe proposethe
following naturalperformancemeasure,which aimsto quantify the “de�ciency” of the querying
function with respectto randomsamplingfrom the pool (which correspondsto standard“passive
learning”), while using a �x ed inductive learningalgorithm ALG. Fix a particularclassi�cation
problem. Let U be a randompool of n instances.For each1 � t � n let Acct(ALG) be the true
averageaccuracy achievableby ALG usinga training setof sizet that is randomlyanduniformly
chosenfrom U. A hypotheticalAcct(ALG) is depictedby the lower learningcurve in Figure1.
Let ACTIVE beanactive-learningalgorithmthatusesALG asits inductive learningcomponentA.
De�ne Acct(ACTIVE) to betheaverageaccuracy achievedby ACTIVE aftert active-learningtrials
startingwith thepool U (seeFigure1 for a hypotheticalAcct(ACTIVE), which is depictedby the

2. Weassumethatinitially L containstwo examples,onefrom eachclass.
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Figure1: The de�nition of an active learner's de�ciency. Accn(ALG) is the maximalachievable
accuracy. Acct(ACTIVE) is theaverageaccuracy achievedby hypotheticalactive learner
ACTIVE. Acct(ALG) is theaverageaccuracy achievedby a“passive” learnerALG (which
queriesrandomlyanduniformly from the pool). In this case(whenthe active-learning
curveis abovethepassive learningcurve) thede�ciency, asde�ned in Equation(1), is the
ratioof areas A

A+ B.

higherlearningcurve). Then,thede�ciencyof ACTIVE is de�ned to be

Defn(ACTIVE) =
å n

t= 1(Accn(ALG) � Acct(ACTIVE))
å n

t= 1(Accn(ALG) � Acct(ALG))
: (1)

In words, the de�ciency is simply the ratio of areas A
A+ B, asdepictedin Figure1. This measure

capturesthe“global” performanceof anactive learnerthroughoutthelearningsession.Noticethat
the numeratoris simply the areabetweenthe “maximal”3 achievableaccuracy Accn(ALG) using
the entirepool, andthe learningcurve of the active-learningalgorithm(areaA in Figure1). The
denominatoris theareabetweenthesamemaximalaccuracy andthelearningcurveof the“passive”
algorithm(thesumof areasA andB in Figure1). Thepurposeof thedenominatoris to normalizethe
measuresoasto be“problemindependent”.Thus,thismeasureis alwaysnon-negativeandsmaller
valuesin [0;1) indicatemoreef�cient active learning.Defn(ACTIVE) hasthedesiredpropertythat
if n is suf�ciently largesothatAccn(ALG) achievesthemaximalaccuracy (for this classi�er), then
for any n0> n, Defn0(ACTIVE) = Defn(ACTIVE).

3. RelatedWork

This paperis the �rst to considera utilization of anensembleof active learners.Herewe discuss
selectedresultsrelatedto thepresentwork. Our mainfocusis on techniquesfor devising querying
functionsandmethodsthatcanbeusedto evaluatetheprogressof anactive learner. Note that, in

3. In somecases(seefor example,SchohnandCohn,2000),betteraccuracy canbe achieved using“early stopping”
(seeSection3).
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general,a methodestimatingthe“value” of anunlabeledpoint canbeusedto constructa querying
function,anda methodthatevaluatesthegain of a newly acquiredlabeledpoint canbeusedasan
estimatorfor anactive learner'sprogress.

We begin with a presentationof varioustechniquesusedto constructqueryingfunctions. Al-
thoughour work focuseson pool-basedactive learning,a numberof interestingandrelevant ideas
appearwithin otheractive-learningframeworks.In additionto thepool-basedactive-learningsetting
introducedin Section2, weconsidertwo othersettings:

� Stream-basedactive learning(see,for example,Freundet al., 1997): the learneris provided
with a streamof unlabeledpoints. On eachtrial, a new unlabeledpoint is drawn and in-
troducedto the learnerwho mustdecidewhetheror not to requestits label. Note that the
stream-basedmodelcanbeviewedasanonlineversionof thepool-basedmodel.

� Active learningwith membershipqueries(Angluin,1988),alsocalledselectivesampling: On
eachtrial thelearnerconstructsa point in input spaceandrequestsits label. This modelcan
beviewedasapool-basedgamewherethepool consistsof all possiblepointsin thedomain.

Within the stream-basedsetting,Seunget al. (1992)presentthe Queryby Committee(QBC) al-
gorithm. This algorithmis basedon a seminaltheoreticalresultstatingthatby halvingtheversion
spaceaftereachquery, thegeneralizationerrordecreasesexponentially(relative to randomactive
learning). To approximatelybisecttheversionspace,theproposedmethodrandomlysamplesthe
versionspaceandinducesanevennumberof classi�ers. Thelabelof a (stream)point is requested
whenever a voting betweentheclassi�erson this point's labelresultsin a tie. Themainobstaclein
implementingthis strategy is thesamplingof theversionspace.Currently, it is not known how to
ef�ciently sampleversionspacesuniformly at randomfor many hypothesisclassesof interest(see
alsodiscussionsin Bachrachetal., 1999,Herbrichetal., 2001).

A variationof theQBC algorithmwasproposedby McCallumandNigam. ExpectationMaxi-
mization(EM) is usedto createacommitteeof classi�ersto implementthequeryingfunctionusing
the QBC voting idea: A diversi�ed committeeof classi�ers is createdby samplinga population
of Naive Bayesdistributions. Thenan EM-like procedureis usedto iteratively classifythe unla-
belleddataandrebuild the classi�ersuntil the processconverges. Experimentalresultsshow that
thisalgorithmhasanadvantageover randomsamplingandQBC.4

Interestingideaswerealsoconsideredwithin the learningwith membershipqueriessettingof
Angluin (1988).Cohnetal. (1994)usethefollowingversionspacereductionstrategy. Two“distant”
hypothesesareselectedfromtheversionspaceby �nding a“mostspeci�c” concept(thatclassi�esas
`negative' asmuchof thedomainaspossible)anda“mostgeneral”one(thatclassi�esas`positive'
asmany pointsaspossible).5 Selectivesamplingis doneby randomlysearchingfor adomainpoint
on which the mostspeci�c andmostgeneralhypothesesdisagree.This methodensuresthat the
versionspacesizeis reducedafterevery query, thoughit might bereducedby only onehypothesis.
Thealgorithmwasimplementedusingahypothesisclassconsistingof feed-forwardneuralnetworks
trainedwith theback-propagationalgorithm.Accordingto theauthors,themethodworkswell only
for “simple” concepts.

4. TheQBC usedfor comparisonutilizesthecommitteecreatedby samplingof theNaive Bayesdistributionswithout
employing theEM-likeprocedure.

5. The mostspeci�c (resp. general)conceptis found by classifyingmany (unlabeled)examplesas`negative' (resp.
`positive').
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Again,within theselectivesamplingmodel,Lindenbaumetal. (2004)proposeanactive-learning
algorithmfor thenearest-neighborclassi�er. Thepaperproposesusingarandom�eld modelto esti-
mateclassprobabilities.Usingtheclassprobabilitiesof theunlabeledexamplesa“utility function”
of a trainingsetis de�ned. Thequeryingfunctionof thisalgorithmis constructedusingagame-tree
thatmodelsa gamebetweenthelearnerandtheteacher. For eachunlabeledexample,its expected
utility is measuredusingtheutility functionon thetrainingsetandusingexpectedprobabilitiesfor
thepossibleclassesof theunlabeledexample.A setof domainpointsis constructedrandomlyand
the examplewith highestexpectedutility is chosen. This algorithmsuffers from extensive time
complexity that dependsboth on the depthof the game-treeandon the numberof nearexamples
takento constructtherandom�eld.

In thepool-basedsetting,threeindependentworking groups(SchohnandCohn,2000,Camp-
bell et al., 2000,Tong andKoller, 2001)proposethe samequeryingfunction for active learners
basedon supportvectormachines(SVMs). This queryingfunction chooses,for the next query,
the unlabeledpoint closestto the decisionhyperplanein kernelspace;namely, the point with the
smallestmargin. Sometheoreticalmotivation is given to this function in termsof versionspace
reductionalongthelinesof QBC ideas(TongandKoller, 2001);seeSection4.1for furtherdetails.
Experimentalresultspresentedin thesepapersshow that the resultingactive learnercanprovide
signi�cant samplecomplexity speedupscomparedto randomsampling.SchohnandCohn(2000)
encounteredaphenomenonwherethetrueaccuracy of thelearnerdecreases(afterreachingacertain
peak)astheactivesessionprogresses.Thisphenomenonmotivatestheideaof “early stopping”and
theauthorssuggestto stopqueryingwhennoexamplelieswithin theSVM margin. Campbelletal.
(2000)offer to usethis stoppingcriterionasa triggerfor runninga testfor thecurrentclassi�er. In
this testthey randomlyanduniformly chooseasmallsubsampleof (unlabeled)poolpoints,request
the labelsof thesepointsfrom the teacherandthentestthecurrentclassi�er on thesepoints. The
algorithmdecidesto stopif theerror(asestimatedusingthis test)is “satisfying” accordingto auser
de�ned threshold.

Zhangand Oles (2000) analyzethe value of unlabeleddata in both active and transductive
learningsettingsfocusingon SVM learning.Thevalueof unlabeleddatais evaluatedusingFisher
information matrices. It is proved that selectingunlabeleddatawith low con�dence(i.e. small
margin) that is not subsumedby (i.e., not too closeto) previous choicesis likely to causea large
changein the model(oncethe true label is known). A few numericalexamplespresentedin this
papershow thatanSVM-basedactive learnerusingthiscriterionis superiorto randomselection.

Roy andMcCallum (2001)offer a pool-basedactive-learningalgorithmthat attemptsto “di-
rectly” optimizethe true generalizationerror rate(ratherthanreducethe versionspace).The al-
gorithm choosesto querypointsthat strengthenthe belief of the currentclassi�er aboutthe pool
classi�cation. The learnerestimatesits error on the unlabeledpool, wherethe currentclassi�er's
posteriorclassprobabilitiesaretaken asproxiesfor the true ones. For eachexamplein the pool
andfor eachpossiblelabel,theexpectedlossof a classi�er trainedafteraddingthis exampleto the
trainingsetis calculated.Theexamplefrom thepool with the lowesttotal expectedlossis chosen
asthenext query. Thecomputationalcomplexity requiredto implementthis schemeis “hopelessly
impractical,” asnotedby theauthors.However, variousheuristicapproximationsandoptimizations
aresuggested.Someof theseoptimizations(for example,subsampling)aregeneralandsomeare
designedfor thespeci�c implementationprovidedby Roy andMcCallum(2001),whichis basedon
NaiveBayes.Theauthorsreportthattheresultingactivelearnerexhibitsexcellentperformanceover
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text categorizationproblems.6 In Section4 we furtherelaborateon thetwo pool-basedalgorithms
mentionedabove.

Active learninghasalsobeenexploredin the contexts of regressionandprobabilisticestima-
tion. Saar-Tsechansky andProvost (2002)examinetheuseof active learningfor classprobability
estimation(in contrastto exact,or `hard' classi�cation).Thealgorithmproposedis basedon creat-
ing a numberof subsamplesfrom thetrainingsetandtrainingonesoft classi�er (capableof giving
classprobabilityestimates)oneachsubsample.All thesegeneratedclassi�ersform an“ensemble”.
Thequeryingfunctionworksby drawing a pool point accordingto a probabilitydistribution thatis
proportionalto thevarianceof theprobabilityestimatescomputedby thevariousensemblemem-
bers.Thisvarianceis normalizedby theaverageprobabilityof theminority class.Empiricalresults
indicatethat this algorithmperformsbetterthanrandomsampling(bothasa soft aswell asa hard
classi�er).

In thecontext of regression,Cohnetal. (1996)assumethatthelearnerisapproximatelyunbiased
and proposean active-learningalgorithm that choosesto query the instancethat minimizesthe
averageexpectedvarianceof the learner(integratedover the input domain). This algorithm is
outlined for generalfeed-forward neuralnetworks, a mixture of Gaussiansand locally weighted
regression. For the latter two learningschemes,this methodis ef�cient. However, this method
ignoresthelearner'sbias.Thealgorithmrequiresaclosedform calculationof thelearner'svariance,
whichhasbeendevelopedonly for thethreelearningschemesconsidered.

In the context of ensemblemethodsfor regression,Krogh andVedelsby(1995)show a nice
equalitygiving the (squarederror loss)regressiongeneralizationerrorasa (weighted)sumof the
generalizationerrorsof theindividualmembersminusadiversitymeasurecalled`ambiguity',which
is relatedto the anti-correlationbetweenensemblemembers.Increasingthis ambiguity(without
increasingtheweightedsumof individualerrors)will reducetheoverallerror. Increasingtheambi-
guity is doneby dividing thetrainingsetinto anumberof disjointsubsetsandtrainingoneensemble
memberoveradistincttrainingsubset.Onenicepropertyof theambiguitymeasureis thatit canbe
computedwithout thelabels.KroghandVedelsby(1995)applythis relation(whichguaranteesthat
theweightedambiguityis alowerboundontheweightedsumof individualensemblegeneralization
errors)in thecontext of pool-basedactive learningasfollows. Assumingthat themostbene�cial
pool point to sampleis theonethatincreasestheweightedsumof individual ensembleerrors,they
searchfor thepointwhosecontribution to theensembleambiguityis maximal.

We now turn to discusssomeapproachesto measuringthe “value” of labeledpoints. Such
methodsarepotentiallyusefulfor obtaininginformationontheprogressof active learners,andmay
be usefulfor implementingour approachthat combinesan ensembleof active learners.Within a
Bayesiansetting,MacKay (1992)attemptsto measurethe information that canbe gainedabout
theunknown targethypothesisusinga new labeledpoint. Two gain measuresareconsidered,both
basedon Shannon's entropy. It is assumedthatgivena trainingset,a probabilitydistribution over
the possiblehypothesesis de�ned. The �rst measureis how muchthe entropy of the hypothesis
distribution hasdecreasedusinga new labeledpoint. A decreasein this entropy canindicatehow
muchthesupportof this hypothesisdistribution shrinks.Thesecondmeasureis thecross-entropy
betweenthehypothesisdistributionsbeforeandafterthenew labeledpoint is added.An increasein
thiscross-entropy canindicatehow muchthesupporthaschangeddueto thenew information.It is
provedthatthesetwo gainmeasuresareequivalentin thesensethattheir expectationsareequal.

6. Our implementationof this algorithm,asdiscussedin Section4.2, usesSVMs ratherthanNaive Bayesandonly
utilizesthesubsamplingapproximationideasuggestedby Roy andMcCallum(2001).
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Guyonetal. (1996)proposemethodsto measuretheinformationgainof labeledpointsin adata
set.Theinformationgainof a labeledpointwith respectto a trainedprobabilistic(soft) classi�er is
de�ned astheprobability that theclassi�cationof this point is correct.This probabilityequalsthe
Shannon“information gain” of theclassprobabilityof thatpoint asmeasuredby theprobabilistic
classi�er. On a given labeleddataset,the informationgain of eachpoint canbe measuredusing
theabove de�nition with a leave-one-outestimator. Thepaperalsoaddressestheinformationgain
of labeledpointsin thecontext of minimaxlearningalgorithmssuchasSVM. TheSVM measures
the informationgain of a labeledpoint by its (“alpha”) coef�cient in the inducedweightsvector.
Thecoef�cient of apoint thatis notasupportvectoris zero,andsois its informationgain. Support
vectorswith larger coef�cients aremoreinformative. Theseideasarediscussedin the context of
“data cleaning”of large databases.We notethat, in the context of SVM active learningit is not
in generalthe casethat supportvectorsidenti�ed during early trials will remainsupportvectors
thereafter.

Finally, we notethatactive learningis only oneway of exploiting theavailability of unlabeled
data. In recentyearsthe broadertopic of “semi-supervised”or “learning with labeled-unlabeled
examples”hasbeengaining popularity. Onecandistinguishbetweeninductive semi-supervised
methodsandtransductive ones(Vapnik,1998);seea recentsurvey by Seeger (2002)for a recent
review.

4. On Thr eeActive-Learning Algorithms

Themainpurposeof thissectionis to motivatethechallengeconsideredin thiswork. In contrastto
whatmaybeimplied in variousrecentpapersin the �eld, whencloselyexaminingstate-of-the-art
active-learningalgorithmsonvariouslearningproblems,thereis noconsistentsinglewinner. While
not necessarilysurprising,it remainsunclearhow to choosethebestactive-learningalgorithmfor
theproblemathand.

To demonstratethis point we focuson two known active-learningalgorithms: SIMPLE (Tong
andKoller, 2001,SchohnandCohn,2000,Campbellet al., 2000)andthe algorithmof Roy and
McCallum(2001),which we call hereSELF-CONF. We selectedthesealgorithmsbecausethey are
bothreasonablywell motivated,achieve high performanceon real-world data(andsurpassvarious
otherknown algorithms)andappearto complementeachother. In particular, aswe show below,
neitheralgorithmconsistentlytopstheother.7 Moreover, bothalgorithmsfail in learningproblems
with “XOR-lik e” structures(in thesensethat they performconsiderablyworsethanrandomsam-
pling).8 We thusconsideranothernovel algorithm,which excelson `XOR' problemsbut exhibits
quitepoorperformanceonproblemswith simplestructures.Altogether, thesethreealgorithmsform
the ensembleon which our new “master” algorithm is later experimentallyapplied(Section8).
Throughouttherestof thepaperweassumebasicfamiliarity with SVMs.9

4.1 Algorithm SIMPLE

This algorithmusesanSVM asits inductioncomponent.Thequeryingfunctionof SIMPLE at trial
t usesthe alreadyinducedclassi�er Ct� 1 to choosean unlabeledinstance,which is closestto the

7. To thebestof ourknowledge,nopreviousattemptsto comparethesetwo algorithmshavebeenconducted.
8. Thisde�ciency (of SIMPLE) wasalreadyobservedby TongandKoller (2001).
9. Goodtextbooksonthesubjectwerewrittenby CristianiniandShawe-Taylor(2000)andScḧolkopf andSmola(2002).
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decisionboundaryof Ct� 1. Thus, the queryingfunction can be computedin time linear in jU j
(assumingthenumberof supportvectorsis aconstant).

An intuitive interpretationof SIMPLE is that it choosesto querytheinstancewhoselabel is the
“leastcertain”accordingto thecurrentclassi�er. A moreformal theoreticalmotivationfor SIMPLE

is given by Tong andKoller (2001)in termsof version spacebisection. This argumentutilizes a
nicedualitybetweeninstancesandhypotheses.Theversionspace(Mitchell, 1982)is de�ned asthe
setof all hypothesesconsistentwith the trainingset. Let L = f (x1;y1); : : : ; (xm;ym)g bea training
set,and let H be the setof all hypotheses(in our caseH is the setof all hyperplanesin kernel
space).TheversionspaceV is de�ned as

V = f h 2 H j8(x;y) 2 L ;h(x) = yg:

Let w� bea hyperplaneconstructedin kernelspaceby traininganSVM on theentirepool with
the true labeling(clearly w� cannotbe computedby an active learnerwithout queryingthe entire
pool). A goodstrategy for an active learnerwould be to choosea query that bisectsthe version
spaceasit bringsus fasterto w� . The questionis how to �nd the instancethat approximatelybi-
sectstheversionspace.Theversionspacecanbeviewedasa subsurfaceof theunit hypersphere
in parameterspace(theentiresurfacecontainsall possiblehypotheses).Everyunlabeledinstancex
correspondsto ahyperplaneF (x) in theparameterspace.Thehypothesesf wj(w� x) > 0g thatclas-
sify x `positively' lie ononesideof thishyperplaneandthehypothesesf wj(w� x) < 0g thatclassify
x `negatively' lie on theotherside. Let w bea hyperplaneconstructedin kernelspaceby training
anSVM on thecurrentsetof labeledinstances.TongandKoller (2001)show thatw is thecenter
of thelargesthyperspherethatcanbeplacedin versionspaceandwhosesurfacedoesnot intersect
thehyperplanescorrespondingto thelabeledinstances.Moreover, theradiusof this hypersphereis
themargin of w andthehyperplanesthat “touch” this hyperspherearethosecorrespondingto the
supportvectors.Therefore,in caseswherethis hyperspheresuf�ciently approximatesthe version
space,w approximatesthecenterof massof theversionspace.Thecloseranunlabeledinstanceis
to w, thecloserthehyperplaneF (x) is to thecenterof massof theversionspace.Thismotivatesthe
strategy of queryingtheclosestinstanceto w, asit canbisecttheversionspaceandquickly advance
thealgorithmtowardthe(unknown) targethypothesisw� .

Tong andKoller (2001)requirethat eachof the classi�ers (i.e., SVMs) computedduring the
operationof SIMPLE is consistentwith its trainingset.This is essentialto guaranteea non-vacuous
versionspace.This requirementis easyto ful�l usingthe“kerneltrick” discussedby Shaw-Taylor
andChristianini(1999),which guaranteesthatthetrainingsetis linearly separablein kernelspace.
Furtherdetailsarespeci�edin AppendixA.

Whenconsideringsimplebinaryclassi�cationproblems,thisstrategy providesrapidre�nement
of thedecisionboundaryandresultsin veryeffectiveactivelearning(TongandKoller,2001,Schohn
andCohn,2000,Campbelletal.,2000).In ourexperience,algorithmSIMPLE is ahigh-performance
active-learningalgorithm,which is hardto beaton a wide rangeof real-world problems.In partic-
ular, thisalgorithmperformsquitewell on text categorizationproblems(TongandKoller, 2001).

We note that two more queryingfunctions(called “Maxmin” and “Maxratio”) are proposed
by Tong and Koller (2001). Theseare also basedon the versionspacebisectionprinciple and
achievemoreef�cient versionspacereductionthanSIMPLE. Themaindrawbackof thesefunctions
is their computationalintensity, which makesthemimpractical. Speci�cally, for eachquery, the
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computationof eachof thesefunctionsrequiresthe induction of two SVMs for eachunlabeled
point in thepool.10

4.2 Algorithm SELF-CONF

Thesecondalgorithmwe discuss,proposedby Roy andMcCallum(2001),is basedon a different
motivation. The algorithmchoosesits next exampleto be labeledwhile “directly” attemptingto
reducefuturegeneralizationerrorprobability. Sincetruefutureerrorratesareunknown, thelearner
attemptsto estimatethemusinga “self-con�dence” heuristicthat utilizes its currentclassi�er for
probabilitymeasurements.Throughoutthispaperwe thereforecall thisalgorithmSELF-CONF.11

At the start of eachtrial this algorithm alreadyholds a trainedprobabilistic(soft) classi�er
denotedby P̂(yjx). For eachx 2 U andy 2 Y thealgorithmtrainsanew classi�er P̂0overL0(x;y) =
L [ f (x;y)g andestimatestheresulting“self-estimatedexpectedlog-loss”12 de�ned to be

E(P̂0
L0(x;y)) = �

1
jU j å

y02Y ;x02U
P̂0(y0jx0) logP̂0(y0jx0): (2)

Then,for eachx 2 U it calculatestheself-estimatedaverageexpectedloss

å
y2Y

P̂(yjx)E(P̂0
L0(x;y)):

Thex with thelowestself-estimatedexpectedlossis thenchosento bequeried.
TheoriginalSELF-CONF algorithmproposedby Roy andMcCallum(2001)basesits probability

estimates(andclassi�cation)onNaiveBayescalculations13 andisshown tooutperformotherknown
active-learningalgorithmson text categorizationtasks. In our studies,we usedan SVM-based
variantof SELF-CONF, which appearsto be strongerthan the original Naive Bayesalgorithm.14

Thus,in ourcase,probabilisticestimatesareobtainedin astandardway, usinglogistic regression.15

Also notethatthealgorithm,aspresented,is extremelyinef�cient, sincefor eachquery, two SVMs
are inducedfor eachunlabeledpoint in the pool. Variousoptimizationsandapproximationsare
proposedby Roy andMcCallum (2001), to make its runningtime practically feasible. From all
thesemethodswe only userandomsubsamplingin our implementationof thealgorithm: On each
trial weestimatetheexpression(2) for only arandomsubsetof U. Thesubsamplein the�rst active
sessiontrial contains100points;on eachsubsequenttrial we decrementthesubsamplesizeby one
pointuntil we reachaminimumof 10points,whichwekeepfor theremainingtrials.

Observe that the motivation for SELF-CONF and SIMPLE is in somesensecomplementary.
While SIMPLE queriesinstancesin U with theleastcon�dence,asmeasuredby its currentmodel,
SELF-CONF queriesinstancesthatprovide themaximal“reassurance”of its currentmodel.

10. Approximationheuristicssuchassubsamplingof thepoolaswell asusingincremental/decrementalSVM algorithms
(CauwenberghsandPoggio,2000)canbeusedto speedupthesealgorithms.Wehavenotexploredthesepossibilities
in thepresentwork.

11. Thisself-con�denceapproachis somewhatsimilar to theoneproposedby Lindenbaumetal. (2004).
12. Roy andMcCallum(2001)alsoconsideredusingzero-onelossinsteadof log-loss.
13. Theempiricalresultsof Roy andMcCallum(2001)consideredmultinomialmodels(in particular, text categorization),

whichenabledtherequiredcalculations.
14. However, we have not performedanextensive comparisonbetweentheNaive BayesandSVM variantsof this algo-

rithm.
15. If h(x) is the(con�dence-rated)SVM valuefor apoint x whoselabelis y, we take P̂(yjx) = 1

1+ expf� yh(x)g .
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4.3 Algorithm Kernel Farthest-First (KFF)

Here we proposea simple active-learningheuristicbasedon “f arthest-�rst” traversalsequences
in kernelspace.Farthest-�rst (FF) sequenceshave beenpreviously usedfor computingprovably
approximateoptimal clusteringfor k-centerproblems(Hochbaumand Shmoys, 1985). The FF
traversalof thepointsin a datasetis de�ned asfollows. Startwith any point x and�nd thefarthest
point from x. Then�nd thefarthestpoint from the�rst two (wherethedistanceof apoint from aset
is de�ned to betheminimumdistanceto a point in theset),etc. In any metricspace,FF traversals
canbeusedfor computing2-approximationsolutionsto thek-centerclusteringproblemin which
oneseeksanoptimalk-clusteringof thedataandoptimality is measuredby themaximumdiameter
of theclusters.In particular, by takingthe�rst k elementsin theFFtraversalas“centroids”andthen
assigningeachotherpoint to its closest“centroid”, oneobtainsa k-clusteringwhosecostis within
a factor2 of theoptimal(HochbaumandShmoys,1985).

WeuseFFtraversalsfor active learningin thefollowing way. GiventhecurrentsetL of labeled
instances,we chooseasour next queryan instancex 2 U, which is farthestfrom L . Using L [
f (x;y)g asa training set, the active learnerthen inducesthe next classi�er. This heuristichasa
nice intuitive appealin our context: the next instanceto queryis the farthest(andin somesense
themostdissimilar)instancein thepool from thosewehavealreadyobserved.Unlike SIMPLE (and
otheralgorithms)whosequeryingfunctionis basedontheclassi�er, theaboveFFqueryingfunction
canbeappliedwith any classi�er learningalgorithm.We apply it with anSVM. For compatibility
with theSVM, we computetheFF traversalsin kernelspaceasfollows. Givenany kernelK, if x
andy areinstancesin input space,andF (x) andF (y) aretheir embeddingin kernelspace(sothat
hF (x);F (y)i = K(x;y)), thenwe measuredK(x;y), thedistancebetweenx andy in kernelspace,as
d2(x;y) = kF (x) � F (y)k2 = K(x;x) + K(y;y) � 2K(x;y). Wecall theresultingalgorithmKFF.

4.4 SomeExamples

Figure2 shows thelearningcurvesof SIMPLE, SELF-CONF, KFF andof a randomsampling“active
learner”(which we call RAND)16 for thearti�cial `XOR' problemof Figure2 (top left) aswell as
two otherUCI problems- `Diabetis' and`Twonorm'. Thesethreelearningproblemsdemonstrate
thatnoneof thethreeactive-learningalgorithmsdiscussedhereis consistentlybetterthantherest.
In thetwo UCI problemsSIMPLE performsbetterthanSELF-CONF onthe`Twonorm'dataset,while
SELF-CONF performsbetterthanSIMPLE on the`Diabetis'dataset.KFF is inferior to theothertwo
in both cases.In the `XOR' problemSIMPLE's and SELF-CONF's performancesaresigni�cantly
worsethanthatof randomsampling.On theotherhand,KFF clearlyshows thatactive learningcan
expeditelearningalsoin this problem. This weaknessof both SIMPLE andSELF-CONF typically
occurswhenconfrontingproblemswith “XOR-lik e” structure. The inferiority of KFF relative to
SIMPLE andSELF-CONF (andeven RAND) typically occursin learningproblemswith a “simple”
structure.Themainadvantagein consideringKFF is its usewithin anensembleof active-learning
algorithms.The“master”active algorithmwe presentlaterbene�ts from KFF in “XOR-lik e” prob-
lemswithoutsigni�cant compromisesin problemswhereKFF is weaker.

16. Thequeryingfunctionof RAND choosesthenext exampleto belabeleduniformly at randomfrom U.
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Figure2: Top Left : `XOR' problemconsistingof 1000points(250in each“cluster”); 250points
form the pool andthe rest form the testset. Top Right: Learningcurvesfor SIMPLE,
SELF-CONF, KFF andRAND for the`XOR' problemwhereKFF exhibits superiorperfor-
mance.Bottom left: Learningcurvesfor the samefour learnerson the `Diabetis' data
setin which SELF-CONF is superior. Bottom Right: Learningcurvesfor thesamefour
learnerson the `Twonorm' dataset in which SIMPLE is superior. Eachpoint on each
learningcurve representsanaverageover100folds (measuredovera testset);eacherror
barrepresentsonestandarderrorof themean.Errorbarsaredilutedto enhancevisibility.

5. The Multi-Armed Bandit (MAB) Problem

A major ingredientin our onlinelearningapproachto active learningis a known competitive algo-
rithm for themulti-armedbanditproblem.In thissectionwepresentthisproblem,its connectionto
onlinechoiceof active learnersandtheparticularmulti-armedbanditalgorithmweuse.

In themulti-armedbandit (MAB) problem, a gamblermustchooseoneof k non-identicalslot
machinesto play in a sequenceof trials. Eachmachinecanyield rewardswhosedistribution is
unknown to thegambler, andthegambler's goalis to maximizehis total rewardover thesequence.
This classicproblemrepresentsa fundamentalpredicamentwhoseessenceis thetradeoff between
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exploration andexploitation: Sticking with any singlemachinemay prevent discovering a better
machine;on the otherhand,continuallyseekinga bettermachinewill prevent achieving the best
total reward.

We make the following straightforward analogybetweenthe problemof online combiningof
an ensembleof active learnersand the MAB problem. The k active-learningalgorithmsin our
ensemblearethek slot machines.On eachtrial, choosinga querygeneratedby oneactive-learning
algorithmcorrespondsto choosingoneslot machine.The true (generalization)accuracy achieved
(by the combinedalgorithm)usingthe augmentedtraining set(which includesthe newly queried
datapoint) correspondsto thegain achievedby thechosenmachine.Of course,this roughanalogy
doesnotimmediatelyprovideasolutionfor combiningactivelearners.In particular, oneof themain
obstaclesin usingMAB algorithmsfor combiningactive learnersis how to de�ne therewardof a
query. Theoptimalrewardmight bethetrueaccuracy achievedby thelearnerusingtheaugmented
trainingset,however thisaccuracy is unknown to us.We thereforehave to estimateit in someway.
Therewardestimationtechniquewe useis developedin Section6. For therestof this sectionwe
assumewehavesome(non-negativeandbounded)rewardfunction.

Most known MAB algorithmsandtheir analysesassumethatrewardsaredistributedaccording
to certainstatisticalmodels.Typically, simplestatisticalmodelsincluding independenceandtime
invarianceassumptionsare taken (for example, i.i.d. Gaussianrewards). In our active-learning
context (using,for example,theaboveanalogy),overly simplisticstatisticalassumptionsonreward
distributionsarelikely tobeviolated.Therefore,it isparticularlyusefultouse,in ouractive-learning
context, the adversarial MAB resultsof Auer et al. (2002),which provide MAB algorithmsthat
areguaranteedto extract a total gain closeto that of the bestslot machine(in hindsight)without
any statisticalassumptions.Two particularMAB algorithmsdevelopedby Auer et al. (2002)are
potentiallyuseful for implementingonline choiceof active learners.The �rst algorithmis called
EXP3 (seeSection3 in Auer et al., 2002) and directly matchesthe above analogy. The second
algorithm,called EXP4 (seeSection7 in Auer et al., 2002),appearsto be moresuitablefor our
purposes(seebelow). We �rst describethe EXP3 algorithmandthendescribethe EXP4 algorithm
whichwehavechosento use.

EXP3 is analgorithmfor thestandardMAB game,wheren slot machinesareplayed.On each
trial t, oneslot machinei; i = 1; : : : ;n, is chosenandplayed,yielding a rewardgi(t), wheregi(t) is
non-negative andbounded.For a gameconsistingof T trials, de�ne GMAX = max1� i� nå T

t= 1gi(t),
the expectedreward of the bestslot machinein hindsight. The goal of the online player in this
gameis to achieve a rewardascloseaspossibleto GMAX . Let GEXP3 betheexpectedrewardof this
algorithm.The“regret” of EXP3 is de�ned to beGMAX � GEXP3. Givenanupperboundg � GMAX ,
it is guaranteed(Aueretal., 2002)thattheregretof EXP3 is boundedaboveby

GMAX � GEXP3 � 2:63
p

gnlnn:

This boundholdsfor any assignmentof rewardsandfor any numberof trials T. We alsonotethat
this boundholdsfor rewardsin the rangeof [0;1]. In our algorithmwe alsousedrewardsin this
range(seeSection7).

Theproblemof providing theupperboundg � GMAX is solvedusinga standarddoublingalgo-
rithm thatguessesa boundandrunstheEXP3 algorithmuntil this boundis reached.Oncereached,
theguessedboundis doubledandEXP3 is restartedwith thenew bound.Theguaranteedboundon
theregretof thisalgorithmis

GMAX � GDBL-EXP3 � 10:5
p

GMAXnlnn+ 13:8n+ 2nlnn;
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whereGDBL-EXP3 is theexpectedrewardof thedoublingalgorithm.Onceagain,thisboundholdsfor
any rewardfunctionandfor any numberof trials.

Combiningactive learnersusingEXP3 canbedonein thefollowing manner. Eachoneof then
active-learningalgorithmsin theensembleis modelledasaslotmachine.Oneachtrial t, oneactive
learneris chosento provide thenext query. Therewardof this queryis associatedwith thechosen
learner.17 In this modelingapproach,thepointsarenot at all consideredby EXP3 andeachactive
learneris a slot machine“black box”. Thus, this approachdoesnot directly utilize someuseful
informationon theunlabeledpointsthatmaybeprovidedby theactive learners.

Theotheralgorithmof Auer et al. (2002)calledEXP4 is designedto dealwith a moresophisti-
catedMAB variantthantheabove (standard)MAB game.Herethegoal is to combineandutilize
a numberk of strategiesor experts, eachgiving “advice” on how to play then slot machines.To
employ EXP4 in our context, we associatethek expertswith theensembleof k active-learningal-
gorithms.Theslot machinesareassociatedwith theunlabeledinstancesin our pool U. Usingthis
approachfor modelingactive learninghasa considerablebene�t sincenow thechoiceof thenext
queryis directlybasedon theopinionsof all ensemblemembers.

Algorithm EXP4 operatesas follows. On eachtrial t, eachexpert j, j = 1; : : : ;k, providesa
weightingb j (t) = (b j

1(t); : : : ;b j
n(t)) with å i b

j
i (t) = 1, whereb j

i (t) representsthecon�dence(prob-
ability) of expert j for playingtheith machine,i = 1; : : : ;n, ontrial t. Denotingthevectorof rewards
for then machineson trial t by g(t) = (g1(t); : : : ;gn(t)) , wheregi(t) is non-negative andbounded,
theexpectedrewardof expert j on trial t is b j (t) � g(t). Notethatin theMAB gameonly onereward
from g(t) is revealedto theonlineplayeraftertheplayerchoosesonemachinein trial t. For agame
consistingof T trials, de�ne GMAX = max1� j� k å T

t= 1b j (t) � g(t), the expectedreward of the best
expert in hindsight.Thegoalof theonlineplayerin this gameis to utilize theadvicegivenby the
expertssoasto achieve rewardascloseaspossibleto GMAX . Let GEXP4 betheexpectedrewardof
thisalgorithm.Givenanupperboundg � GMAX , the“regret” of EXP4, de�ned to beGMAX � GEXP4,
is boundedaboveby

GMAX � GEXP4 � 2:63
p

gnlnk:

This regretboundholdsfor any numberof trialsT, providedthatoneof theexpertsin theensemble
is the“uniform expert,” which alwaysprovidestheuniform con�dencevectorfor n slot machines.
Theproblemof providing theupperboundg � GMAX is solvedby employing thesamè guessand
double' techniqueusedwith EXP3. Theguaranteedboundon theregretof thisalgorithmis

GMAX � GDBL-EXP4 � 10:5
p

GMAXnlnk+ 13:8n+ 2nlnk;

whereGDBL-EXP4 is theexpectedrewardof thedoublingalgorithm.
As mentionedabove, we useEXP4 for active learningby modelingthe k active-learningal-

gorithmsask expertsandthe unlabeledpool points in U asthe slot machines.Note that for the
performanceboundof EXP4 to hold we mustincludeRAND in our pool of active learners,which
correspondsto the “uniform expert”. This modelingrequiresthat expert advicevectorsareprob-
abilistic recommendationson pointsin U. It is thusrequiredthateachalgorithmin theensemble
will provide “rating” for theentirepool on eachtrial. In practice,thethreealgorithmswe consider
naturallyprovidesuchratings,asdiscussedin Section7.

17. Thealternativepossibilityof modelingthepoolsamplesastheslotmachinesclearlymissesthe`exploitation' dimen-
sion of the problemsinceoncewe choosea sample,we cannotutilize it again. In addition,it is not clearhow to
utilize anensembleof learnersusingthisapproach.
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6. Classi�cation Entr opy Maximization

In order to utilize the MAB algorithm(EXP4, seeSection5) in our context, we needto receive,
aftereachtrial, thegain of theinstancex 2 U thatwaschosento bequeried(correspondingto one
slot machine).While the ultimatereward in our context shouldbe basedon the true accuracy of
theclassi�er resultingfrom trainingoverL [ f (x;y)g (wherey is thelabelof x), thisquantityis not
availableto us. At the outsetit may appearthat standarderror (or accuracy) estimationmethods
couldbeuseful. However, this is not entirely thecaseand,unlessL (andU) is suf�ciently large,
standardmethodssuchascross-validationor leave-one-outprovide substantiallybiasedestimates
of anactive learner's performance.This fact,which wasalreadypointedout by SchohnandCohn
(2000),is a resultof thebiasedsampleacquiredby theactive learner. In orderto progressquickly,
thelearnermustfocuson“hard” ormore“informative” samples.ConsiderFigure3 (left). The�gure
shows leave-one-out(LOO) estimatesof four (active) learningalgorithms: SIMPLE, SELF-CONF,
KFF andRAND on theUCI `Ringnorm' dataset. For eachtrainingsetsize,eachpoint on a curve
is generatedusingthe LOO estimatebasedon the currentlyavailable labeledsetL . In Figure3
(middle) we seethe “true accuracy” of thesealgorithmsasestimatedby an independenttestset.
Not only doesLOO severelyfail to estimatethetrueaccuracy, it evenfails to orderthealgorithms
accordingto their relative successasactive learners.This unfortunatebehavior is quite typical of
LOO on many datasets,andaf�icts otherstandarderror estimationtechniques,including cross-
validation.Thesetechniquesshould,therefore,beavoidedin generalfor receiving feedbackon the
(relative) progressof active learners,especiallyif onecaresabouttheactive learner's performance
usingasmallnumberof labeledpoints.
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Figure3: Left : LOO estimatesof active-learningsessionsof SIMPLE, SELF-CONF, RAND andKFF

over the`Ringnorm' dataset;Middle: The“true” accuracy of thesealgorithms,asesti-
matedusinga testset;Right: CEM entropy scoresof thesealgorithms.All estimatesare
averagesof 100folds. Error bars(dilutedto reduceclutter) representonestandarderror
of themean.

Weproposethefollowing semi-supervisedestimator, whichwecall Classi�cationEntropyMax-
imization(CEM). De�ne theCEM score of a classi�er with respectto anunlabeledsetof pointsto
be the binary entropy of the classi�cation it induceson the unlabeledset. Speci�cally, if C is a
binaryclassi�ergiving valuesin f� 1g, letC+ 1(U) andC� 1(U) bethe`positively' and`negatively'
classi�edsubsetsof someunlabeledsetU, respectively, asdeterminedby C. Then,theCEM score
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of C (with respectto U) is thebinaryentropy H( jC+ 1(U)j
jU j ).18 It is not dif�cult to seethat theCEM

scoreis larger if thedivision of thepool classi�cationbetweenclassesis morebalanced.Figure3
(right) providesCEM curvesfor the four active learnersdiscussedabove. Clearly, theCEM mea-
sureordersthealgorithmsin accordancewith their trueaccuracy asdepictedin Figure3 (middle),
andmoreover, if we ignorethescales,all CEM curvesin this exampleappearsurprisinglysimilar
to thecorrespondingtrueaccuracy curves.This behavior of CEM is typical in many of our empir-
ical examinations,andsomewhatsurprisingly, CEM succeedsin correctlyevaluatingperformance
evenwhenthepositiveandnegativepriorsarenotbalanced.A morecomprehensivediscussionand
analysisof theCEM criterionis providedlaterin Section9.

Remark 1 It is interestingto notethat theCEM criterion is alsousefulfor SVMmodelselection
in (semi-)supervisedlearning settingswhere the (labeled)training set is small and someset of
unlabeledpointsis available. In AppendixB wepresentanempiricalcomparisonof CEMandLOO
in thissetting.

7. Combining ActiveLearnersOnline

In this sectionwe describeour masteralgorithmfor combiningactive learners.The combination
algorithm,calledherefor shortCOMB, is basedon theEXP4 multi-armedbandit(MAB) algorithm
discussedin Section5 andon theCEM criterionpresentedin Section6. In Figure4 we provide an
annotatedpseudocodeof COMB. Thealgorithmutilizesanensembleof active-learningalgorithms
andtracksonline the bestalgorithmin the ensemble.Many of the stepsin this codeareadapted
from the EXP4 MAB algorithmof Auer et al. (2002) (in particular, steps4,5,6,11,12).We refer
the readerto Auer et al. (2002)for a moredetailedexposition(andthe proof of the performance
guarantee)of EXP4. Hereweelaborateonsteps1,2,3and10,whichrequirefurtherexplanation(the
remainingsteps,7,8and9, areself-explanatory).

In steps1 and2, wecomputeadviceprobabilityvectorsof theactive learnersasrequiredby the
original EXP4 algorithm.Eachalgorithmin theensembleprovides(in Step1) a scoringvectorthat
“rates” eachpoint in the pool U. In practice,the threealgorithmswe considernaturallyprovide
suchratings: SIMPLE usesthekerneldistancefrom thedecisionhyperplane,SELF-CONF usesthe
expectedlossandKFF usesthekerneldistancefrom thecurrenttrainingset.Wescalethesescoring
vectors(in Step2) usinga scalingparameterb anda Gibbsprobability functionexpf� bxg. In all
ourexperimentsweusedb = 100(asensitivity analysisof thisparameteris providedin Section8).

In Step3, afterproducing(in Step2) theadviceprobabilityvectorsfor theactive learners,we
project the pool U over high probability candidateinstances.The projectedpool is denotedUe.
Thisprojectionis controlledby theparametera andaninstancex in U remainsin Ue if at leastone
active learnerassignsto x aprobabilitymassgreaterthana. In all theexperimentsdescribedbelow,
weuseda = 0:05 (hereagain,asensitivity analysisof thisparameteris providedin Section8).

In Step6, thelearnerchoosesone(unlabeled)point xq from Ue asthenext query. Accordingto
EXP4, this choiceshouldberandomaccordingto thedistribution computedin Step5. In practice,
in theexperimentsdescribedin Section8, we greedilypickedthepoint with thelargestprobability

18. Thebinaryentropy of a(Bernoulli)randomvariablewith biasp is H(p) = H(1� p) = � plog(p) � (1� p) log(1� p).
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Algorithm COMB

Input: (i) A PoolU = f x1; : : : ;xng; (ii) An ensemblef ALG jgk
j= 1 of k active learners;

(iii) An initial trainingsetL0
Parameters: (i) A probabilitythresholda; (ii) A probabilityscalingfactorb;
(iii) A boundgmax on themaximalreward
Init: Initialize expertweights:w j = 1, j = 1; : : : ;k

For t = 1;2; : : :

1. Receive advicescoringvectorsfrom ALG j , j = 1; : : : ;k: ej (t) = (ej
1(t); : : : ;ej

n(t)) . ej
i (t) is

thescoreof theith point in thepool. Thescoresarenormalizedto lie within [0,1].

2. For each ALG j , j = 1; : : : ;k, we compute an advice probability vector b j (t) =
(b j

1(t); : : : ;b j
n(t)) by scalingthe advicescoringvectors. For eachb j (t), j = 1; : : : ;k, for

eachb j
i (t), i = 1; : : : ;n: b j

i (t) = (expf� b(1� ej
i (t))g)=Z, whereZ normalizesb j (t) to bea

probabilityvector.

3. Extract from U an “effective pool” Ue by thresholdinglow probability points: For each
point xi 2 U leave xi in Ue, if f maxj b

j
i � a. If jUej = 0, reconstructwith a=2, etc. Set

ne = jUej.

4. Setg=
q

ne lnk
(e� 1)gmax

.

5. SetW = å k
j= 1w j andfor i = 1; : : : ;ne, setpi = (1� g) å k

j= 1w jb
j
i (t)=W + g=ne.

6. Randomlydraw apoint xq from Ue accordingto p1; : : : ; pne.

7. Receive the labelyq of xq from the teacherandupdatethe trainingsetandthepool: Lt =
Lt� 1 [ f (xq;yq)g; Ut+ 1 = Ut nf xqg

8. Trainaclassi�erCt usingLt .

9. UseCt to classifyall pointsin U andcalculateHt = Ht (
jC+ 1(U)j

jU j ), theentropy of theresult-

ing partitionC+ 1(U);C� 1(U) (asin theCEM score;seeSection6).

10. Calculatethe“rewardutility” of xq:
r(xq) = ((eHt � eHt� 1) � (1� e))=(2e� 2).

11. For i = 1; : : : ;n, setr̂ i(t) = r(xq)=pq if i = q andr̂ i(t) = 0 otherwise.

12. Reward/punishexperts:
w j (t + 1) = w j (t) exp(b j (t) � r̂(t)g=ne).

Figure4: Algorithm COMB

(and in caseof ties we randomlychoseoneof the points). This deterministicimplementationis
usefulfor reducingtheadditionalvarianceintroducedby theserandomchoices.19

In Step10 we calculatethe “utility” of the last query. This utility is de�ned usingthe (con-
vex) function ex on the entropicreward calculatedin Step9 (that is, the CEM scorediscussedin

19. We alsoexperimentedwith randomquerychoices,asprescribedby EXP4. A slight advantageof thedeterministic
variantof thealgorithmwasobserved.
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Section6). Theutility functionis essentiallythedifference

Dt = eHt � eHt� 1;

whereHt is the entropy of the last partition of U generatedusingthe last queriedinstancein the
training set. Ht� 1 is the entropy of the partition of the samepool generatedwithout using the
last queriedinstance. Clearly, this function emphasizesentropy changesin the upperrangeof
possibleentropy values.The rationalebehindthis utility function is that it is substantiallyharder
to improve CEM scores(andalsoaccuracy) that arealreadylarge. The additionaltransformation
(Dt � (1� e))=(2e� 2) normalizestheutility to bein [0,1].

The rewardboundparametergmax, usedfor settinganoptimalvaluefor g (Step4) canbeand
is eliminatedin all our experimentsusinga standard“guessanddouble” technique.In particular
we operatethe COMB algorithmin roundsr = 1;2; : : :, wherein roundr we settherewardlimit to
be gr = (ne lnk=(e� 1))4r andrestartthe COMB algorithmwith gmax = gr . The roundcontinues
until themaximalrewardreachedby oneof theensemblealgorithmsexceedsgr � ne=gr . For more
details,thereaderis referredto thediscussionon the EXP3.1 algorithmin Section4 of Auer et al.
(2002).

8. Empirical Evaluation of the COMB Algorithm

We evaluatedtheperformanceof the COMB algorithmon theentirebenchmarkcollectionselected
andusedby Rätschet al. (2001),consistingof 13binaryclassi�cationproblemsextractedfrom the
UCI repository. For almostall problems,this collectionincludes�x ed100folds eachconsistingof
a �x ed60%/40%training/testpartition.20 Theuseof this setis particularlyconvenientasit allows
for easierexperimentalreplication.To this collectionwe alsoaddedour arti�cial `XOR' problem
(seeSection4.4).21 Someessentialcharacteristicsof all thesedatasetsappearon Table1. For
eachproblemwe specifyits size,its dimension,thebias(proportionof largestclass),themaximal
accuracy achieved using the entire pool as a training set, the (roundedup) numberof instances
requiredby the worst learnerin the ensembleto achieve this maximalaccuracy and, �nally , the
averagefractionof supportvectors(from theentirepool size)utilized by anSVM trainedover the
entirepool (thisaverageis computedover100folds).

In all theexperimentsdescribedbelow, eachactive learneris providedwith two initial examples
(onefrom eachclass)for eachlearningproblem.Thesetwo exampleswererandomlychosenamong
all possiblepairs. Thesameinitial trainingset(pair) wasgivento all learners.All active-learning
algorithmsappliedin our experimentsusedan SVM with RBF kernel as their learningcompo-
nent(A). More particularimplementationdetails,which areessentialfor replication,aregiven in
AppendixA.

In Figure5 we depictthelearningcurvesof COMB andits ensemblemembersobtainedon four
datasets. Notice that for threeof thesedatasetsa differentensemblememberis the winner. In
the `Image' datasetit is SELF-CONF, in the `XOR' datasetit is KFF andin the `Waveform' data
setit is SIMPLE.22 However, in all of thesecasesCOMB tracksthe winner. In the fourth dataset

20. Two datasetsin thiscollection(`Image'and`Splice') includeonly 20 folds.
21. For this `XOR' dataset,consistingof 1000points,weconstructed100foldsby randomlyanduniformly splitting the

datato 25%/75%training/testpartitions.
22. In the 'Waveform' dataset the accuracy decreasesfrom a certainpoint. Whenthereis noisein the dataonemay

bene�t by stoppingearly. Seeadiscussionof thisphenomenonby SchohnandCohn(2000).
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Figure5: Learningcurvesof COMB andits ensemblememberson four datasets.All estimatesare
averagesover100folds. Errorbars(dilutedto reduceclutter)representonestandarderror
of the mean. Top Left : `Waveform' dataset,whereCOMB performsalmostaswell as
thewinner SIMPLE. Top Right: `XOR' dataset,whereCOMB performsbetterthanthe
winnerKFF. Bottom Left : `Image'dataset,whereCOMB performsalmostaswell asthe
winner SELF-CONF. Bottom Right: `Flare-Solar'dataset,whereCOMB is the overall
winnerandsigni�cantly beatsits ensemblemembers.

presented,the `Flare-Solar'dataset, COMB is the overall winner andsigni�cantly beatsits three
ensemblemembers.

Table2 shows the averagede�ciency of COMB and its ensemblemembersfor all thesedata
sets.Recallthede�nition of de�ciency of anactive learnerasgivenin Equation(1), wheresmaller
valuesrepresenta larger active-learningef�ciency. Eachof theseaveragesis calculatedover the
corresponding100 folds. It is evident thatnoneof theensemblealgorithmsis consistentlyoutdo-
ing all sets(SELF-CONF, SIMPLE, and KFF win in 7, 4 and3 cases,respectively). Nevertheless,
SELF-CONF is themostdominantalgorithm,winning on half of thedatasets. In many casesKFF

performspoorlyandit is ofteninferior to RAND. Overall, this algorithmis signi�cantly worsethan
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DataSet Size Dim Bias Max Acc. (%) SV proportion(%)
(SampleSize)

Banana 5300 2 0.551 88.22(200) 14.3� 0.2
Breast-Cancer 277 9 0.707 73.60(100) 45.8� 1.07
Diabetis 768 8 0.651 74.56(220) 38.5� 1.11
Flare-Solar 1066 9 0.552 63.76(200) 15.08� 0.4
German 1000 20 0.700 75.48(330) 53.00� 0.56
Heart 270 13 0.555 82.33(82) 41.29� 0.68
Image 2310 18 0.571 95.00(500) 46.32� 1.17
Ringnorm 8300 20 0.549 97.96(200) 79.0� 0.3
Splice 3175 60 0.519 85.86(450) 74.1� 2.13
Thyroid 215 5 0.697 95.53(69) 26.2� 0.8
Titanic 2201 3 0.676 74.14(74) 17.09� 0.32
Twonorm 7400 20 0.500 95.94(200) 87.45� 0.81
Waveform 5000 21 0.670 80.58(200) 97.78� 0.55
XOR 3000 2 0.500 96.35(240) 2.19� 0.01

Table1: The datasets:someessentialcharacteristics.For eachproblemwe provide the size,the
dimension,the bias (proportionof largestclass),the maximal accuracy achieved using
the entire pool, the (roundedup) numberof instancesrequiredby the worst learnerin
theensembleto achieve this maximalaccuracy andtheaveragefractionof thenumberof
supportvectors(from thepool size)utilized by anSVM trainedover theentirepool (the
averageis computedover100folds).

DataSet SIMPLE KFF SELF-CONF COMB

Banana 1:13� 0:02 0:73� � 0:01 0:74� 0:02 0:74� 0:01
Breast-Cancer 1:06� 0:02 1:28� 0:03 0:95� � 0:03 1:09� 0:01
Diabetis 0:64� 0:04 1:07� 0:02 0:48� � 0:05 0:82� 0:04
Flare-Solar 1:13� 0:01 1:09� 0:05 1:39� 0:07 0:79� � 0:05
German 0:71� 0:04 0:85� 0:01 0:67� 0:02 0:64� � 0:02
Heart 0:57� 0:03 1:04� 0:01 0:50� � 0:03 0:64� 0:02
Image 0:54� 0:02 0:76� 0:01 0:45� � 0:01 0:47� 0:01
Ringnorm 0:34� � 0:01 4:70� 0:4 0:38� 0:01 0:36� 0:01
Splice 0:58� 0:01 2:54� 0:11 0:60� 0:01 0:57� � 0:01
Thyroid 0:55� 0:01 2:34� 0:09 0:47� � 0:01 0:64� 0:03
Titanic 0:76� 0:04 0:92� 0:02 0:68� 0:06 0:65� � 0:05
Twonorm 0:24� � 0:01 1:03� 0:01 0:32� 0:02 0:26� 0:01
Waveform 0:58� � 0:05 0:97� 0:01 0:66� 0:04 0:60� 0:05
XOR 1:24� 0:07 0:63� 0:02 1:19� 0:04 0:47� � 0:03

Table2: Averagede�ciency (� standarderror of the mean)achieved by COMB andits ensemble
members.For eachdatasetthewinnerappearsin boldfaceandis markedwith a star. The
runner-upappearsin boldface.

all theotheralgorithms.However, asnotedabove, KFF usuallyexcelsin “XOR-lik e” problems(for
example,̀ Banana',̀ Flare-Solar'and`XOR').
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In 10casesoutof the14presented,COMB is eitherthewinneror acloserunner-up. In � vecases
outof these10(`Flare-Solar',̀ German',̀ Splice', `Titanic' and`XOR') COMB is theoverallwinner.
A striking featureof COMB is thatit doesnot suffer from thepresenceof KFF in theensembleeven
in caseswherethisalgorithmis signi�cantly worsethanRAND, andcanclearlybene�t from KFF in
thosecaseswhereKFF excels.

In threecases(`Heart', `Thyroid' and `Breast-Cancer'),which are amongthe smallestdata
sets,COMB is not thewinnerandnot eventherunner-up, althougheven in thesecasesit is not far
behindthewinner. This behavior is reasonablebecauseCOMB needsa suf�cient numberof trials
for explorationandthena suf�cient numberof trials for exploitation. Thereis only onecase,the
`Diabetis'dataset,in which COMB completelyfailed.A closerinspectionof thiscaserevealedthat
ourentropy criterionfailedin theonlinechoosingof thebestensemblemember.

We now turn to examinethe possibility of usingstandarderror estimationtechniquesinstead
of our CEM. In Table 3 we comparethe de�cienciesof COMB using (for computingthe query
rewards)both CEM and standard10-fold crossvalidation (10-CV) on the training set. The 10-
CV resultsareobtainedby runningthe COMB algorithmsuchthat in Step9 of thepseudocodein
Figure4 wecalculatethe10-CVof thecurrenttrainingsetLt .23 Denotethis quantityby CVt . Then
in Step10weusedthesameutility function(appliedon theCEM estimator)over theCV outcome,
r(xq) = ((eCVt � eCVt� 1) � (1� e))=(2e� 2). ThetableindicatesthatCEM is morereliablethan10-
CV asanonlineestimatorfor active learners'performance.10-CV is veryunreliableasit performs
well in somecasesandvery poorly in others.In particular, CEM beats10-CV on 12 out of 14 data
sets,wherein somedatasets(`Ringnorm' and`Heart' for example)the differenceis quite large.
The10-CV estimatoroutperformsCEM on two datasets,̀ Titanic' and`Breast-Cancer',wherein
the�rst onethedifferenceis small.

DataSet COMB usingCEM COMB using10-CV

Banana 0:74� 0:01 0:78� 0:01
Breast-Cancer 1:09� 0:01 0:99� 0:05
Diabetis 0:82� 0:04 0:88� 0:04
Flare-Solar 0:79� 0:05 0:90� 0:02
German 0:64� 0:02 0:66� 0:03
Heart 0:64� 0:02 0:93� 0:01
Image 0:47� 0:01 0:48� 0:01
Ringnorm 0:36� 0:01 0:68� 0:03
Splice 0:57� 0:01 0:63� 0:01
Thyroid 0:64� 0:03 0:74� 0:03
Titanic 0:65� 0:05 0:61� 0:05
Twonorm 0:26� 0:01 0:45� 0:01
Waveform 0:60� 0:05 0:79� 0:06
XOR 0:47� 0:03 0:53� 0:02

Table3: COMB's de�ciencywhenoperatedusingCEM and10-fold cross-validation(10-CV) for
computingthequeryrewards.For eachdatasetthewinnerappearsin boldface.

As de�ned, theCOMB algorithmhastwo parameters(seeFigure4): theprobabilitythresholda,
andtheprobabilityscalingfactorb. Theexperimentalresultspresentedabove wereobtainedusing

23. For trainingsetsof sizesmallerthan20,weuseda leave-one-out(LOO) estimator.
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theassignmentsa = 0:05 andb = 100. Theseassignmentswerenot optimizedandin factwerea
priori setto thesevalues,which appeared“reasonable”to us. In therestof this sectionwe provide
a sensitivity analysisof theseparameters.This analysisindicatesthat betterperformancemay be
obtainedby optimizingtheb parameter.

In Table4 we show a comparisonof COMB's performanceobtainedwith differentvaluesof the
probability thresholdparametera (which determinesthe sizeof the “effective pool” computedin
Step3 of the pseudo-codein Figure4). For the presentationherewe selectedthe four datasets
appearingin Figure 5. Recall that eachof the �rst threedatasetsfavors (using our “standard”
a = 0:05 value)a differentensemblememberandin thefourth one(dataset`Flare-Solar'),COMB

signi�cantly beatsits ensemblemembers.WhenapplyingCOMB with a = 0:01;0:05;0:1 to these
four datasets,thereis no signi�cant differencein the de�cienciesdemonstratedby COMB (see
Table4). This resultindicatesthat COMB is not overly sensitive to thechoicesof a valueswithin
this range.

DataSet COMB with a = 0:05 COMB with a = 0:01 COMB with a = 0:1
(usedin thispaper)

Flare-Solar 0:79� 0:05 0:83� 0:02 0:80� 0:04
Image 0:47� 0:01 0:47� 0:01 0:46� 0:01
Waveform 0:60� 0:05 0:59� 0:05 0:61� 0:05
XOR 0:47� 0:03 0:45� 0:03 0:48� 0:03

Table4: COMB'sde�ciencywith differentvaluesof theprobabilitythresholdparametera (seeFig-
ure4). For eachdatasetthewinnerappearsin boldface.

In Table5 we show a comparisonof COMB performancewith threevaluesof the probability
scalingfactorparameterb (seeStep2 in Figure4). Here,again, we usethe samefour datasets
presentedin Table4, to checkthesensitivity of COMB with respectto this b parameter(recall that
in theexperimentsaboveweuseb = 100).Observingthede�ciency of COMB operatedwith b = 10
andb = 1000,weseethattheperformanceis dependenton thisparameter. However, it is clearthat
thevaluewe usein theexperimentsabove (b = 100)wasnot optimizedandthetableindicatesthat
b = 10yieldsbetterresults.Hence,herethereis roomfor furtherimprovements,whichwehavenot
pursuedin thispaper.

DataSet COMB with b = 100 COMB with b = 10 COMB with b = 1000
(usedin thispaper)

Flare-Solar 0:79� 0:05 0:68� 0:08 0:80� 0:04
Image 0:47� 0:01 0:48� 0:01 0:45� 0:01
Waveform 0:60� 0:05 0:60� 0:05 0:63� 0:05
XOR 0:47� 0:03 0:39� 0:03 0:67� 0:02

Table5: COMB'sde�ciencywith differentvaluesof b, theprobabilityscalingfactorparameter(see
Figure4). For eachdatasetthewinnerappearsin boldface.
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9. On the CEM Criterion

While formal connectionsbetweenCEM andgeneralizationarecurrentlyunknown, the ratherin-
formal discussionin this sectionprovidesfurther insightsinto CEM andattemptsto characterize
conditionsfor its effectiveness.

A sequenceof setsS1;S2; : : : is calledaninclusionsequenceif S1 � S2 � ; � � � . Consideraninclu-
sionsequenceof trainingsets.Thesequenceof trainingsetsgeneratedby anactive learneris anin-
clusionsequencein whichS1 is theinitial trainingsetgivento thelearner. LetS= f (x1;y1); : : : ; (xm;ym)g
beany binarylabeledsetof sampleswhereoneof theclasses(either+ 1 or � 1) is amajorityandits
empiricalproportionis r (that is, thesizeof themajority classover m is r). Considerany classi�er
C giving the labelC(x) for x 2 S. We saythat the classi�cationSC = (x1;C(x1)) ; : : : ; (xm;C(xm))
is majority-biased(with respectto S) if the majority classin S is alsoa majority classin SC and
its proportionin SC is larger thanor equalto r. Let I = S1 � � � � � ST beaninclusionsequenceof
labeledsamples.We saythata learningalgorithmALG is majority-biased(with respectto I ) if the
classi�cationof ST by eachof theclassi�ersC1; : : : ;CT (inducedby ALG) is majority-biased,where
Ci is inducedby ALG usingSi asa trainingset.

Our main (empirical) observation is that whenever the learningalgorithm is majority biased
with respectto theinclusionsequenceof trainingsets(generatedby thelearner),CEM'sgrowth rate
correspondsto thegrowth rateof the trueaccuracy, in which casetheCEM criterioncanbeused
to compareonline the performanceof active learners. In otherwords,by comparingthe growth
of a learner's pool classi�cationentropy, we canget a useful indicationon the growth of the true
accuracy. We next considera coupleof examplesthatdemonstratethis behavior andthenconsider
a negative example in which the majority-biaspropertydoesnot hold and CEM fails. All our
examplesconsidera settingin which theprior of themajority classis signi�cantly larger thanthat
of theotherclass.
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Figure6: Left : A synthetic`Ring' problemconsistingof 3500points,90% (3150circles) in the
large `ring' cluster, and10% equallydivided over the � ve small clusters(70 squaresin
eachcluster);1500pointsweretaken(uniformly at random)to form thepoolandtherest
form the testset. Middle: True accuracy curvesof four active learners- KFF, SIMPLE,
SELF-CONF and RAND on this `Ring' datasetasestimatedon an independenttestset.
Right: Correspondingpool classi�cationentropies(CEM values)of thesefour learners.
All estimatesareaveragesof 100 folds. Error bars(diluted to reduceclutter) represent
onestandarderrorof themean.
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(KFF) (SIMPLE)

(SELF-CONF) (RAND)

Figure7: Decisionboundariesgeneratedby four active learnersusing 30 querieson the `Ring'
exampleof Figure6 (left). The30queriesaredarker thanthepoolpoints.

Figure6 (left) depictsa synthetic`Ring' learningproblemwhosemajority classis the `ring'
(blue circles)and its other (minority) classconsistsof the � ve small clusters(red squares).The
classproportionin thisdatasetis r = 0:9 for the`ring' majorityclass.Weranthefour active learn-
erson this dataset. ConsiderFigure7 showing the pool classi�cation (decisionboundaries)and
thetrainingsetschosenby thesefour learnersafter30active-learningiterations.In thisexampleall
pool classi�cationsaremajority-biased.Intuitively, theprogressof anactive learnercorrespondsto
how fastthelearnerdiscoversthesmallclustersandtheirboundaries.Thebetteractive learner, KFF,
discoveredall � ve redclusterswhile thesecondbestlearner, SIMPLE, hasfoundfour. SELF-CONF

hasfound only threeclusters,andRAND found two. We canseea clearcorrespondencebetween
thepool classi�cationentropy (CEM) andthetrueaccuracy of thelearners.Fastexplorationof the
minority classclusterscorrespondsto fastentropy maximizationaswell asfastlearning(general-
ization).

The graphsin Figure6 (middle) plot the true accuracy of the learnersasestimatedusingan
independenttestset.Thegraphsin Figure6 (right) representthecorrespondingpool classi�cation
entropies(CEM values).Thestrikingsimilarity betweenthesecurvesis furtherexhibitedin Table6
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giving the performanceof eachof the four active learnersafter 30 queries.Speci�cally, the table
providesfor eachlearner:

(i) Theproportionof themajorityclassin thetrainingsubset(consistingof 30samples).Wecall
this the“training proportion”.

(ii) The proportionof the majority classin the pool classi�cation (generatedby the classi�er
trainedover the30samples).Wecall this the“pool proportion”.

(iii) TheCEM value(entropy) of thepool classi�cation.

(iv) The“true” accuracy estimatedonanindependenttestset.

As usual,all thesenumbersareaveragesover100randomfolds.

RAND SIMPLE KFF SELF-CONF

TrainingProportion 86.38� 0.53 51.88� 0.24 66.06� 0.37 37.91� 0.66
PoolProportion 97.46� 0.21 92.75� 0.20 92.05� 0.07 93.54� 0.24
PoolClassi�cationEntropy (CEM) 0.14� 0.01 0.34� 0.01 0.38� 0.01 0.29� 0.01
TrueAccuracy 92.39� 0.23 97.15� 0.19 97.80� 0.05 96.09� 0.25

Table6: Characterizationof thestateandprogressof four active learnersafterquerying30samples
from thepoolof the`Ring' datasetgivenin Figure6 (left). Eachentryprovidesthemean
(over100randomfolds)andthestandarderrorof thismean.

Althoughin thisexamplethetrueproportionof themajorityclassis r = 0:9,someof thelearners
exhibiteda signi�cantly smallertrainingproportion(for example,SIMPLE sampledalmostequally
from both classes,andSELF-CONF even favoredthe minority class). The SVMs, which werein-
ducedusingtheseminority-biasedtrainingsets,havestill generatedamajority-biasedclassi�cation.
In particular, all generatedpool proportionsarelarger than0.9. We notethat this behavior is typ-
ical of SVM inducersbut not of otherlearningalgorithms.24 Clearly, this exampleshows that the
CEM criterion(asmeasuredby thepool proportion)correctlyranksthetrueaccuracy of thesefour
learners.

Ournext exampleis shown in Figure8 (left). Thisexamplecanbeviewedasan“inverse”of the
`Ring' datasetof Figure6. This dataset,calledherethe`Satellites'dataset,contains� ve clusters
from themajority class(squares)andonesmallclusterfrom theminority class(circles).Theclass
proportionin thisdatasetis alsor = 0:9.

As in thepreviousexample,Figure9 shows thedecisionboundariesobtainedby thefour active
learners. Similarly, the learningcurves in Figure 8 show the true accuracy (middle) and CEM
values(right) andTable7 is similar to Table6 of the`Ring' dataset. As in the`Ring' dataset,all
pool classi�cationsaremajority-biased.However, in contrastto the `Ring' example,wheregood
performancecorrespondsto quickly �nding theminority clusters,in thisexamplegoodperformance
shouldcorrespondto quickly �nding theboundariesof thesingleminority cluster. Thebetteractive
learner, now SIMPLE, hasmappedmorerapidly moreareasof the minority clusterthanthe other

24. WhenrunningC4.5,5-NearestNeighborandBayesPointMachine(usingakernelperceptronfor sampling)on these
samesamples,thepoolproportionsobtainedaresigni�cantly minority-biased.

279



BARAM , EL-YANIV, AND LUZ

20 30 40 50
90

92

94

96

98

100 Satellites: True Accuracy

Training Set Size

T
ru

e 
A

cc
ur

ac
y

KFF

SIMPLE

RANDOM

SELF-CONF

20 30 40 50
0

10

20

30

40

50 Satellites: CEM

Training Set Size

P
oo

l E
nt

ro
py

SIMPLE

SELF-CONF

RANDOM
KFF

Figure8: Left : The `Satellites'datasetconsistingof 3500points,10% (350 circles) in the ring
“cluster” and90%equallydividedbetweenthe � ve largeroundclusters(630squaresin
eachcluster);1500pointsweretaken(randomly)to form thepool andtherestform the
testset. Middle: Trueaccuracy of four active learners- KFF, SIMPLE, SELF-CONF and
RAND on this `Satellites'datasetasestimatedusinganindependenttestset.Right: Cor-
respondingpoolclassi�cationentropiesof thesefour learners.All estimatesareaverages
of 100 folds. Error bars(diluted to reduceclutter) representonestandarderror of the
mean.

DataSet`Satellites' RAND SIMPLE KFF SELF-CONF

TrainingProportion 87.23� 0.52 50.97� 0.29 74.97� 0.30 45.19� 0.06
PoolProportion 98.33� 0.33 92.42� 0.28 96.67� 0.20 95.28� 0.17
PoolClassi�cationEntropy (CEM) 0.08� 0.01 0.35� 0.01 0.18� 0.01 0.22� 0.01
TrueAccuracy 90.81� 0.19 94.18� 0.28 92.80� 0.19 92.83� 0.10

Table7: Characterizationof thestateandprogressof four active learnersafterquerying30samples
from thepool of the`Satellites'datasetof Figure8 (left). Eachentryprovidesthemean
(over100randomfolds)andthestandarderrorof themean.

learners.Note that RAND treatsthe entireminority classpointsasnoise. Onceagain we cansee
a clearcorrespondencebetweenthepool classi�cationentropy (CEM) andthetrueaccuracy of the
learnerswherenow fastexplorationof theminority clusterboundariescorrespondsto fastentropy
maximizationaswell asfastlearning(generalization).

Hereagain, althoughthe true proportionis 0.9, someof the learnersexhibited a signi�cantly
smallertrainingproportionandstill theSVMs, which wereinducedusingthesetrainingsets,have
generateda majority-biasedclassi�cation.25 This examplealsoshows that theCEM criterioncor-
rectly identi�es thetrueaccuracy of thesefour learners(wherethebestlearneris SIMPLE, followed
by SELF-CONF, KFF andRAND).

Our last exampleis shown on the left-handsideof Figure10, is referredto as `Concentric-
Rings'. This datasetconsistsof onevery largeandonevery small ring clusterswith a small ring

25. In this exampleas well, the C4.5, 5-NearestNeighborand BayesPoint Machine learningalgorithmswere not
majority-biased.
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Figure9: Decisionboundariesgeneratedby four active learnersusing30querieson the`Satellites'
exampleof Figure8 (left). The30queriesaredarker thanthepoolpoints.

clusterbetweenthem. This exampleconsidersa casewherethe learningalgorithm(SVM) is not
majority-biasedwith respectto a particularinclusionsequence(generatedby theSIMPLE querying
function). In this example,the increasein the CEM criterion doesnot matchthe increasein true
accuracy. Thishappenswhentheestimatedpoolentropy atsomepointis largerthanthetrueentropy
H(r) sothattheestimatedentropy musteventuallydecreaseto its truelevel while thegeneralization
accuracy cansimultaneouslyimprove.

In Figure10 (right) we observe SIMPLE's decisionboundaryafter 20 queries.This boundary
misclassi�esthesmall centralclusterandthereforefavors theminority class.Thepool classi�ca-
tion entropy in this caseis larger thanits �nal entropy H(0:9). Clearly, whenthecentralclusteris
discovered,theentropy will decreasebut the trueaccuracy will increase.Note that thesizeof the
central(isolated)clusteris relatedto its discovery rate;that is, largerclustersshouldbediscovered
fasterby agoodactive learner. In theaboveexample,evenonepoint from thisclusterwill immedi-
atelychangethepoolclassi�cationto bemajority-biased.In general,asmotivatedby thisexample,
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Figure10: Left : The`Concentric-Rings'problemconsistsof 3500points,10%(350points)in the
inner ring “cluster”, 2% (70 points) in the small roundclusterin the middle, andthe
restin thebig outerring “cluster”; oneclassconsistsof all thepointsin the inner ring
(consistingof circles)andtheotherclassis theunionof thesmallroundmiddlecluster
andtheouterring (bothconsistingof squares);1500pointsform thepool andthe rest
form thetestset. Right: Decisionboundarygeneratedby SIMPLE using20 querieson
thisproblem.The20queriesaredarker thanthepoolpoints.

whenever a learningalgorithm is minority-biased(with respectto someinclusion sequence)the
CEM criterionwill fail in thesensethattheentropy will not correspondto thetrueaccuracy.

Summarizingthe above discussionandconsideringthe experimentalresultsof Section8, we
observe that the successof the CEM criterion dependson the propertiesof both the datasetand
the learningalgorithm. It appearsthatdatasetswith isolated“clusters,” whosetotal proportionis
small,will moreeasilyallow for thegenerationof inclusionsequencesof trainingsetsfor whichthe
learningalgorithmwill beminority-biased.Thedependency of CEM on thelearningalgorithmcan
be(intuitively) tied to algorithmicstability. For example,if a learningalgorithmis “stable” andit
is majority-biasedoverapre�x of someinclusionsequenceof trainingsets,thenit is likely thatthe
stabilityof thealgorithmwill preventthegenerationof classi�erswhichareminority-biased.Thus,
we speculatethat the successof CEM in our context is tied to the algorithmicstability of SVMs
(see,for example,BousquetandElisseeff, 2002,Kutin andNiyogi, 2002). On theotherhand,our
limited experimentswith other, not sostablelearningalgorithms,suchasC4.5,suggeststhat their
CEM estimatesarenotaccurate.

Let usnow go backto the`Concentric-Rings'datasetwheretheSVM wasnot majority-biased
on theinclusionsequenceof trainingsetsproducedby SIMPLE. Thereasonfor SIMPLE's minority-
biasedclassi�cation is that the training set doesnot includepoints from the very small isolated
clusterbelongingto themajority class,but this trainingsetdoesincludepointsfrom theminority
class“surrounding”the small cluster. The consequenceof this con�guration is that the classi�er
will misclassifythe majority classsmall cluster. This problemcanbe circumventedby including
in the training setat leastonepoint from the majority classsmall cluster. Formulatingthis setup
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we canboundtheprobabilitythatthis con�gurationwill occurdueto a randomchoiceof aninitial
trainingsetof sizek (insteadof our “standard”choiceof a trainingsetof sizetwo; seeSection2).
Let n bethetotal numberof pointsin thepool. Let nmaj bethenumberof pointsin a smallcluster
from the majority class.Let nmin be the numberof pointsin a subsetof pointsfrom the minority
classsurroundingthatsmall cluster. Theclassi�er (SVM) will misclassifythesmall clusterif the
resultingtrainingsetdoesnot includeany pointfrom thatclusterandatthesametimewill includeat
leasttwo pointsfrom theminority classsubset(to inducetwo supportvectorsthatwill guaranteethe
wrongclassi�cationof thesmallcluster).Thus,using(1� x)z � e� zx, theprobabilityr of choosing
sucha randomtrainingsetsatis�es

r � (
nmin

n
)2(1�

nmaj

n
)k� 2 � (

nmin

n
)2expf� (k� 2)(

nmaj

n
)g: (3)

Assumingthatthebound(3) is smallerthand wesolve for k:

(
nmin

n
)2exp

n
� (k� 2)

nmaj

n

o
� d

, 2ln
nmin

n
� (k� 2)

nmaj

n
� lnd

, nmaj (k� 2) � 2nln
nmin

n
� nlnd

, k � 2+ 2
n

nmaj
ln

� nmin

n

�
�

n
nmaj

lnd

, k � 2+
n

nmaj
ln

� � nmin

n

� 2
=d

�
: (4)

Thus,with probabilityat least1� d, if we choosea randominitial trainingsetof sizek, theabove
“bad” con�gurationwill not occur. In particular, if theargumentof the`ln' in (4) is smallerthan1,
it is suf�cient to takek = 2. For example,takingd = 0:01,wehave( nmin

n )2=d = 1 whennmin is 10%
of thedata.

In summary, theabove discussionindicatesthatwhensamplingmorepointsto bein theinitial
trainingsetprovidedto anactive learner(basedonSVMs),theCEM criterionwill not fail with high
con�dence.

Remark 2 TheCEMestimatorcanbederivedusingtheInformationBottleneck framework(Tishby
et al., 1999)as follows.26 If X is a randomvariablerepresentingthedataandY is anothertarget
variable, theinformationbottleneck methodcomputesa partition T of X, while attemptingto con-
serveasmuch aspossiblefromtheinformationX containsonY. Formally, oneseeksT such thatthe
mutualinformationI(T;Y) is maximizedundersomeconstraint on themagnitudeof I (X;T).27 The
CEMestimatorcanbederivedbyapplyingtheinformationbottleneck principlewith thetargetvari-
ableY beingthedataX itself. In our context, T is alwaysa binary classi�cation (that is, a binary
partition of X into two non-intersectingsubsets),T = (t+ ; t � ) (with X = t+ [ t � ), which mustbe
consistentwith thecurrenttrainingsetL . Therefore, wewouldliketo givehigher“scores” for (con-
sistent)partitionsT thathavehigherinformationcontentI (T;X) onthedata.Considera datasetof
sizen. Assuminga uniformprior over thesamples(that is, p(x) = 1=n) andnotingthat p(t) = jtj=n

26. In fact,wediscoveredCEM usingthis framework.
27. In particular, in standardapplicationsof theinformationbottleneckmethod,I (X;T) is forcedto besuf�ciently small

soasto achievecompression; seeTishbyetal. (1999)for details.
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and that p(xjt) = 1=jtj if x 2 t (and p(xjt) = 0 otherwise),we havep(x;t) = p(xjt)p(t) = 1=n if
x 2 t and0 otherwise. Thus,for anypartition T = (t+ ; t � ),

I (T;X) = å
x2X;t2T

p(x;t) log
p(x;t)

p(x)p(t)

= å
x2t+

1
n

log
n

jt+ j
+ å

x2t �

1
n

log
n

jt � j

= �
jt+ j
n

log
jt+ j
n

�
jt � j
n

log
jt � j
n

= H(T):

10. Concluding Remarks

We presentedanonlinealgorithmthateffectively combinesanensembleof active learners.Theal-
gorithmsuccessfullyutilizeselementsfrom bothstatisticallearningandonline(adversarial)learn-
ing. Extensive empiricalresultsstrongly indicatethat our algorithmcantrack the bestalgorithm
in theensembleon realworld problems.Quitesurprisingly, our algorithmcanquiteoftenoutper-
form thebestensemblemember. Practitionerscansigni�cantly bene�t from our new algorithmin
situationswherenotmuchis known abouttheclassi�cationproblemathand.

Somequestionsrequirefurtherinvestigation.In ourexperience,the`classi�cationentropy max-
imization(CEM)' semi-supervisedcriterionfor trackingactive-learningprogressoutperformsstan-
darderrorestimationtechniques.Furtherstudiesof thisoverly simplebut effectivecriterionmaybe
revealing.It would alsobeinterestingto examinealternative (semi-supervised)estimators.Farther
improvementsto ourmasteralgorithmmaybeachievedby developingMAB boundswhichdepend
on the gameduration. Suchboundscanhelp in controlling the tradeoff betweenexplorationand
exploitation whenusingvery small datasets. Finally, it would be interestingto extendour tech-
niquesto multi-valuedclassi�cationproblems(ratherthanbinary)andto otherlearningtaskssuch
asregression.
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Appendix A. SomeImplementation Details

In this appendixwe providesomeparticularimplementationdetailswhichareessentialfor replica-
tion.

We operatedall our SVMs using a kernel correctionmethoddiscussedby Shaw-Taylor and
Christianini(2002),which guaranteesthat the training set is linearly separablein kernelspaceas
requiredby algorithmslike SIMPLE. Speci�cally, this is doneby modifying the kernelK so that
for eachtrainingpoint xi , themodi�ed kernelK0 is K0(xi ;xi) = K(xi ;xi) + l wherel is a positive
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constant,andfor all otherargumentsthekernelremainsthesame.In all theexperimentsdescribed
in thispaperwe tooka �x edl = 2.28

TheRBFkernelhasoneparameter. In theSVM implementationweused(ChangandLin, 2002)
thisparameteris denotedby g. To obtainhighperformanceit is crucialto useappropriatevaluesof
g. This issueof model(andparameter)selectionis not themainconcernof our work. We therefore
assumethatall of our SVM basedactive learnershave reasonablygoodparametersandall learners
have thesameparameters.29

Wehavenormalizedeachfeatureto lie in [-1,1] asrecommendedby ChangandLin (2002).We
havealsousedastandardmethodto “eliminate” thebiastermby increasingtheinputdimensionby
onewith a �x edcomponent.

In noisysettings,active learnerssuchasSIMPLE tendto bevery unstableat theearlystagesof
the learningprocess.A descriptionof this phenomenonanda proposedsolutionaredescribedin
AppendixC. The proposedsolutionis basedon “buffering” labeledexamplesobtainedfrom the
learnerandpostponingtheinclusionof bufferedpointsin thetrainingset.Thebuffer sizewe used
in all ourexperimentsis 3.

Appendix B. Semi-SupervisedSVM Model SelectionUsingCEM

Herewe brie�y describesomenumericalexamplesof usingthe CEM criterion of Section6 asa
modelselectioncriterion for choosingthe kernelparametersof an SVM (usingthe RBF kernel).
Considerthefollowing semi-supervisedbinaryclassi�cationsetting.We aregivena small training
set(for example,containing20 instances)anda largerpool of unlabeledsamples.Our goalis to to
train anSVM classi�er for theclassi�cationproblemat hand. Clearly, badparameterassignment
for theSVM kernelwill resultin poorperformance.Thekernelparameterscanof coursebechosen
usingstandardmethodssuchascross-validationor leave-one-out(LOO). Herewe show that the
CEM criterioncandoslightly betterthanleave-one-out(andcross-validation)withoutcomputation
timecompromises.Weemphasizethatthisappendixonly concernstheCEM criterionanddoesnot
discussactive learning.

We appliedCEM andLOO on theentirebenchmarkdatasetcollectionof Rätschet al. (2001)
asdescribedin Table1. Our experimentaldesignis asfollows. In all datasetswe usedan SVM
inducerwith anRBF kernel.Theonly relevantparameterfor this kernelis g, which determinesthe
RBF kernelresolution.30 We �x eda crudefeasiblesetof g valuesfor all thedatasets.This setis
G= f 0:01;0:05;0:1;0:5;1:0;5:0g. Let F be a training fold partition (that is, oneof the �x ed 100
train/testfolds in theoriginal benchmarkset)consistingof two parts:Ftrain andFtest . For eachfold
weperformedthefollowing procedure:

1. We randomlyselected20 instancesfrom Ftrain anddesignatedthemasthe(labeled)training
partS, denotingtherestof theinstancesin Ftrain byU. Thelabelsof instancesin U werekept
hiddenfrom both LOO andCEM (andclearly, in all casesneitherLOO nor CEM seeany
instancefrom Ftest).

28. Thisvaluewascrudelychosento guaranteezerotrainingerror(without testerroroptimization).
29. For eachlearningproblemdifferentgvalueswereselectedfor eachfold by randomlysplitting thetrainingsetin half.

Onehalf wasusedasthepool for theactive learner. Theotherhalf wasusedfor choosingthevalueof goutof a �x ed
grid of gvaluesusing10-foldcrossvalidation.

30. Sincewe usethekernelcorrection“trick” mentionedabove,our trainingsetsareguaranteedto belinearly separable
in featurespacesothereis noneedto considerasoftmargin costparameter.
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2. For eachg2 Gwe appliedLOO andCEM. For LOO this meanstraining20 classi�ers,such
that eachclassi�er is trainedon different19 examplesfrom S, testedon the otherexample
andwe countsuccesspercentageof these20 classi�ers. For CEM this meanstraining one
classi�er overSandthencomputingtheentropy of theresultingpartitionwith respectto U.

3. LOO and CEM then choosetheir bestcandidateg 2 G. For LOO this meanstaking the
parametercorrespondingto thehighestaverageprecision,andfor CEM, takingtheparameter
correspondingto themaximalentropy.

4. Two SVMs with the winning parameters(onefor LOO andonefor CEM) arethentrained
overSandthecorrespondingclassi�ersaretestedonFtest .

In orderto geta correctperspective on theperformanceof LOO andCEM we alsocomputedthe
performanceof thebestandworstmodelsin hindsight.Speci�cally, for eachg2 Gwecomputedthe
resultingaccuracy overFtest of thecorrespondingSVM (whichwastrainedwith gonS). Theresults
of thisprocedurearegivenin Table8. Eachrow of thetablecorrespondsto onedataset(amongthe
13) andtheaccuracy resultsfor eachof themethodsis speci�ed; that is, theSVM employing the
bestparametervalueobtainedfor LOO andCEM. Notethateachnumberin thetableis anaverage
over100foldsandstandarderrorsof themeansarespeci�edaswell.

The�rst strikingobservationis thatbothLOO andCEM performquitewell. In particular, based
on a tiny trainingsetbothestimatorsachieve performancequitecloseto thebestpossible.Second,
it is evident thatCEM outperformsLOO. Experimentswe performedwith othertrainingsetsizes
show that the relative advantageof CEM increasesas the training setsizedecreases.When the
trainingsetsizeincreasesCEM's advantageover LOO eventuallydisappears.For instance,when
thesamplesizeis 40, LOO becomesmorereliableandslightly outperformsCEM. Similar results
wereobtainedwheninsteadof LOO we usedk-fold cross-validationwith “standard”valuesof k
(for example,k = 3;4;5).

Appendix C. Stabling ActiveLearner Performance

As mentionedabove (andfollowing Tong andKoller, 2001)we usethe kernelcorrectionmethod
of Shaw-Taylor andChristianini (2002). This correctionguaranteeslinear separabilityin feature
space,whichguaranteestheexistenceof theversionspace.However, theuseof thiscorrection,can
introducesevereclassi�cationinstability in earlystagesof theanactive-learningprocess(for active
learnerssuchas SIMPLE) whenlearningnoisy datasets. In this appendixwe brie�y presentthis
problemandproposeasimplesolutionbasedon “buffering”.

Thiskernelcorrectionof Shaw-TaylorandChristianini(2002)worksby addingaconstantto the
diagonalof thekernelmatrix,thusproviding extra(additive)biasto theclassi�cationof thetraining
points. Onemain effect of this correctionis that all training pointsarecorrectlyclassi�ed. This
correctionintroducesdiscontinuitiesin thedecisionboundary.

Considerthe examplein Figure11 (left) showing a 2D projectionof the `Twonorm' dataset
(seethedetailsof this datasetin Table1). Figure12 shows thepool classi�cationandthetraining
setsgeneratedby the SIMPLE active learnerafter 4-8 iterations. The decisionboundarychanges
drasticallyfrom oneiterationto another. Notethat theabove kernel“correction” enablesa correct
classi�cationof thetrainingsetusingall thedecisionboundariespresentedin the�gure. A learning
curve of SIMPLE (showing thetrueerror) is givenin Figure11 (right). Clearlythetrueaccuracy is
extremelyunstable.
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Dataset BestPossible WorstPossible LOO CEM
Accuracy Accuracy Accuracy Accuracy

Banana 71.66� 0.66 50.26+-0.51 66.03� 1.13 65.98� 0.97
Breast-Cancer 72.05� 0.51 67.16+-0.85 69.83� 0.58 69.69� 0.60
Diabetis 68.44� 0.36 63.26+-0.67 66.06� 0.55 67.39� 0.34
Flare-Solar 63.96� 0.42 59.00+-0.60 62.04� 0.52 62.94� 0.45
German 70.43� 0.38 68.23+-0.67 69.35� 0.49 69.48� 0.40
Heart 75.11� 0.82 53.12+-0.62 71.59� 0.11 74.2� 0.8
Image 69.69� 1.33 55.27+-1.04 64.51� 1.71 68.40� 1.40
Ringnorm 90.35� 1.1 53.66+-0.76 88.97� 1.21 89.66� 1.1
Splice 55.56� 1.48 49.40+-0.49 52.86� 1.3 55.46� 1.44
Thyroid 89.76� 0.73 70.21+-0.61 85.73� 0.94 89.56� 0.75
Titanic 71.32� 0.82 63.02+-1.08 67.41� 1.07 64.65� 1.1
Twonorm 88.09� 1.09 54.11+-0.86 86.45� 1.35 88.01� 1.08
Waveform 76.73� 0.73 65.56+-0.86 73.69� 0.87 76.58� 0.72
Averages 74.08 59.40 71.11 72.46

Table8: Averageaccuracy (andits standarderror) achieved by Classi�cationEntropy Maximiza-
tion (CEM) andLeave-one-out(LOO) estimatorson the13UCI problemsof Rätschetal.
(2001). For eachdataset,thewinner (amongCEM andLOO) appearsin boldface. The
accuracy of thebestandworstpossiblemodels(in hindsight)arealsogiven.
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Figure11: Left : DataSet`Twonorm2D' that wascreatedby projectingthe UCI `Twonorm' data
setto two dimensions.Thisdatasetdemonstratestheunstablegeneralbehavior of active
learnersduringearlystagesof thelearningsession.Right: Learningcurvesof SIMPLE

andenhancedSIMPLE (via buffering)on the`Twonorm2D'dataset.

We proposethe following solutionusingthe ideaof “buffering”, aswell asour classi�cation
entropy estimator. Oneof thesymptomsof thedrasticdecisionboundaryinstabilitydescribedabove
is a (drastic)changein theclassi�cationentropy. We observe thatwhentheboundaryshifts from
theborderbetweenthetwo clustersto themiddleof oneof theclusters(iterations5,7) theentropy
decreases.Therefore,thesolutionwe proposeis to look at thechangein entropy of thepool (and
trainingset)classi�cationin theendof eachtrial. As long astheentropy decreases,new examples
arebuffered andnot addedto the training set. Oncethe entropy hasnot decreased,all buffered
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(4) (5) (6)

(7) (8)

Figure12: Poolclassi�cationandtrainingsets(blackenedpoints)generatedby the SIMPLE active
learnerafter4-8 iterationson the`Twonorm2D'dataset.

pointsareaddedto thetrainingset. If we want to keepa boundedbuffer this solutionintroducesa
new parameter;namely, thebuffer size. In our experiencea smallbuffer is suf�cient andin all our
experimentsweusedabuffer of threepoints.

This buffering approachprovides an effective solution to the above problem. In Figure 11
(right) we seethe learningcurvesof SIMPLE on the `Twonorm2D' datasetwith andwithout this
enhancement.It is evidentthatthelearningcurveof theoriginalalgorithmis veryunstable.Adding
thebufferingenhancementsmoothesthelearningcurve. Figure13showsthepoolclassi�cationand
thetrainingsetsgeneratedby theenhancedSIMPLE active learnerafter4-8 iterations.Thedecision
boundarynow doesnotchangedrasticallyfrom oneiterationto another.
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