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Abstract

Thiswork is concernedvith the questionof how to combineonlineanensemblef active learners
soasto expeditethelearningprogressn pool-basedctive learning.We developanactive-learning
masteralgorithm, basedon a known competitve algorithmfor the multi-armedbanditproblem.
A major challengein successfullychoosingtop performingactive learnersonline is to reliably
estimatetheir progressduring the learningsession. To this endwe proposea simple maximum
entroyy criterionthatprovideseffective estimatesn realisticsettings We studythe performancef
the proposednasteralgorithmusinganensembleontainingtwo of the bestknown active-learning
algorithmsaswell asanew algorithm. Theresultingactive-learningmastemlgorithmis empirically
shavn to consistentlyperformalmostaswell asand sometimesutperformthe bestalgorithmin
theensemblen arangeof classi cationproblems.

Keywords: Active learning,kernelmachinespnlinelearning,multi-armedbandit,entrofy maxi-
mization

1. Intr oduction

Thegoalin activelearningis to designandanalyzdearningalgorithmsthatcaneffectively choose
the samplesfor which they askthe teacherfor a label. The incentive for using active learning
is mainly to expeditethe learningprocessandreducethe labeling efforts requiredby the teacher
While thereis alack of theoreticalinderstandingf active learning(in particular thegeneralization
power of computationallypractical active-learningalgorithmsis not well understood), thereis
substantiaempiricalevidencethatactive learningcandramaticallyexpeditethelearningprocess.
We focuson pool-basedactive learningby classi ers, which canbe viewed asthe following
gamecomposedf trials. The learneris presentedvith a x ed pool of unlabeledinstances.On
eachtrial the learnerchoose®neinstancefrom the pool to be labeledby the teacher Theteacher
providesthelearnemwith thetruelabelof thisinstanceandthenthelearnerinducesa (new) classi er
basedon all the labeledsamplesseensofar andpossiblyon unlabelednstancesn the pool. Then
a new trial begins, etc. Othervariantsof the active-learningproblemhave alsobeenconsidered.

1. In noise-freesettings the Query-by-Committe€QBC) algorithmof Freundet al. (1997)canprovably provide ex-
ponentialspeedupsn the learningrate over a randomselection. However, at this time a “practically ef cient”
implementatiorof thistechniqueseemso be beyondreach(see for example,Bachrachetal., 1999).
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Two importantvariantsare stream-basedctive learning(Freundet al., 1997) and learningwith
membeship queries(Angluin, 1988); seeSection3 for more details. We do not considerthese
variantsin thiswork.

Seekingtop performingactive-learningalgorithmsamongthe numerousalgorithmsproposed
in the literature,we found two algorithmsthat appearto be amongthe bestperformersbasedon
empiricalstudies.The rst algorithmrelieson kernelmachinesandwasindependentlyproposedy
threeresearctgroups(TongandKoller, 2001,SchohrandCohn,2000,Campbelletal., 2000). The
algorithm, calledsimpLE by TongandKaoller (2001),usesthe currentSVM classi er to querythe
instanceclosestto the decisionhyperplangin kernelspace).A theoreticalmotivationfor SIMPLE
is developedby TongandKaoller (2001)in termsof versionspacebisection.The secondalgorithm
we consider proposedby Roy and McCallum (2001),is basedon a differentmotivation: the al-
gorithmchoosests next exampleto be labeledwhile attemptingto reducethe generalizatiorerror
probability Sincetruefutureerrorratesareunknavn, thelearnerattemptgo estimatehemusinga
“self-con dence”heuristicthatutilizesits currentclassi er for probabilitymeasurementd.hrough-
outthis paperwe, therefore call this algorithmSELF-CONF. Theoriginal SELF-CONF proposedy
Roy andMcCallum (2001) basests probability estimategandclassi cation) on Naive Bayescal-
culationsandis shawvn to signi cantly outperformotherknown active-learningalgorithmson text
catgyorizationtasks. In our studieswe usedan SVM-basedvariantof SELF-CONF, which appears
to bestrongerthanthe original.

Empiricalstudieswe have conductedevealthatneithersiMPLE nor SELF-CONF is a consistent
winneracrosgroblems.Moreover, bothalgorithmsexhibit a severepitfall thatseemdo appeain
learningproblemswith a “XOR-lik e” structure(seeSection4.4). While perhapso singleactive-
learningalgorithmshouldbe expectedto consistentlyperformbetterthanotherson all problems,
someproblemsclearly favor particularalgorithms. This situationmotivatesan online learningap-
proachwherebyone attemptsto utilize an ensemblef algorithmsonline aiming to achiese a per
formancethatis closeto the bestalgorithmin hindsight. This schemehasbeenextensiely studied
in computationalearningtheory mainly in the contect of “online predictionusingexpertadvice'
(see,for example,Ceza-Bianchit al., 1997). Our main contribution is an algorithmthat actively
learnsby combiningactive learners.

A reasonabl@pproachto combiningan ensembleof active-learningalgorithms(or “experts')
might be to evaluatetheir individual performanceand dynamically switch to the bestperformer
sofar. However, two obstaclestandin the way of successfullymplementingthis scheme.First,
standarctlassi er evaluationtechniquessuchascross-alidation,leave-one-outpr bootstraptend
to fail whenusedto estimatethe performanceof an active learnerbasedon the labeledexamples
chosenby the learner The reasonis that the setof labeledinstancesselectedby a good active
learnertendsto be acutelybiasedtowards hard' instancedhatdo not re ect the true underlying
distribution. In Section6 we shav an exampleof this phenomenonSecondgvenif we overcome
the rst problem,eachtime we chooseto utilize a certainexpert, we only getto seethe label of
the examplechoserby this expertandcannotobsene the consequencef choicescorrespondingo
otherexpertswithout “wasting”morelabeledexamples.

We overcomethesetwo obstacledy usingthe following two ideas. Insteadof usingstandard
statisticaltechniguessuchascross-alidation,we usea novel maximumentropy semi-supervised
criterion, which utilizes the pool of unlabeledsamplesand can faithfully evaluatethe relative
progresf thevariousexperts;secondwe castour problemasaninstanceof the multi-armedban-
dit problem,whereeachexpertcorresponds$o oneslot machineandon eachtrial we areallowedto
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play onemachingthatis, chooseoneactive-learningalgorithmto generateéhenext query). Wethen
utilize aknown onlinemulti-armedbanditalgorithmproposedy Aueretal. (2002). Thisalgorithm
enjoys strongperformanceguaranteewithout ary statisticalassumptions.

We presentanextensive empiricalstudyof our new active-learningmasteralgorithmandcom-
pareits performanceo its ensemblenembersonsistingof threealgorithms:SIMPLE, SELF-CONF
anda novel active-learningheuristicbasedon “furthest- rst traversals”(Hochbaumand Shmags,
1985). Our masteralgorithmis shavn to consistentlyperformalmostaswell asthe bestalgorithm
in theensembleandon someproblemsit outperformghe bestalgorithm.

2. Active Learning

In thissectionwe rst de ne pool-basedctive learningandthendiscusperformanceneasure$or

of unlabelednstancesvhereeachy; is avectorin somespaceX. Instancesreassumedo bei.i.d.
distributedaccordingto someunknavn x eddistribution P(x). Eachinstancex; hasalabely; 2 Y
(wherein our caseY = f 1g) distributed accordingto someunknavn conditionaldistribution
P(yjx). At the start,noneof thelabelsis known to the learner At eachstageof the active-learning
gamelet L bethesetof labeledinstanceslreadyknown to thelearner? An activelearnerconsists
of aclassi erlearningalgorithmA, andaqueryingfunctionQ, whichisamappingQ:L U! U.
Thequeryingfunctiondetermine®neunlabelednstancen U to belabeledby theteacherOneach
trial t = 1;2;:::, theactive learner rst appliesQ to chooseoneunlabelednstancex from U. The
labely of x is thenrevealedandthe pair (x;y) is addedto L andx is removed from U. Thenthe
learnerappliesA to induceanew classi erC; usingL (andpossiblylU) asatrainingsetandanew
trial bagins, etc. Thus,the active learnergenerates sequencef classi ersCy;Cy;:::. Clearly, the
maximalnumberof trials is theinitial sizeof U. In this paperwe focuson active learnergA; Q)
whereA is alwaysan SVM inductionalgorithm.

To thebestof ourknowledge,in theliteraturethereis no consensusn appropriateoerformance
measuregor active learning. A numberof performanceneasuredor actve-learningalgorithms
malke sense. For example,someauthors(for instance,Tong and Koller, 2001) testthe accurag
achiered by the active learnerafter a predetermineshumberof learningtrials. Otherauthors(for
example,SchohnandCohn,2000,Campbellet al., 2000,Roy andMcCallum,2001)simply shav
active-learningcunesto visually demonstratadwantagesn learningspeed.Herewe proposethe
following naturalperformancemeasurewhich aimsto quantify the “de ciency” of the querying
functionwith respecto randomsamplingfrom the pool (which correspondso standard'passie
learning”), while usinga x ed inductive learningalgorithmALG. Fix a particularclassi cation
problem. Let U be arandompool of n instances.For eachl t nlet Acci(ALG) bethetrue
averageaccurag achiezableby ALG usingatraining setof sizet thatis randomlyanduniformly
chosenfrom U. A hypotheticalAcc;(ALG) is depictedby the lower learningcurve in Figure 1.
Let ACTIVE be anactive-learningalgorithmthatusesaLG asits inductive learningcomponentA.
De ne Acci(ACTIVE) to bethe averageaccurag achiered by ACTIVE aftert active-learningtrials
startingwith the pool U (seeFigurel for a hypotheticalAcc;(ACTIVE), which is depictedby the

2. We assumehatinitially L containswo examplesponefrom eachclass.
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Acc(ACTIVE) /\CC“(ALG)

Acc(ALG)

True Accuracy

t (Training Set Size)

Figurel: The de nition of an active learners de ciency. Accnh(ALG) is the maximalachiarable
accuray. Acc(ACTIVE) is theaverageaccurag achieved by hypotheticalactive learner
ACTIVE. AcC(ALG) istheaverageaccurag achievedby a“passve” learneraLG (which
gueriesrandomlyanduniformly from the pool). In this case(whenthe active-learning
curveis aborethepassie learningcurve) thede ciency, asde nedin Equation(1), is the

i A
ratio of areas; ;5.

higherlearningcurwe). Then,thede ciencyof ACTIVE is de nedto be

&{L 1(Acch(ALG) AcCi(ACTIVE))

Def,(ACTIVE) =
ol ) AL (Accn(ALG) Acc(ALG))

(1)

In words, the de ciency is simply the ratio of areasATAB, asdepictedin Figure1l. This measure
captureghe“global” performancef anactive learnerthroughouthelearningsessionNotice that
the numeratoris simply the areabetweenthe “maximal”® achievable accurag Acch(ALG) using
the entire pool, andthe learningcurve of the active-learningalgorithm(areaA in Figure1). The
denominators theareabetweerthe samemaximalaccurag andthelearningcurve of the“passve”
algorithm(thesumof areasA andB in Figurel). Thepurposenf thedenominators to normalizethe
measuresoasto be“problemindependent”Thus,this measures alwaysnon-neative andsmaller
valuesin [0; 1) indicatemoreefcient active learning. Def,(ACTIVE) hasthe desiredpropertythat
if nis sufciently largesothatAcc,(ALG) achiaresthe maximalaccurag (for this classi er), then
for ary n°> n, Def(ACTIVE) = Def,(ACTIVE).

3. RelatedWork

This paperis the rst to considera utilization of anensembleof active learners.Herewe discuss
selectedesultsrelatedto the presenwork. Our mainfocusis on techniquegor devising querying
functionsandmethodshat canbe usedto evaluatethe progressof anactive learner Notethat, in

3. In somecaseqseefor example,Schohnand Cohn,2000), betteraccurag canbe achieved using“early stopping”
(seeSection3).
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generalamethodestimatingthe “value” of anunlabeledpoint canbe usedto constructa querying
function,anda methodthatevaluateghe gain of a newly acquiredabeledpoint canbe usedasan
estimatorfor anactve learners progress.

We begin with a presentatiorof varioustechniquesisedto constructqueryingfunctions. Al-
thoughour work focuseson pool-basedctive learning,a numberof interestingandrelevantideas
appeawvithin otheractive-learningrameworks. In additionto thepool-basedctive-learningsetting
introducedn Section2, we considettwo othersettings:

Stream-basedctive learning(see for example,Freundetal., 1997): the learneris provided
with a streamof unlabeledpoints. On eachtrial, a nev unlabeledpoint is dravn andin-
troducedto the learnerwho mustdecidewhetheror not to requestits label. Note thatthe
stream-basethodelcanbeviewedasanonlineversionof the pool-basednodel.

Active learningwith membeshipqueries(Angluin, 1988),alsocalledselectivesampling On
eachtrial thelearnerconstructsa pointin input spaceandrequeststs label. This modelcan
beviewedasa pool-basedjamewherethe pool consistof all possiblepointsin thedomain.

Within the stream-basedetting, Seunget al. (1992) presentthe Queryby Committee(QBC) al-
gorithm. This algorithmis basedon a seminaltheoreticakesultstatingthat by halvingthe version
spaceafter eachquery the generalizatiorerror decreasesxponentially(relative to randomactive
learning). To approximatelybisectthe versionspacethe proposednethodrandomlysampleghe
versionspaceandinducesan evennumberof classi ers. Thelabelof a (stream)pointis requested
wheneer avoting betweerthe classi erson this point's labelresultsin atie. Themainobstaclan
implementingthis stratgy is the samplingof the versionspace.Currently it is not known how to
ef ciently sampleversionspacesiniformly atrandomfor mary hypothesisclassef interest(see
alsodiscussionsn Bachrachetal., 1999,Herbrichetal.,2001).

A variationof the QBC algorithmwas proposeddy McCallumandNigam. ExpectatiorMaxi-
mization(EM) is usedto createa committeeof classi ersto implementhe queryingfunctionusing
the QBC voting idea: A diversi ed committeeof classi ersis createdby samplinga population
of Naive Bayesdistributions. Thenan EM-like procedures usedto iteratively classifythe unla-
belleddataandrehuild the classi ersuntil the processonverges. Experimentakesultsshav that
this algorithmhasanadwantageover randomsamplingandQBC #

Interestingideaswere also consideredvithin the learning with membeship queriessettingof
Angluin (1988).Cohnetal. (1994)usethefollowing versionspaceeductionstrategy. Two “distant”
hypotheseareselectedromtheversionspaceéy nding a“maostspeci ¢” concep(thatclassi esas
‘negative’ asmuchof thedomainaspossiblelanda “mostgeneral’one(thatclassi esas positive’
asmary pointsaspossible)? Selectve samplingis doneby randomlysearchingor adomainpoint
on which the mostspeci ¢ and mostgeneralhypotheseglisagree. This methodensureghat the
versionspacesizeis reducedafterevery query thoughit might be reducedby only onehypothesis.
Thealgorithmwasimplementedisingahypothesislassconsistingof feed-formardneuralnetworks
trainedwith theback-propagtionalgorithm. Accordingto theauthorsthe methodworkswell only
for “simple” concepts.

4. The QBC usedfor comparisorutilizes the committeecreatedoy samplingof the Naive Bayesdistributionswithout
emplgying the EM-lik e procedure.

5. The mostspeci c (resp. general)conceptis found by classifyingmary (unlabeled)examplesas “negative' (resp.
“positive’).

259



BARAM, EL-YANIV, AND LUZ

Again,within theselectve samplingmodel,Lindenbaunetal. (2004)proposeanactive-learning
algorithmfor thenearest-neighbanassi er. The papemproposesisingarandomeld modelto esti-
mateclassprobabilities.Usingthe classprobabilitiesof the unlabeledexamplesa “utility function”
of atrainingsetis de ned. Thequeryingfunctionof this algorithmis constructedisingagame-tree
thatmodelsa gamebetweenthe learnerandthe teacher For eachunlabeledexample,its expected
utility is measuredisingthe utility functiononthetrainingsetandusingexpectedprobabilitiesfor
the possibleclasse®f the unlabeledexample. A setof domainpointsis constructedandomlyand
the examplewith highestexpectedutility is chosen. This algorithm suffers from extensve time
compl«ity that dependshoth on the depthof the game-treeand on the numberof nearexamples
takento constructherandom eld.

In the pool-basedsetting,threeindependentvorking groups(Schohnand Cohn,2000,Camp-
bell et al., 2000, Tong and Koller, 2001) proposethe samequeryingfunction for active learners
basedon supportvector machineg(SVMs). This queryingfunction choosesfor the next query
the unlabeledpoint closestto the decisionhyperplanein kernelspace;namely the point with the
smallestmargin. Sometheoreticalmotivation is given to this functionin termsof versionspace
reductionalongthelinesof QBC ideas(TongandKaoller, 2001);seeSection4.1for furtherdetails.
Experimentalresultspresentedn thesepapersshav that the resultingactive learnercan provide
signi cant samplecompleity speedupgomparedo randomsampling. Schohnand Cohn(2000)
encountered phenomenowherethetrueaccurag of thelearnemeceasegafterreachingacertain
peak)astheactive sessiorprogressesrhis phenomenomotivatestheideaof “early stopping”and
theauthorssuggesto stopqueryingwhenno examplelies within the SVM magin. Campbelletal.
(2000)offer to usethis stoppingcriterionasatriggerfor runninga testfor the currentclassi er. In
thistestthey randomlyanduniformly choosea smallsubsampl@f (unlabeled)ool points,request
the labelsof thesepointsfrom the teacherandthentestthe currentclassi er on thesepoints. The
algorithmdecidego stopif theerror(asestimatedisingthistest)is “satisfying” accordingo auser
de ned threshold.

Zhangand Oles (2000) analyzethe value of unlabeleddatain both active and transductre
learningsettingsfocusingon SVM learning. The valueof unlabeleddatais evaluatedusingFisher
information matrices. It is proved that selectingunlabeleddatawith low con dence(i.e. small
maigin) thatis not subsumedy (i.e., not too closeto) previous choicesis likely to causea large
changein the model(oncethe true labelis known). A few numericalexamplespresentedn this
papershav thatan SVM-basedactive learnerusingthis criterionis superiorto randomselection.

Roy and McCallum (2001) offer a pool-basedactive-learningalgorithmthat attemptsto “di-
rectly” optimizethe true generalizatiorerror rate (ratherthanreducethe versionspace). The al-
gorithm choosedo query pointsthat strengtherthe belief of the currentclassi er aboutthe pool
classi cation. The learnerestimatests error on the unlabeledoool, wherethe currentclassi er's
posteriorclassprobabilitiesare taken as proxiesfor the true ones. For eachexamplein the pool
andfor eachpossiblelabel,the expectedossof a classi er trainedafteraddingthis exampleto the
training setis calculated.The examplefrom the pool with the lowesttotal expectedossis chosen
asthenext query The computationatompleity requiredto implementthis schemas “hopelessly
impractical, asnotedby theauthors.However, variousheuristicapproximationg@ndoptimizations
aresuggestedSomeof theseoptimizations(for example,subsamplingaregeneralandsomeare
designedor thespeci c implementatiorprovidedby Roy andMcCallum(2001),whichis basedn
Naive Bayes.Theauthorgeportthattheresultingactive learnerexhibits excellentperformancever
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text categorizationproblems® In Section4 we further elaborateon the two pool-basedalgorithms
mentionedabove.

Active learninghasalsobeenexploredin the contexts of regressionand probabilisticestima-
tion. SaarTsechanskandProvost(2002)examinethe useof active learningfor classprobability
estimation(in contrasto exact,or “hard' classi cation). Thealgorithmproposeds basedon creat-
ing anumberof subsamplefrom thetraining setandtrainingonesoft classi er (capableof giving
classprobabilityestimatespn eachsubsampleAll thesegeneratedlassi ersform an“ensemble”.
Thequeryingfunctionworks by drawing a pool pointaccordingo a probability distribution thatis
proportionalto the varianceof the probability estimatecomputedby the variousensemblanem-
bers.This variances normalizedoy the averageprobability of the minority class.Empiricalresults
indicatethatthis algorithmperformsbetterthanrandomsampling(both asa soft aswell asa hard
classi er).

In thecontext of regressionCohnetal. (1996)assuméhatthelearneris approximatelyunbiased
and proposean active-learningalgorithm that choosego query the instancethat minimizesthe
averageexpectedvarianceof the learner(integratedover the input domain). This algorithmis
outlinedfor generalfeed-forward neuralnetworks, a mixture of Gaussian@ndlocally weighted
regression. For the latter two learningschemesthis methodis efcient. However, this method
ignoresthelearnersbias. Thealgorithmrequiresaclosedform calculationof thelearnersvariance,
which hasbeendevelopedonly for thethreelearningschemesonsidered.

In the context of ensemblemethodsfor regression Krogh and Vedelsby(1995) shav a nice
equality giving the (squarecerrorloss) regressiongeneralizatiorerror asa (weighted)sumof the
generalizatiorrrorsof theindividualmembersninusadiversitymeasurealled ambiguity’, which
is relatedto the anti-correlationbetweenensemblanembers.Increasingthis ambiguity (without
increasingheweightedsumof individual errors)will reducetheoverallerror. Increasinghe ambi-
guity is doneby dividing thetrainingsetinto anumberof disjointsubsetandtrainingoneensemble
memberover adistincttrainingsubsetOnenice propertyof theambiguitymeasurés thatit canbe
computedvithoutthelabels.Krogh andVedelsby(1995)applythis relation(which guaranteethat
theweightedambiguityis alowerboundontheweightedsumof individualensemblgeneralization
errors)in the contect of pool-basedctive learningasfollows. Assumingthatthe mostbene cial
pool pointto sampleis the onethatincreaseshe weightedsumof individual ensembleerrors,they
searchfor the pointwhosecontrikution to the ensemblembiguityis maximal.

We now turn to discusssomeapproacheso measuringhe “value” of labeled points. Such
methodsarepotentiallyusefulfor obtaininginformationon the progresof active learnersandmay
be usefulfor implementingour approachthat combinesan ensembleof active learners.Within a
Bayesiansetting, MacKay (1992) attemptsto measurethe informationthat can be gainedabout
the unknavn target hypothesisusinga new labeledpoint. Two gain measuresreconsideredboth
basedon Shannors entropy. It is assumedhatgivena training set,a probability distribution over
the possiblehypothesess de ned. The rst measurds how muchthe entrogy of the hypothesis
distribution hasdecreasedisinga new labeledpoint. A decreasén this entrofy canindicatehow
muchthe supportof this hypothesisdistribution shrinks. The secondmeasuras the cross-entrop
betweerthe hypothesidistributionsbeforeandafterthe new labeledpointis added.An increasen
this cross-entrop canindicatehow muchthe supporthaschangediueto thenew information. It is
provedthatthesetwo gain measuresreequialentin the sensdhattheir expectationsareequal.

6. Our implementationof this algorithm, asdiscussedn Section4.2, usesSVMs ratherthan Naive Bayesand only
utilizesthe subsamplingapproximatiorideasuggestethy Roy andMcCallum (2001).
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Guyonetal. (1996)proposenethod4o measureéheinformationgain of labeledpointsin adata
set. Theinformationgain of alabeledpoint with respecto atrainedprobabilistic(soft) classi eris
de ned asthe probability thatthe classi cationof this pointis correct. This probability equalsthe
Shannorfinformation gain” of the classprobability of that point asmeasuredy the probabilistic
classi er. On a given labeleddataset, the informationgain of eachpoint canbe measuredising
theabove de nition with aleave-one-oukestimator The paperalsoaddressetheinformationgain
of labeledpointsin the context of minimaxlearningalgorithmssuchasSVM. The SVM measures
the informationgain of a labeledpoint by its (“alpha”) coefcient in the inducedweightsvector
Thecoefcient of apointthatis nota supportvectoris zero,andsois its informationgain. Support
vectorswith larger coefcients aremoreinformative. Theseideasarediscussedn the context of
“data cleaning” of large databasesWe notethat, in the context of SVM active learningit is not
in generalthe casethat supportvectorsidenti ed during early trials will remainsupportvectors
thereafter

Finally, we notethatactive learningis only oneway of exploiting the availability of unlabeled
data. In recentyearsthe broadertopic of “semi-supervised’dr “learning with labeled-unlabeled
examples”hasbeengaining popularity One candistinguishbetweeninductive semi-supervised
methodsandtransductie ones(Vapnik, 1998); seea recentsurey by Seger (2002)for a recent
review.

4. On ThreeActive-Leaming Algorithms

Themainpurposeof this sectionis to motivatethe challengeconsideredn thiswork. In contrasto
whatmay be implied in variousrecentpaperdn the eld, whencloselyexaminingstate-of-the-art
active-learningalgorithmsonvariouslearningproblemsthereis no consistensinglewinner. While
not necessarilysurprising,it remainsunclearhow to choosethe bestactive-learningalgorithmfor
theproblemathand.

To demonstratehis point we focuson two known actve-learningalgorithms: siMpLE (Tong
andKoller, 2001, Schohnand Cohn, 2000, Campbellet al., 2000) and the algorithm of Roy and
McCallum (2001),which we call hereseLF-CONF. We selectedhesealgorithmsbecauséhey are
bothreasonablyvell motivated,achieve high performancen real-world data(andsurpassarious
otherknown algorithms)and appearto complementeachother In particular aswe shav belaw,
neitheralgorithmconsistentlytopsthe other” Moreover, bothalgorithmsfail in learningproblems
with “XOR-lik e” structureqin the sensethatthey performconsiderablyworsethanrandomsam-
pling) 8 We thusconsideranothemovel algorithm,which excelson "XOR' problemsbut exhibits
quitepoorperformancen problemsawith simplestructuresAltogether thesethreealgorithmsform
the ensembleon which our newv “master” algorithmis later experimentallyapplied (Section8).
Throughoutherestof the paperwe assumévasicfamiliarity with SVMs °

4.1 Algorithm SIMPLE

This algorithmusesan SVM asits inductioncomponent.The queryingfunction of siMPLE at trial
t usesthe alreadyinducedclassi er C; 1 to choosean unlabeledinstancewhich is closestto the

7. To the bestof our knowledge,no previous attemptgo comparethesetwo algorithmshave beenconducted.
8. Thisde ciency (of siMPLE) wasalreadyobsened by TongandKoller (2001).
9. Goodtextbooksonthesubjectwerewritten by CristianiniandShave-Taylor (2000)andSchilkopf andSmola(2002).
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decisionboundaryof C; 1. Thus, the queryingfunction can be computedin time linearin jUj
(assuminghe numberof supportvectorsis a constant).

An intuitive interpretatiorof sSIMPLE is thatit choosedo querytheinstancenvhoselabelis the
“leastcertain”accordingo the currentclassi er. A moreformal theoreticalmotivationfor SIMPLE
is given by Tong andKoller (2001)in termsof version spacebisection. This argumentutilizes a
niceduality betweerinstancesndhypothesesTheversionspacgMitchell, 1982)is de ned asthe

set,andlet H be the setof all hypothesegin our caseH is the setof all hyperplanesn kernel
space) TheversionspaceV is de ned as

V =fh2 Hj8(x;y) 2 L;h(x) = yg:

Letw beahyperplaneconstructedn kernelspaceby trainingan SVM on the entirepool with
the true labeling(clearlyw cannotbe computedby an active learnerwithout queryingthe entire
pool). A goodstratgy for an active learnerwould be to choosea querythat bisectsthe version
spaceasit bringsusfasterto w . The questionis how to nd the instancethat approximatelybi-
sectsthe versionspace.The versionspacecanbe viewed asa subsurlceof the unit hypersphere
in parametespacgthe entiresurfacecontainsall possiblenypotheses)Every unlabelednstancex
corresponds$o a hyperpland- (x) in the parametespace Thehypothese$wj(w x) > Og thatclas-
sify x “positively' lie ononesideof this hyperplaneandthe hypothese$wj(w x) < Og thatclassify
X “negatively' lie on the otherside. Let w be a hyperplaneconstructedn kernelspaceby training
an SVM on the currentsetof labeledinstances.Tong andKoller (2001)shav thatw is the center
of thelargesthypersphere¢hatcanbe placedin versionspaceandwhosesurfacedoesnotintersect
thehyperplaneorrespondingo thelabeledinstancesMoreover, the radiusof this hyperspherés
the magin of w andthe hyperplaneghat“touch” this hyperspherarethosecorrespondindo the
supportvectors. Therefore,in casesvherethis hyperspheresufciently approximateghe version
spacew approximateshe centerof massof the versionspace.The closeranunlabelednstances
tow, thecloserthe hyperpland- (x) is to thecenterof massof theversionspace This motivatesthe
stratgy of queryingtheclosesinstanceo w, asit canbisecttheversionspaceandquickly advance
thealgorithmtowardthe (unknowvn) targethypothesisw .

Tong andKoller (2001) requirethat eachof the classi ers (i.e., SVMs) computedduring the
operationof SIMPLE is consistentvith its training set. Thisis essentiato guarantee non-vacuous
versionspace.This requirements easyto ful | usingthe“kerneltrick” discussedy Shav-Taylor
andChristianini(1999),which guaranteethatthetrainingsetis linearly separablén kernelspace.
Furtherdetailsarespeci edin AppendixA.

Whenconsideringsimplebinaryclassi cationproblemsthis stratey providesrapidre nement
of thedecisiorboundaryandresultsin very effective active learning(TongandKoller, 2001,Schohn
andCohn,2000,Campbelketal.,2000).In ourexperiencealgorithmsiMPLE is ahigh-performance
active-learningalgorithm,which is hardto beaton a wide rangeof real-world problems.In partic-
ular, this algorithmperformsquite well on text cateorizationproblems(TongandKoller, 2001).

We note that two more queryingfunctions(called “Maxmin” and “Maxratio”) are proposed
by Tong and Koller (2001). Theseare also basedon the version spacebisectionprinciple and
achieze moreef cient versionspaceeductionthansimMpPLE. Themaindravbackof thesefunctions
is their computationaintensity which makesthemimpractical. Speci cally, for eachquery the
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computationof eachof thesefunctionsrequiresthe induction of two SVMs for eachunlabeled
pointin thepool 1°

4.2 Algorithm SELF-CONF

The secondalgorithmwe discussproposedoy Roy andMcCallum (2001),is basedon a different
motivation. The algorithmchoosests next exampleto be labeledwhile “directly” attemptingto
reducefuturegeneralizatiorerror probability Sincetruefutureerrorratesareunknown, thelearner
attemptsto estimatethemusinga “self-con dence” heuristicthat utilizes its currentclassi er for
probability measurementdhroughouthis paperwe thereforecall this algorithmseL F-conF. 1!

At the start of eachtrial this algorithm alreadyholds a trained probabilistic (soft) classi er
denotedby P(yjx). Foreachx2 U andy 2 Y thealgorithmtrainsanew classi er PPoverL{x;y) =
L [ f(xy)g andestimatesheresulting“self-estimatedxpectedog-loss™? de nedto be

a  PUIx)logPlyix): (2)

A 1
0 —
o) = 07,

Then,for eachx 2 U it calculateghe self-estimatedverageexpectedoss

A POINE(Pqxy)):
y2Y
Thex with thelowestself-estimatedxpectedossis thenchoserto be queried.

Theoriginal SELF-CONF algorithmproposedy Roy andMcCallum(2001)basests probability
estimategandclassi cation)onNaive Bayescalculation? andis shavn to outperformotherknown
active-learningalgorithmson text categorizationtasks. In our studies,we usedan SVM-based
variantof SELF-CONF, which appeardgo be strongerthanthe original Naive Bayesalgorithm14
Thus,in our case probabilisticestimatesireobtainedn a standardvay, usinglogistic regressiont®
Also notethatthealgorithm,aspresenteds extremelyinef cient, sincefor eachquery two SVMs
areinducedfor eachunlabeledpoint in the pool. Variousoptimizationsand approximationsare
proposedby Roy and McCallum (2001),to make its runningtime practically feasible. From all
thesemethodswve only userandomsubsamplingn our implementatiorof the algorithm: On each
trial we estimatethe expression(2) for only arandomsubsebf U. Thesubsamplén the rst active
sessiortrial containsl00 points;on eachsubsequential we decrementhe subsampleizeby one
pointuntil we reacha minimumof 10 points,which we keepfor theremainingtrials.

Obsene that the motivation for SELF-CONF and SIMPLE is in somesensecomplementary
While simpLE queriesinstancesn U with theleastcon dence,asmeasuredy its currentmodel,
SELF-CONF queriesinstanceghatprovide the maximal“reassurancedf its currentmodel.

10. Approximationheuristicssuchassubsamplingf the poolaswell asusingincremental/decrementd8VM algorithms
(CauwenbeghsandPoggio,2000)canbeusedto speedip thesealgorithms.We have notexploredthesepossibilities
in thepresenwork.

11. This self-con denceapproachs somevhatsimilarto theoneproposedy Lindenbaumetal. (2004).

12. Roy andMcCallum(2001)alsoconsideredisingzero-ondossinsteadof log-loss.

13. Theempiricalresultsof Roy andMcCallum(2001)considerednultinomialmodels(in particular text cateyorization),
which enabledherequiredcalculations.

14. However, we have not performedan extensive comparisorbetweerthe Naive BayesandSVM variantsof this algo-
rithm.

15. If h(x) is the (con dence-rated5VM valuefor a pointx whoselabelis y, we take P(yjx) = leh(x)g.
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4.3 Algorithm Kernel Farthest-First (KFF)

Here we proposea simple active-learningheuristicbasedon “farthest- rst” traversal sequences
in kernelspace.Farthest- rst (FF) sequencebave beenpreviously usedfor computingprovably
approximateoptimal clusteringfor k-centerproblems(Hochbaumand Shmgs, 1985). The FF
traversalof the pointsin a datasetis de ned asfollows. Startwith any pointx and nd thefarthest
pointfrom x. Then nd thefarthesipointfrom the rst two (wherethedistanceof a pointfrom aset
is de ned to bethe minimum distanceo a pointin the set),etc. In ary metricspaceFF traversals
canbe usedfor computing2-approximatiorsolutionsto the k-centerclusteringproblemin which
oneseeksanoptimalk-clusteringof the dataandoptimality is measuredby the maximumdiameter
of theclusters.In particular by takingthe rst k elementsn theFFtraversalas“centroids”andthen
assigningeachotherpointto its closest'centroid”, oneobtainsa k-clusteringwhosecostis within
afactor2 of theoptimal(HochbaumandShmgs, 1985).

We useFFtraversaldor active learningin thefollowing way. GiventhecurrentsetL of labeled
instancesyve chooseasour next queryaninstancex 2 U, which is farthestfrom L. UsingL [
f (x;y)g asa training set, the active learnertheninducesthe next classi er. This heuristichasa
nice intuitive appealin our contet: the next instanceto queryis the farthest(andin somesense
themostdissimilar)instancen the poolfrom thosewe have alreadyobsened. Unlike sSiMPLE (and
otheralgorithms)whosequeryingfunctionis basedntheclassi er, theabore FF queryingfunction
canbeappliedwith ary classi er learningalgorithm. We applyit with an SVM. For compatibility
with the SVM, we computethe FF traversalsin kernelspaceasfollows. Givenary kernelK, if x
andy areinstancesn input spaceandF (x) andF (y) aretheirembeddingn kernelspace(sothat
= (X); F (y)i = K(x;y)), thenwe measurealk (X;y), thedistancebetweerx andy in kernelspaceas
d’(xy) = kKF(X) F(y)k?= K(x;x)+ K(y;y) 2K(x;y). We call theresultingalgorithmk FF.

4.4 SomeExamples

Figure2 shavs the learningcurvesof SIMPLE, SELF-CONF, KFF andof arandomsampling“active
learner”(which we call RAND)1® for the arti cial “XOR' problemof Figure2 (top left) aswell as
two otherUCI problems- "Diabetis' and Twonorm'. Thesethreelearningproblemsdemonstrate
thatnoneof thethreeactive-learningalgorithmsdiscussedhereis consistentlybetterthantherest.
In thetwo UCI problemssiMPLE performsbetterthanseL F-CONF onthe Twonorm' dataset,while
SEL F-CONF performsbetterthansimpLE onthe "Diabetis' dataset.KFF is inferior to the othertwo
in both cases.In the XOR' problemsiMPLE's and SELF-CONF's performancesre signi cantly
worsethanthatof randomsampling.On the otherhand Kk Fr clearly shavs thatactive learningcan
expeditelearningalsoin this problem. This weaknes®f both sSiMPLE and SELF-CONF typically
occurswhen confrontingproblemswith “XOR-like” structure. The inferiority of KFF relative to
SIMPLE and SELF-CONF (andeven RAND) typically occursin learningproblemswith a “simple”
structure. The main advantagen consideringk Fr is its usewithin anensemblef active-learning
algorithms.The “master”active algorithmwe presentaterbene tsfrom KFrF in “XOR-lik e” prob-
lemswithout signi cant compromise$n problemswyherekFr is wealer.

16. Thequeryingfunctionof RAND chooseghe next exampleto belabeleduniformly at randomfrom U.
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A XOR Problem
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Figure2: Top Left: "XOR' problemconsistingof 1000points(250in each“cluster”); 250 points
form the pool andthe restform the testset. Top Right: Learningcurvesfor SIMPLE,
SELF-CONF, KFF andRAND for the "XOR' problemwherek FF exhibits superiorperfor
mance.Bottom left: Learningcurvesfor the samefour learnerson the "Diabetis’ data
setin which SELF-CONF is superior Bottom Right: Learningcurvesfor the samefour
learnerson the "Twonorm' datasetin which SIMPLE is superior Eachpoint on each
learningcurve representanaverageover 100folds (measureaver atestset);eacherror
barrepresentsnestandarderrorof themean.Error barsaredilutedto enhancevisibility.

5. The Multi-Armed Bandit (MAB) Problem

A majoringredientin our online learningapproacho actie learningis a known competitve algo-
rithm for the multi-armedbanditproblem.In this sectionwe presenthis problemiits connectiorto
onlinechoiceof active learnersandthe particularmulti-armedbanditalgorithmwe use.

In the multi-armed bandit (MAB) problem a gamblermustchooseoneof k non-identicalslot
machinego play in a sequencef trials. Eachmachinecanyield rewardswhosedistribution is

unknawn to the gambler andthe gamblers goalis to maximizehis total revard over the sequence.
This classicproblemrepresents fundamentapredicamentvhoseessencés the tradeof between
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exploration and exploitation Sticking with ary single machinemay prevent discovering a better
machine;on the otherhand,continually seekinga bettermachinewill preventachieving the best
total reward.

We male the following straightforvard analogybetweenthe problemof online combiningof
an ensembleof active learnersand the MAB problem. The k active-learningalgorithmsin our
ensemblarethek slot machinesOn eachtrial, choosinga querygeneratedby oneactive-learning
algorithmcorresponds$o choosingoneslot machine. Thetrue (generalizationpccurag achieved
(by the combinedalgorithm)usingthe augmentedraining set(which includesthe nenly queried
datapoint) correspondso the gain achiezed by the chosemmachine.Of course this roughanalogy
doesnotimmediatelyprovide asolutionfor combiningactive learnersin particular oneof themain
obstaclesn usingMAB algorithmsfor combiningactive learnerds how to de ne thereward of a
guery Theoptimalreward might bethetrueaccurag achieved by thelearnerusingtheaugmented
training set,however this accuray is unknavn to us. We thereforehave to estimatet in someway.
Thereward estimationtechniquewe useis developedin Section6. For therestof this sectionwe
assumave have some(non-ngative andboundedyewardfunction.

Mostknown MAB algorithmsandtheir analysesassumehatrewardsaredistributedaccording
to certainstatisticalmodels. Typically, simple statisticalmodelsincluding independencandtime
invarianceassumptionsre taken (for example,i.i.d. Gaussiarrewards). In our active-learning
contet (using,for example theabore analogy) overly simplistic statisticalassumptionsn reward
distributionsarelik ely to beviolated. Thereforejt is particularlyusefulto use,in ouractive-learning
contet, the advesarial MAB resultsof Auer et al. (2002), which provide MAB algorithmsthat
areguaranteedo extract a total gain closeto that of the bestslot machine(in hindsight)without
any statisticalassumptions.Two particularMAB algorithmsdevelopedby Auer et al. (2002) are
potentially usefulfor implementingonline choiceof active learners.The rst algorithmis called
EXP3 (seeSection3 in Auer et al., 2002) and directly matchesthe above analogy The second
algorithm, called ExP4 (seeSection7 in Auer et al., 2002), appeargo be more suitablefor our
purposegseebelown). We rst describethe ExP3 algorithmandthendescribethe ex P4 algorithm
whichwe have choserto use.

ExP3 is analgorithmfor the standardVIAB game,wheren slot machinesareplayed.On each

non-ngative andbounded.For a gameconsistingof T trials, de ne Gyax = max i néthlgi (1),
the expectedreward of the bestslot machinein hindsight. The goal of the online playerin this
gameis to achiee areward ascloseaspossibleto Gyax. Let Gexps bethe expectedreward of this
algorithm. The“regret” of ExP3 is de nedto be Gyax Gexps. Givenanupperboundg Gyax,
it is guaranteedAuer etal., 2002)thattheregretof ExP3 is boundedabore by

| S
GMAX GEXP3 263 gnln n:

This boundholdsfor any assignmenof rewardsandfor ary numberof trials T. We alsonotethat
this boundholdsfor rewardsin the rangeof [0;1]. In our algorithmwe alsousedrewardsin this
range(seeSection?).

The problemof providing theupperboundg Gyax is solvedusinga standarddoublingalgo-
rithm thatguesses boundandrunsthe EXP3 algorithmuntil this boundis reachedOncereached,
theguessedboundis doubledandexP3 is restartedvith the nev bound. The guarantee¢éboundon
theregretof this algorithmis

[
GMAX GDBL-EXP3 105 GMAxnlnn+ 138n+ 2n|n n,
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whereGpg, -exp3 iS theexpectedreward of the doublingalgorithm.Onceagain, this boundholdsfor
ary rewardfunctionandfor any numberof trials.

Combiningactive learnersusingex P3 canbe donein the following manner Eachoneof then
active-learningalgorithmsin theensemblés modelledasa slotmachine.On eachtrial t, oneactive
learneris choseno provide the next query Thereward of this queryis associatedavith the chosen
learner*’ In this modelingapproachthe pointsarenot at all consideredy ExP3 andeachactive
learneris a slot machine“black box”. Thus, this approachdoesnot directly utilize someuseful
informationon the unlabeledobointsthatmaybe provided by the active learners.

Theotheralgorithmof Aueretal. (2002)calledexP4 is designedo dealwith a moresophisti-
catedMAB variantthanthe above (standardMAB game. Herethe goalis to combineandutilize
a numberk of strategiesor experts eachgiving “advice” on how to play the n slot machines.To
employ EXP4 in our context, we associatehe k expertswith the ensembleof k active-learningal-
gorithms. The slot machinesareassociateavith the unlabelednstancesn our pool U. Usingthis
approachHor modelingactive learninghasa considerabldene t sincenow the choiceof the next
queryis directly basedon the opinionsof all ensemblenembers.

theexpectedrewardof expert j ontrial t isbi(t) g(t). Notethatin theMAB gameonly onereward
from g(t) is revealedto theonlineplayeraftertheplayerchoose®nemachinen trial t. Foragame
consistingof T trials, de ne Gyax = max j k&1 bi(t) g(t), the expectedreward of the best
expertin hindsight. The goal of the online playerin this gameis to utilize the advicegiven by the
expertssoasto achieve reward ascloseaspossibleto Gyax. Let Gexpa bethe expectedreward of
thisalgorithm.Givenanupperboundg Gyax, the“regret” of ExpP4, de nedto beGyax  Gexpa,
is boundedabove by p___
Guax Gexpa 2:63 gnink:

Thisregretboundholdsfor any numberof trials T, providedthatoneof theexpertsin theensemble
is the “uniform expert; which alwaysprovidesthe uniform con dencevectorfor n slot machines.
The problemof providing theupperboundg Gy,ax is solved by emplgying the same guessand

double'techniqueusedwith ExP3. Theguaranteetboundon theregretof this algorithmis

p
GMAX GDBL-EXP4 105 GMAXnIn k+ 138n+ 2n|n k,

whereGpg, -expa iS the expectedreward of the doublingalgorithm.

As mentionedabove, we use EXP4 for active learningby modelingthe k active-learningal-
gorithmsask expertsandthe unlabeledpool pointsin U asthe slot machines.Note that for the
performanceéboundof ExP4 to hold we mustinclude RAND in our pool of actie learnerswhich
correspondso the “uniform expert”. This modelingrequiresthat expertadvicevectorsare prob-
abilistic recommendationsn pointsin U. It is thusrequiredthat eachalgorithmin the ensemble
will provide “rating” for the entirepool on eachtrial. In practice thethreealgorithmswe consider
naturallyprovide suchratings,asdiscussedn Section?.

17. Thealternatve possibility of modelingthe pool samplesastheslot machineslearlymisseghe “exploitation' dimen-
sion of the problemsinceoncewe choosea sample,we cannotutilize it again. In addition, it is not clearhow to
utilize anensemblef learnerausingthis approach.
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6. Classi cation Entr opy Maximization

In orderto utilize the MAB algorithm (ExP4, seeSection5) in our context, we needto receve,
aftereachtrial, the gain of theinstancex 2 U thatwaschoserto be queried(correspondindgo one
slot machine). While the ultimatereward in our context shouldbe basedon the true accurag of
theclassi er resultingfrom trainingover L [ f (x;y)g (wherey is thelabelof x), this quantityis not
availableto us. At the outsetit may appearthat standarderror (or accurag) estimationmethods
could be useful. However, this is not entirely the caseand,unlessL (andU) is sufciently large,
standardnethodssuchascross-alidationor leave-one-outprovide substantiallybiasedestimates
of anactive learners performance This fact, which wasalreadypointedout by SchohnandCohn
(2000),is aresultof the biasedsampleacquiredby the active learner In orderto progressjuickly,
thelearnemustfocuson“hard” or more“informative” samplesConsidefrigure3 (left). The gure
shaws leave-one-out(LOO) estimateof four (active) learningalgorithms: SIMPLE, SELF-CONF,
KFF andRAND on the UCI "Ringnorm' dataset. For eachtraining setsize,eachpointon a curne
is generatedisingthe LOO estimatebasedon the currently available labeledsetL . In Figure 3
(middle) we seethe “true accurag” of thesealgorithmsas estimatedoy an independentestset.
Not only doesLOO severelyfail to estimatethe true accurag, it evenfailsto orderthe algorithms
accordingto their relative successsactve learners.This unfortunatebehaior is quite typical of
LOO on mary datasets,andaficts otherstandarderror estimationtechniquesjncluding cross-
validation. Thesetechnigueshould,therefore pe avoidedin generafor receving feedbaclkonthe
(relative) progresof active learnersgspeciallyif onecaresaboutthe active learners performance
usinga smallnumberof labeledpoints.

‘ Ringnorm: LOO ‘ Ringnorm: Test Accuracy __Ringnorm: CEM ‘

100f KFF ~ Lo 100 /‘V/SELF»CONF 1 1k —SELF-CONF |
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Figure3: Left: LOO estimate®f active-learningsession®f SIMPLE, SELF-CONF, RAND andKFF
over the 'Ringnorm’ dataset; Middle: The“true” accurag of thesealgorithms,asesti-
matedusingatestset;Right: CEM entrofy scoresof thesealgorithms.All estimatesre
averagef 100folds. Error bars(dilutedto reduceclutter) represenbnestandarderror
of themean.

We proposehefollowing semi-supervisedstimatorwhichwe call Classi cationEntropyMax-
imization(CEM). De ne the CEM scoe of aclassi er with respecto anunlabeledsetof pointsto
be the binary entrofy of the classi cationit induceson the unlabeledset. Speci cally, if C is a
binaryclassi ergiving valuesinf  1g, letC*1(U) andC 1(U) bethe positively' and negatively'
classi ed subsetof someunlabeledsetU, respectiely, asdeterminedy C. Then,the CEM score
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of C (with respecto U) is the binary entropy H("CT%).18 It is not dif cult to seethatthe CEM
scoreis largerif the division of the pool classi cationbetweerclassess morebalanced Figure3
(right) providesCEM curwvesfor the four active learnersdiscusseabore. Clearly, the CEM mea-
sureordersthe algorithmsin accordancevith their true accurag asdepictedin Figure3 (middle),
andmoreaover, if we ignorethe scalesall CEM curvesin this exampleappearsurprisinglysimilar
to the correspondingrue accurag curves. This behaior of CEM is typical in mary of our empir
ical examinationsandsomaevhat surprisingly CEM succeedén correctlyevaluatingperformance
evenwhenthepositive andnegative priorsarenotbalanced A morecomprehensie discussiorand
analysisof the CEM criterionis providedlaterin Section9.

Remark 1 It is interestingto notethat the CEM criterion is also usefulfor SVMmodelselection
in (semi-)supervisetkarning settingswheee the (labeled)training setis small and someset of
unlabeledpointsis available In Appendix wepresentan empiricalcomparisorof CEMandLOO
in this setting

7. Combining Active Learners Online

In this sectionwe describeour masteralgorithmfor combiningactive learners. The combination
algorithm,calledherefor shortcoms, is basedon the ExpP4 multi-armedbandit(MAB) algorithm

discussedn Section5 andonthe CEM criterionpresentedn Section6. In Figure4 we provide an

annotategoseudocodef comB. Thealgorithmutilizesanensemblef active-learningalgorithms
andtracksonline the bestalgorithmin the ensemble.Mary of the stepsin this codeare adapted
from the ExP4 MAB algorithmof Auer et al. (2002) (in particular steps4,5,6,11,12).We refer

the readerto Auer et al. (2002)for a more detailedexposition (andthe proof of the performance
guaranteedf EXP4. Herewe elaboraten stepsl,2,3and10, whichrequirefurtherexplanation(the

remainingsteps,7,8and9, areself-explanatory).

In stepsl and2, we computeadviceprobability vectorsof the active learnersasrequiredby the
original ExP4 algorithm. Eachalgorithmin the ensemblgrovides(in Stepl) a scoringvectorthat
“rates” eachpointin the pool U. In practice,the threealgorithmswe considematurally provide
suchratings: siMPLE usesthe kerneldistancefrom the decisionhyperplane SELF-CONF usesthe
expectedossandk FF useshekerneldistancegrom the currenttraining set. We scalethesescoring
vectors(in Step2) usinga scalingparameteb anda Gibbsprobability functionexpf bxg. In all
our experimentsve usedb = 100 (a sensitvity analysisof this parameteis providedin Section8).

In Step3, after producing(in Step2) the adviceprobability vectorsfor the active learnerswe
projectthe pool U over high probability candidateinstances.The projectedpool is denotedU .
This projectionis controlledby the parametea andaninstancexin U remainsn U, if atleastone
active learnerassigngo x a probabilitymassgreateithana. In all theexperimentslescribedelaw,
we useda = 0:05 (hereagain, asensitvity analysisof this parametefs providedin Section8).

In Step6, thelearnerchoose®ne(unlabeledpointx, from Ue asthenext query Accordingto

EXP4, this choiceshouldbe randomaccordingto the distribution computedn Step5. In practice,
in the experimentsdescribedn Section8, we greedilypicked the point with the largestprobability

18. Thebinaryentropy of a(Bernoulli)randomvariablewith biaspisH(p)= H(1 p)= plog(p) (1 p)log(l p).
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Algorithm COMB

Input: (i) A PoolU = fxq;:::;%.0; (i) An ensembld ALG,gJ , of kactve learners;
(ii) An initial trainingsetLg

Parameters: (i) A probabilitythresholda; (ii) A probabilityscalingfactorb;

(iii) A boundgmaxonthemaximalreward

Init: Initialize expertweights:wj = 1, j = 1;:::;K

Fort=1,2;:::

1. Receve advicescoringvectorsfrom ALGj, j = 1;:::; k: el(t) = (el(t)"::;en(t)) e (t) is
the scoreof theith pointin thepool. Thescoresarenormahzedo lie within [0,1].

2. For each ALG], j = L:::;k, we compute an advice probability vector bi(t) =
(b (t):::::bh(1)) by scallngthe adwcescorlngvectors For eachbi(t), j = 1;:::;k, for

eachb‘(t) i= 10 bl(t) = (expf b(1 el(t))g)=Z, wherez normallzesbl(t) to bea
probab|lltyvector

3. Extractfrom U an “effective pool” U by thresholdinglow probability points: For each
pointx 2 U leave x; in Ue, iff max biJ a. If jUgj = 0, reconstrucwith a=2, etc. Set
Ne = jUgj.

4. Setg= 1 Rk
’ 9= (e L)gmax’

7. Receve thelabelyy of x4 from the teacherandupdatethe training setandthe pool: L =
Le 1l f(Xg¥a)9 Utr 1 = Urnfxqg

8. Trainaclassi erC; usingl;.
9. Use( to classifyall pointsin U andcalculateH; = Ht(JC J) theentroyy of theresult-
ing partitionC**(U);C *(U) (asin the CEM score seeSectlonB)

10. Calculatethe“rewardutility” of Xq:
r(xg) = (¢ ) (1 e)=(2e 2).

11. Fori= 1;:::;n, setfi(t) = r(xg)=pq if i = g andfj(t) = O otherwise.

12. RsNard/pumsrexperts;
w;(t+ 1) = wj(t) exp(b!(t) F(t)g=ne).

Figure4: Algorithm comBs

(andin caseof ties we randomlychoseone of the points). This deterministicimplementationis
usefulfor reducingthe additionalvarianceintroducedby theserandomchoices!®

In Step10 we calculatethe “utility” of the lastquery This utility is de ned usingthe (con-
vex) function e* on the entropicreward calculatedn Step9 (thatis, the CEM scorediscussedn

19. We alsoexperimentedvith randomquerychoices,asprescribedby Exp4. A slight advantageof the deterministic
variantof thealgorithmwasobsered.
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Section6). Theutility functionis essentiallythe difference
D[ = Ht th l;

whereH; is the entrofy of the last partition of U generatedisingthe last queriedinstancein the
training set. H; 1 is the entrogy of the partition of the samepool generatedvithout using the
last queriedinstance. Clearly, this function emphasizegntrofy changesn the upperrangeof

possibleentrofy values. Therationalebehindthis utility functionis thatit is substantiallyharder
to improve CEM scores(andalsoaccurag) thatarealreadylarge. The additionaltransformation
(Ox (1 €)=(2e 2) normalizegheutility to bein [0,1].

The reward boundparametegmax Usedfor settingan optimal valuefor g (Step4) canbe and
is eliminatedin all our experimentsusinga standard‘guessanddouble”technique.In particular
we operatehe coMB algorithmin roundsr = 1;2;:::, wherein roundr we setthe rewardlimit to
begr = (nelnk=(e 1))4" andrestartthe comB algorithmwith gmax= gr. Theroundcontinues
until the maximalrewardreachedyy oneof the ensemblealgorithmsexceedsy, ne=g. For more
details,the readeris referredto the discussioron the ExpP3.1 algorithmin Section4 of Auer etal.
(2002).

8. Empirical Evaluation of the COMB Algorithm

We evaluatedthe performanceof the comB algorithmon the entirebenchmarlcollectionselected
andusedby Ratschetal. (2001),consistingof 13 binaryclassi cationproblemsextractedfrom the
UCI repository For almostall problemsthis collectionincludes x ed 100folds eachconsistingof
a x ed 60%/40%training/testpartition?® The useof this setis particularlycorvenientasit allows
for easierexperimentalreplication. To this collectionwe alsoaddedour arti cial “XOR' problem
(seeSection4.4)?! Someessentiakharacteristicof all thesedatasetsappearon Table 1. For
eachproblemwe specifyits size,its dimensionthe bias(proportionof largestclass) the maximal
accurag achieved usingthe entire pool as a training set, the (roundedup) numberof instances
requiredby the worst learnerin the ensembleo achiese this maximalaccurag and, nally, the
averagefraction of supportvectors(from the entirepool size)utilized by an SVM trainedover the
entirepool (this averageis computecover 100folds).

In all theexperimentdescribedelow, eachactive learneris providedwith two initial examples
(onefrom eachclass)or eachlearningproblem.Thesewo examplesvererandomlychoseramong
all possiblepairs. The sameinitial training set(pair) wasgivento all learners.All active-learning
algorithmsappliedin our experimentsusedan SVM with RBF kernel as their learningcompo-
nent(A). More particularimplementatiordetails,which are essentiafor replication,aregivenin
AppendixA.

In Figure5 we depictthe learningcurvesof come andits ensemblenembersbtainedon four
datasets. Notice that for threeof thesedatasetsa differentensemblenemberis the winner In
the 'Image’' datasetit is SELF-CONF, in the 'XOR' datasetit is KFF andin the "Waveform' data
setit is SIMPLE.??2 However, in all of thesecasescomB tracksthe winner In the fourth dataset

20. Two datasetsin this collection("Image'andSplice") includeonly 20 folds.

21. For this " XOR' dataset,consistingof 1000points,we constructed 00folds by randomlyanduniformly splitting the
datato 25%/75%training/testpartitions.

22.In the 'Waveform' datasetthe accuray decreasefrom a certainpoint. Whenthereis noisein the dataone may
bene t by stoppingearly Seeadiscussiorof this phenomenoiby SchohnandCohn(2000).
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Figure5: Learningcurvesof comB andits ensembleanemberson four datasets.All estimatesre
averageover100folds. Errorbars(dilutedto reduceclutter)represenbnestandarderror
of themean. Top Left: "Waveform' dataset,wherecoms performsalmostaswell as
thewinnersiMPLE. Top Right: "XOR' dataset,wherecomB performsbetterthanthe
winnerk Fr. Bottom Left: “Image'dataset,wherecoms performsalmostaswell asthe
winner SELF-CONF. Bottom Right: “Flare-Solar'dataset,wherecoms is the overall
winnerandsigni cantly beatsts ensemblenembers.

presentedthe "Flare-Solar'dataset, comB is the overall winner andsigni cantly beatsits three
ensemblanembers.

Table 2 shavs the averagede ciency of comB andits ensemblemembersfor all thesedata
sets.Recallthede nition of de ciency of anactve learnerasgivenin Equation(1), wheresmaller
valuesrepresent larger active-learningefciency. Eachof theseaverageds calculatedover the
correspondind.00folds. It is evidentthat noneof the ensemblealgorithmsis consistentlyoutdo-
ing all sets(SELF-CONF, SIMPLE, andKFF win in 7, 4 and 3 casesyespectiely). Nevertheless,
SEL F-CONF is the mostdominantalgorithm,winning on half of the datasets. In mary casexFr
performspoorly andit is ofteninferior to RAND. Overall, this algorithmis signi cantly worsethan
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DataSet Size | Dim | Bias | MaxAcc. (%) | SV proportion(%)
(SampleSize)
Banana 5300 0.551 | 88.22(200) 143 0.2

2
Breast-Cancer| 277 | 9 | 0.707 | 73.60(100) | 45.8 1.07
Diabetis 768 | 8| 0.651| 74.56(220) | 385 1.11
Flare-Solar || 1066 | 9 | 0.552 | 63.76(200) | 15.08 0.4

German 1000 | 20 | 0.700 | 75.48(330) | 53.00 0.56
Heart 270 | 13 | 0.555 | 82.33(82) 41.29 0.68
Image 2310 | 18 | 0.571| 95.00(500) | 46.32 1.17
Ringnorm 8300 | 20 | 0.549 | 97.96(200) | 79.0 0.3

Splice 3175| 60 | 0.519 | 85.86(450) | 74.1 2.13
Thyroid 215| 5| 0.697 | 95.53(69) 26.2 0.8

Titanic 2201| 3| 0.676 | 74.14(74) 17.09 0.32
Twonorm 7400 | 20 | 0.500 | 95.94(200) | 87.45 0.81
Waveform 5000 | 21 | 0.670 | 80.58(200) | 97.78 0.55
XOR 3000| 2| 0.500 | 96.35(240) | 2.19 0.01

Tablel: The datasets:someessentiakharacteristicsFor eachproblemwe provide the size, the
dimension,the bias (proportionof largestclass),the maximal accurag achiezed using
the entire pool, the (roundedup) numberof instancesequiredby the worst learnerin
theensembldo achieve this maximalaccurag andthe averagefraction of the numberof
supportvectors(from the pool size) utilized by an SVM trainedover the entirepool (the
averages computecbver 100folds).

DataSet | SIMPLE | KFF | SELF-CONF | cowmB
Banana 1:13 0:.02 0:73 001 | 0:74 0.02 0:74 0:.01
Breast-Cancerl 1:.06 0:02 1:28 0:03 095 003 | 1:.09 001
Diabetis 0:64 0:04 1:.07 0:02 0:48 0:05 | 0:82 0:04
Flare-Solar 1:13 0:.01 1:09 0:.05 1:39 007 0:79 0:05
German 0:71 0:04 0:85 0:.01 0:67 0:.02 0:64 0:.02
Heart 0:57 0:.03 1:04 001 0:50 0:03 | 0:64 0:.02
Image 0:54 0:.02 0:76 0:.01 0:45 001 | 047 001
Ringnorm 0:34 001 | 470 04 0:38 0:.01 0:36 0:01
Splice 0:58 001 | 254 011 | 0:60 0:01 | 0:57 0:01
Thyroid 055 001 | 2234 009 | 0:47 001 | 0:64 0:.03
Titanic 0:76 0:04 0:92 0:.02 0:68 0:06 0:65 0:05
Twonorm 0:24 001 | 1:.03 001 0:32 0:.02 0:26 0:.01
Waveform 0:58 0:05 | 0:97 001 0:66 0:04 0:60 0:05
XOR 1.24 0:.07 0:63 0:.02 1:19 0.04 0:47 0:.03

Table2: Averagede ciency ( standarderror of the mean)achiezed by comB andits ensemble
membersFor eachdatasetthe winnerappearsn boldfaceandis markedwith a star The
runnerup appearsn boldface.

all the otheralgorithms.However, asnotedabove, K FF usuallyexcelsin “XOR-lik e” problems(for
example,”’Banana’, Flare-Solar'and XOR").

274



ONLINE CHOICE OF ACTIVE LEARNING ALGORITHMS

In 10 caseutof the14 presentedcOMB is eitherthewinneror acloserunnerup. In  vecases
outof thesel0 ("Flare-Solar', German',"Splice', ‘Titanic' and"XOR') comBs is theoverallwinner.
A striking featureof comMB is thatit doesnot suffer from the presencef KFF in theensembleven
in casesvherethis algorithmis signi cantly worsethanRAND, andcanclearlybene t from KFFin
thosecasesvherek FF excels.

In three cases("Heart', "Thyroid' and ‘Breast-Cancer')which are amongthe smallestdata
sets,COMB is not the winnerandnot eventherunnerup, althoughevenin thesecasest is not far
behindthewinner. This behaior is reasonabléecausecomB needsa sufcient numberof trials
for explorationandthena sufcient numberof trials for exploitation. Thereis only onecase the
"Diabetis' dataset,in which come completelyfailed. A closerinspectionof this caserevealedthat
our entroyy criterionfailedin the online choosingof the bestensemblenember

We now turn to examinethe possibility of using standarderror estimationtechniquesnstead
of our CEM. In Table 3 we comparethe de cienciesof coms using (for computingthe query
rewards)both CEM and standardl0-fold crossvalidation (10-CV) on the training set. The 10-
CV resultsareobtainedby runningthe coms algorithmsuchthatin Step9 of the pseudocodén
Figure4 we calculatethe 10-CV of the currenttrainingsetL ;.23 Denotethis quantityby CV;. Then
in Step10we usedthe sameutility function (appliedonthe CEM estimator)overthe CV outcome,
r(xg) = (€Y V1) (1 e)=(2e 2). ThetableindicateghatCEM is morereliablethan10-
CV asanonlineestimatoifor active learners'performancel0-CV is very unreliableasit performs
well in somecasesandvery poorly in others.In particular CEM beats10-CV on 12 out of 14 data
sets,wherein somedatasets('Ringnorm'and Heart' for example)the differenceis quite large.
The 10-CV estimatoroutperformsCEM on two datasets, Titanic' and Breast-Cancer'wherein
the rst onethedifferenceis small.

DataSet | comp usingCEM | cowmB using10-CV
Banana 0:74 0.01 0:78 0:.01
Breast-Cancenl 1:.09 0:01 0:99 0:.05
Diabetis 0:82 0:04 0:88 0:04
Flare-Solar 0:79 0:.05 0:90 0:.02
German 0:64 0:.02 0:66 0:.03
Heart 0:64 0:.02 0:93 0:.01
Image 0:47 0:01 0:48 0:01
Ringnorm 0:36 0:01 0:68 0:03
Splice 0:57 0:01 0:63 0:01
Thyroid 0:64 0:03 0:74 0:03
Titanic 0:65 0:.05 0:61 0:05
Twonorm 0:26 0:.01 0:45 0:.01
Waveform 0:60 0:05 0:79 0:06
XOR 0:47 0:.03 0:53 0:.02

Table3: comB's de ciency when operatedusing CEM and 10-fold cross-alidation (10-CV) for
computingthe queryrewards.For eachdatasetthewinnerappearsn boldface.

As de ned, thecomBs algorithmhastwo parametergseeFigure4): theprobabilitythresholda,
andthe probability scalingfactorb. The experimentakesultspresentegbove wereobtainedusing

23. For training setsof sizesmallerthan20, we useda leave-one-ou{LOQ) estimator
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theassignmenta = 0:05andb = 100. Theseassignmentsverenot optimizedandin factwerea
priori setto thesevalueswhich appearedreasonable’to us. In the restof this sectionwe provide
a sensitvity analysisof theseparametersThis analysisindicatesthat betterperformancenay be
obtainedby optimizingtheb parameter

In Table4 we shav acomparisorof COMB's performancebtainedwith differentvaluesof the
probability thresholdparametea (which determineghe size of the “effective pool” computedn
Step3 of the pseudo-codén Figure4). For the presentatiorherewe selectedhe four datasets
appearingn Figure5. Recallthat eachof the rst threedatasetsfavors (using our “standard”
a = 0:05value)adifferentensemblenemberandin thefourth one(dataset Flare-Solar’),comB
signi cantly beatsits ensemblanembers.Whenapplyingcoms with a = 0:01;0:05;0:1 to these
four datasets,thereis no signi cant differencein the de ciencies demonstratedy coms (see
Table4). This resultindicatesthat comB is not overly sensitve to the choicesof a valueswithin
thisrange.

DataSet comMmB witha = 0:05 | comB witha = 0:01 | comB witha = 0:1
(usedin this paper)

Flare-Solar| 0:79 0:05 0:83 0:02 0:80 0:04
Image 0:47 0:01 0:47 0:.01 0:46 0:01
Waveform | 0:60 0:05 0:59 0:.05 0:61 0:.05
XOR 0:47 0:.03 0:45 0:.03 0:48 0:.03

Table4: comB'sde ciencywith differentvaluesof the probabilitythresholdparameten (seeFig-
ure4). For eachdatasetthewinnerappearsn boldface.

In Table5 we shov a comparisorof comB performancewith threevaluesof the probability
scalingfactor parameteib (seeStep?2 in Figure4). Here,agnin, we usethe samefour datasets
presentedn Table4, to checkthe sensitvity of comB with respecto this b parametefrecallthat
in theexperimentsabove we useb = 100). Observinghede ciency of comB operatedvith b= 10
andb = 1000,we seethatthe performances dependenotn this parameterHowever, it is clearthat
thevaluewe usein the experimentsabore (b = 100)wasnot optimizedandthetableindicateshat
b = 10vyieldsbetterresults.Hence herethereis roomfor furtherimprovementswhich we have not
pursuedn this paper

DataSet comB withb= 100 | comB withb= 10 | comB with b= 1000
(usedin this paper)

Flare-Solar| 0:79 0:05 0:68 0:08 0:80 0:04

Image 0:47 0:01 0:48 0:01 0:45 0:.01

Waveform | 0:60 0:05 0:60 0:05 0:63 0:05

XOR 0:47 0:.03 0:39 0:.03 0:67 0:.02

Table5: comB'sde ciencywith differentvaluesof b, the probabilityscalingfactorparametefsee
Figure4). For eachdatasetthewinnerappearsn boldface.
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9. On the CEM Ciriterion

While formal connectiondbetweenCEM andgeneralizatiorare currentlyunknawvn, the ratherin-
formal discussiorin this sectionprovides further insightsinto CEM and attemptsto characterize
conditionsfor its effectiveness.

A sequencef setsS;; S; . iscalledaninclusionsequencd S; S ;. Considem@ninclu-
sionsequencef trainingsets.Thesequencef trainingsetsgeneratedy anactive learneris anin-

beary binarylabeledsetof samplesvhereoneof theclassegeither+ 1 or 1) is amajority andits
empiricalproportionis r (thatis, the sizeof the majority classover mis r). Considerary classi er

is majority-biased(with respecto S if the majority classin Sis alsoa majority classin & and
its proportionin & is largerthanor equaltor. Letl = § Sr beaninclusionsequencef
labeledsamplesWe saythata learningalgorithmALG is majority-biasedwith respecto ) if the

G isinducedby ALG usingS asatrainingset.

Our main (empirical) obsenration is that wheneer the learningalgorithmis majority biased
with respecto theinclusionsequencef trainingsets(generatedby thelearner) CEM's growth rate
correspondso the growth rate of the true accurag, in which casethe CEM criterion canbe used
to compareonline the performanceof active learners. In otherwords, by comparingthe growth
of alearners pool classi cationentrogy, we cangeta usefulindicationon the growth of the true
accurag. We next considera coupleof examplesthatdemonstraté¢his behaior andthenconsider
a negative examplein which the majority-biasproperty doesnot hold and CEM fails. All our
examplesconsidera settingin which the prior of the majority classis signi cantly largerthanthat
of theotherclass.

100 __Ring: Test Accuracy 05 i Ring: CEM
KFF

o8l SIMPLE

KFK

0.3} SELF-CONF S

0.4r SIMPLE

/’lﬁ -

9 -

SELF-CONF
94 RANDOM y
QZM 02/~ RANDOM

-

True Accuracy
Pool Entropy

907 30 20 50 01% 30 40 50

Training Set Size Trainina Set Size

Figure6: Left: A synthetic'Ring' problemconsistingof 3500 points, 90% (3150circles)in the
large ‘ring' cluster and 10% equallydivided over the ve small clusters(70 squaresn
eachcluster);1500pointsweretaken (uniformly at randomjto form the pool andtherest
form thetestset. Middle: True accurag curvesof four active learners- KFF, SIMPLE,
SELF-CONF and RAND on this 'Ring' datasetasestimatedon anindependentestset.
Right: Correspondingpool classi cationentropieg CEM values)of thesefour learners.
All estimatesare averagesof 100folds. Error bars(dilutedto reduceclutter) represent
onestandarderrorof themean.
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(SIMPLE)

(SELF-CONF) (RAND)

Figure7: Decisionboundarieggeneratedby four active learnersusing 30 querieson the "Ring'
exampleof Figure6 (left). The 30 queriesaredarker thanthe pool points.

Figure 6 (left) depictsa synthetic'Ring' learningproblemwhosemajority classis the “ring'
(blue circles)andits other (minority) classconsistsof the ve small clusters(red squares).The
classproportionin this datasetis r = 0:9 for the ‘ring' majority class.We ranthefour active learn-
erson this dataset. ConsiderFigure 7 shaving the pool classi cation (decisionboundariesand
thetrainingsetschoserby thesefour learnersafter 30 active-learningterations.In this exampleall
pool classi cationsaremajority-biasedintuitively, the progresof anactive learnercorrespondso
how fastthelearnediscorersthesmallclustersandtheirboundariesThebetteractive learner K FF,
discoveredall veredclusterswhile the secondbestlearner siMpPLE, hasfoundfour. SELF-CONF
hasfound only threeclusters,andRAND foundtwo. We canseea clearcorrespondencbetween
the pool classi cationentropy (CEM) andthetrue accurag of the learners.Fastexplorationof the
minority classclusterscorrespondso fastentrory maximizationaswell asfastlearning(general-
ization).

The graphsin Figure 6 (middle) plot the true accurag of the learnersas estimatedusing an
independentestset. The graphsin Figure6 (right) representhe correspondingpool classi cation
entropieg CEM values).Thestriking similarity betweerthesecurvesis furtherexhibitedin Table6
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giving the performanceof eachof the four active learnersafter 30 queries. Speci cally, the table
providesfor eachlearner:

(i) Theproportionof themajority classin thetrainingsubse(consistingof 30 samples)We call
this the “training proportion”.

(i) The proportionof the majority classin the pool classi cation (generatedy the classi er
trainedover the 30 samples)We call this the “pool proportion”.

(i) The CEM value(entropy) of the pool classi cation.
(iv) The“true” accuray estimatedn anindependentestset.

As usual,all thesenumbersareaveragesver 100randomfolds.

I RAND | SIMPLE | KFF | SELF-CONF
Training Proportion 86.38 0.53 | 51.88 0.24 | 66.06 0.37 | 37.91 0.66
PoolProportion 97.46 0.21| 92.75 0.20 | 92.05 0.07 | 93.54 0.24
PoolClassi cationEntropy (CEM) 0.14 0.01| 034 001| 038 0.01| 029 o0.01
True Accuragy 92.39 0.23| 97.15 0.19| 97.80 0.05| 96.09 0.25

Table6: Characterizationf thestateandprogres®f four active learnersafterquerying30 samples

from the pool of the "Ring' datasetgivenin Figure6 (left). Eachentryprovidesthemean
(over 100randomfolds) andthe standarderror of this mean.

Althoughin thisexamplethetrue proportionof themajorityclassis r = 0:9, someof thelearners
exhibited a signi cantly smallertraining proportion(for example,siMPLE sampledalmostequally
from both classesand SELF-CONF even favoredthe minority class). The SVMs, which werein-
ducedusingtheseminority-biasedrainingsets have still generateé majority-biasedclassi cation.
In particular all generategool proportionsarelargerthan0.9. We notethatthis behaior is typ-
ical of SVM inducersbut not of otherlearningalgorithms?* Clearly, this exampleshows thatthe
CEM criterion (asmeasuredby the pool proportion)correctlyranksthetrue accurag of thesefour
learners.

Ournext exampleis shavn in Figure8 (left). Thisexamplecanbeviewedasan“inverse”of the
"Ring' datasetof Figure6. This dataset,calledherethe Satellites'dataset,contains ve clusters
from the majority class(squarespndonesmall clusterfrom the minority class(circles). Theclass
proportionin this datasetis alsor = 0:9.

As in the previousexample,Figure9 shavs thedecisionboundarie®btainedoy thefour active
learners. Similarly, the learningcurvesin Figure 8 shav the true accurag (middle) and CEM
values(right) and Table7 is similar to Table6 of the 'Ring' dataset. As in the "Ring' dataset,all
pool classi cationsare majority-biased.However, in contrastto the "Ring' example,wheregood
performanceorrespond$o quickly nding theminority clustersjn this examplegoodperformance
shouldcorrespondo quickly nding theboundarie®f thesingleminority cluster The betteractive
learner now sIMPLE, hasmappedmorerapidly more areasof the minority clusterthanthe other

24. WhenrunningC4.5,5-NearesNeighborandBayesPointMachine(usinga kernelperceptrorfor sampling)onthese
samesamplesthe pool proportionsobtainedaresigni cantly minority-biased.
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Figure8: Left: The "Satellites'datasetconsistingof 3500 points, 10% (350 circles)in the ring
“cluster” and90% equallydivided betweerthe ve large roundclusters(630 squaresn
eachcluster);1500pointsweretaken (randomly)to form the pool andthe restform the
testset. Middle: True accurag of four active learners- KFF, SIMPLE, SELF-CONF and
RAND onthis "Satellites'datasetasestimatedisinganindependentestset. Right: Cor
respondingpool classi cationentropiesof thesefour learners All estimatesireaverages
of 100folds. Error bars(diluted to reduceclutter) represenbne standarderror of the
mean.

DataSet Satellites' I RAND | SIMPLE | KFF | SELF-CONF
Training Proportion 87.23 0.52 | 50.97 0.29 | 74.97 0.30 | 45.19 0.06
PoolProportion 98.33 0.33 | 92.42 0.28 | 96.67 0.20 | 95.28 0.17
PoolClassi cationEntropy (CEM) 0.08 0.01| 035 0.01|0.128 0.01 | 0.22 0.01
True Accuragy 90.81 0.19 | 94.18 0.28 | 92.80 0.19 | 92.83 0.10

Table7: Characterizationf thestateandprogres®f four active learnersafterquerying30samples
from the pool of the "Satellites'datasetof Figure8 (left). Eachentry providesthe mean
(over 100randomfolds) andthe standarcerrorof themean.

learners.Note that RAND treatsthe entire minority classpointsasnoise. Onceagain we cansee
aclearcorrespondenceetweerthe pool classi cationentropy (CEM) andthetrue accurag of the
learnerswherenow fastexplorationof the minority clusterboundariecorrespondso fastentrogy
maximizationaswell asfastlearning(generalization).

Here again, althoughthe true proportionis 0.9, someof the learnersexhibited a signi cantly
smallertraining proportionandstill the SVMs, which wereinducedusingthesetraining sets,have
generatedh majority-biasectlassi cation?® This examplealsoshaws thatthe CEM criterion cor-
rectly identi es thetrueaccurag of thesefour learnergwherethe bestlearneris simpLE, followed
by SELF-CONF, KFF andRAND).

Our last exampleis shavn on the left-handside of Figure 10, is referredto as Concentric-
Rings'. This datasetconsistsof onevery large andonevery smallring clusterswith a smallring

25.1In this example as well, the C4.5, 5-NearestNeighbor and BayesPoint Machine learning algorithmswere not
majority-biased.
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Figure9: Decisionboundariegieneratedby four active learnerausing30 querieson the "Satellites'
exampleof Figure8 (left). The 30 queriesaredarker thanthe pool points.

clusterbetweenthem. This exampleconsidersa casewherethe learningalgorithm (SVM) is not
majority-biasedvith respecto a particularinclusionsequencégeneratedby the SIMPLE querying
function). In this example,the increasdan the CEM criterion doesnot matchthe increasen true
accurag. Thishappensvhentheestimategoolentrofy atsomepointis largerthanthetrueentrogy
H(r) sothattheestimatedntropy musteventuallydecreas¢o its truelevel while thegeneralization
accurayg cansimultaneouslymprove.

In Figure 10 (right) we obsenre siMPLE's decisionboundaryafter 20 queries. This boundary
misclassi esthe small centralclusterandthereforefavors the minority class. The pool classi ca-
tion entropy in this caseis largerthanits nal entrogy H(0:9). Clearly, whenthe centralclusteris
discovered,the entrofy will decreaséut the true accurag will increase.Note thatthe sizeof the
central(isolated)clusteris relatedto its discovery rate;thatis, larger clustersshouldbe discovered
fasterby agoodactive learner In theabose example,evenonepoint from this clusterwill immedi-
atelychangehepool classi cationto be majority-biasedIn generalasmotivatedby this example,
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Figurel0: Left: The Concentric-Ringsproblemconsistsof 3500points,10% (350 points)in the
inner ring “cluster”, 2% (70 points)in the small roundclusterin the middle, andthe
restin the big outerring “cluster”; oneclassconsistsof all the pointsin theinnerring
(consistingof circles)andthe otherclassis the union of the smallroundmiddle cluster
andthe outerring (both consistingof squares)1500pointsform the pool andthe rest
form thetestset. Right: Decisionboundarygeneratedyy SIMPLE using20 querieson
this problem.The 20 queriesaredarker thanthe pool points.

wheneer a learningalgorithmis minority-biased(with respectto someinclusion sequencejhe
CEM criterionwill fail in the sensehattheentrogy will notcorrespondo thetrueaccurag.

Summarizingthe abore discussionand consideringthe experimentalresultsof Section8, we
obsenre thatthe succes®f the CEM criterion dependsn the propertiesof both the datasetand
thelearningalgorithm. It appearghat datasetswith isolated“clusters; whosetotal proportionis
small,will moreeasilyallow for thegeneratiorof inclusionsequencesf trainingsetsfor whichthe
learningalgorithmwill be minority-biased.Thedependencof CEM onthelearningalgorithmcan
be (intuitively) tied to algorithmic stability. For example,if alearningalgorithmis “stable” andit
is majority-biasecverapre x of someinclusionsequencef trainingsetsthenit is likely thatthe
stability of thealgorithmwill preventthegeneratiorof classi erswhich areminority-biased.Thus,
we speculatghat the succes®f CEM in our context is tied to the algorithmic stability of SVMs
(see,for example,BousquetandElisseef, 2002,Kutin andNiyogi, 2002). On the otherhand,our
limited experimentswith other not so stablelearningalgorithms,suchasC4.5,suggestshattheir
CEM estimatesarenotaccurate.

Let usnow go backto the "Concentric-Ringstatasetwherethe SVM wasnot majority-biased
ontheinclusionsequencef trainingsetsproduceddy siIMPLE. Thereasorfor SIMPLE'S minority-
biasedclassi cationis that the training setdoesnot include points from the very small isolated
clusterbelongingto the majority class,but this training setdoesinclude pointsfrom the minority
class“surrounding”the small cluster The consequencef this con guration is thatthe classi er
will misclassifythe majority classsmall cluster This problemcanbe circumwentedby including
in the training setat leastone point from the majority classsmall cluster Formulatingthis setup
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we canboundthe probabilitythatthis con gurationwill occurdueto arandomchoiceof aninitial
training setof sizek (insteadof our “standard”choiceof a training setof sizetwo; seeSection2).
Let n bethetotal numberof pointsin the pool. Let nmqj bethe numberof pointsin a smallcluster
from the majority class. Let nmin be the numberof pointsin a subsef pointsfrom the minority
classsurroundingthat small cluster The classi er (SVM) will misclassifythe small clusterif the
resultingtrainingsetdoesnotincludeary pointfrom thatclusterandatthesametime will includeat
leasttwo pointsfrom theminority classsubse(to inducetwo supportvectorsthatwill guarante¢he
wrongclassi cationof thesmallcluster).Thus,using(1 x)* e ?* theprobabilityr of choosing
sucharandomtrainingsetsatis es

(Fmmzq w2 (Amnzet (k 2)(M)g; ©)

Assumingthatthebound(3) is smallerthand we solve for k:
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Thus,with probabilityatleastl d, if we choosearandominitial training setof sizek, theabove

“bad” con gurationwill notoccur In particular if theargumentof the’In' in (4) is smallerthanl,

it is sufcient to take k= 2. For example takingd = 0:01, we have (%)Z:d = 1 whennmin is 10%
of thedata.

In summarythe above discussiorindicatesthatwhensamplingmorepointsto bein theinitial

trainingsetprovidedto anactive learner(basedn SVMs), the CEM criterionwill notfail with high
con dence.

Remark 2 TheCEM estimatorcanbederivedusingthelnformationBottlene& framevork (Tishby
etal., 1999)asfollows?® If X is a randomvariable representinghe dataandY is anothertarget
variable theinformationbottlene& methodcomputes partition T of X, while attemptingto con-
serveasmud aspossibldromtheinformationX containsonY. Formally, oneseekd sud thatthe
mutualinformationl (T;Y) is maximizedindersomeconstaint on themagnitudeof | (X; T).2” The
CEM estimatorcanbederivedby applyingtheinformationbottlene& principle with thetargetvari-
ableY beingthedataX itself. In our contet, T is alwaysa binary classi cation (thatis, a binary
partition of X into two non-intesectingsubsets)T = (t*;t ) (with X = t* [ t ), which mustbe
consistentvith thecurrenttrainingsetL . Theefore, wewouldlike to givehigher“scores” for (con-
sistent)partitionsT thathavehigherinformationcontent (T; X) onthedata. Considera datasetof
sizen. Assuminga uniformprior overthesamplegthatis, p(x) = 1=n) andnotingthat p(t) = jtj=n

26. In fact,we discoreredCEM usingthis framework.
27.In particular in standardapplicationof theinformationbottleneckmethod | (X; T) is forcedto besufciently small
soasto achieve compession se€eTishbyetal. (1999)for details.
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andthat p(xjt) = 15tj if x 2 t (and p(xjt) = 0 otherwise),we have p(x;t) = p(xjt) p(t) = 1=nif
x 2 t and0 otherwise Thus for anypartition T = (t*;t ),

o p(x;t)
x:t)lo
XZ%ZT Pist)log p(x) p(t)
é }logi+ é }|Ogl
X2t n jt+j x2t n jt J
L I | B S Y 1 3|
- log - - log -

1(T;X)

= H(T):

10. Concluding Remarks

We presente@n online algorithmthateffectively combinesanensemblef active learners.Theal-
gorithm successfullytilizes elementdrom both statisticallearningandonline (adwersarial)learn-
ing. Extensve empiricalresultsstronglyindicatethat our algorithmcantrack the bestalgorithm
in the ensembleon real world problems.Quite surprisingly our algorithmcanquite often outper
form the bestensemblanember Practitionersansigni cantly bene t from our new algorithmin
situationswherenot muchis known aboutthe classi cationproblemat hand.

Somequestionsequirefurtherinvestigation. In our experiencethe “classi cationentroy max-
imization(CEM)' semi-supervisedriterionfor trackingactive-learningorogresoutperformsstan-
darderrorestimatiorntechniquesFurtherstudiesof this overly simplebut effective criterionmaybe
revealing. It would alsobeinterestingto examinealternatve (semi-supervisedstimatorsFarther
improvementgo our masteralgorithmmaybeachiezed by developingMAB boundswhich depend
on the gameduration. Suchboundscanhelpin controlling the tradeof betweenexplorationand
exploitation whenusing very small datasets. Finally, it would be interestingto extend our tech-
niguesto multi-valuedclassi cationproblems(ratherthanbinary) andto otherlearningtaskssuch
asregression.
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Appendix A. Somelmplementation Details

In this appendixwe provide someparticularimplementatiordetailswhich areessentiafor replica-
tion.

We operatedall our SVMs using a kernel correctionmethoddiscussedy Shav-Taylor and
Christianini (2002), which guaranteeshat the training setis linearly separablen kernelspaceas
requiredby algorithmslike simpPLE. Speci cally, this is doneby modifying the kernelK so that
for eachtraining point x;, the modi ed kernelK%is KYx;x;) = K(x;x) + | wherel is a positive

284



ONLINE CHOICE OF ACTIVE LEARNING ALGORITHMS

constantandfor all otheragumentshe kernelremainsthe same.In all the experimentsdescribed
in this paperwetooka x edl = 2.28

TheRBFkernelhasoneparameterin the SVM implementatiorwe used(ChangandLin, 2002)
this parameteis denotedby g To obtainhigh performancaet is crucialto useappropriatevaluesof
g Thisissueof model(andparameteryelectionis notthe mainconcernof our work. We therefore
assumehatall of our SVM basedactive learnershave reasonablyoodparameterandall learners
have the sameparametersg?

We have normalizedeachfeatureto lie in [-1,1] asrecommendetly ChangandLin (2002).We
have alsouseda standardnethodto “eliminate” the biastermby increasingheinput dimensiorby
onewith a x edcomponent.

In noisy settingsactive learnerssuchassimpLE tendto be very unstableat the early stagesof
the learningprocess.A descriptionof this phenomenoranda proposedsolutionare describedn
AppendixC. The proposedsolutionis basedon “buffering” labeledexamplesobtainedfrom the
learnerandpostponingheinclusionof bufferedpointsin thetraining set. The buffer sizewe used
in all our experimentss 3.

Appendix B. Semi-Supevised SVM Model SelectionUsing CEM

Herewe brie y describesomenumericalexamplesof usingthe CEM criterion of Section6 asa
modelselectioncriterion for choosingthe kernelparameter®f an SVM (usingthe RBF kernel).
Considerthefollowing semi-supervisetinary classi cationsetting. We aregivena smalltraining
set(for example,containing20 instancesanda larger pool of unlabeledsamplesOur goalis to to
train an SVM classi er for the classi cation problemat hand. Clearly, badparameteassignment
for the SVM kernelwill resultin poorperformanceThekernelparametersanof coursebechosen
using standardmethodssuchas cross-alidation or leave-one-out(LOO). Here we shav that the
CEM criterioncando slightly betterthanleave-one-ou{andcross-alidation)without computation
time compromisesWe emphasizehatthis appendixonly concernghe CEM criterionanddoesnot
discussactive learning.

We appliedCEM andLOO on the entirebenchmarldatasetcollectionof Ratschetal. (2001)
asdescribedn Tablel1. Our experimentaldesignis asfollows. In all datasetswe usedan SVM
inducerwith anRBF kernel. The only relevantparametefor this kernelis g, which determineghe
RBF kernelresolution®® We x ed a crudefeasiblesetof g valuesfor all the datasets. This setis
G= f0:010:05,0:1;0:5; 1.0;5:09. Let F beatrainingfold partition (thatis, oneof the x ed 100
train/testfolds in the original benchmarlset)consistingof two parts: Fain andReg. For eachfold
we performedthefollowing procedure:

1. We randomlyselected?0 instancesrom F4in anddesignatedhemasthe (labeled)training
partS, denotingtherestof theinstancesn F;4in by U. Thelabelsof instancesn U werekept
hiddenfrom both LOO and CEM (andclearly, in all casesneitherLOO nor CEM seeary
instancerom FReg).

28. This valuewascrudelychoserto guaranteeerotrainingerror (without testerroroptimization).

29. For eachlearningproblemdifferentg valueswereselectedor eachfold by randomlysplitting thetrainingsetin half.
Onehalf wasusedasthepoolfor theactive learner The otherhalf wasusedfor choosinghevalueof goutof a x ed
grid of gvaluesusing10-fold crossvalidation.

30. Sincewe usethekernelcorrection“trick” mentionedabore, our training setsareguaranteedo belinearly separable
in featurespacesothereis no needto considera soft maigin costparameter
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2. For eachg2 Gwe appliedLOO andCEM. For LOO this meandraining 20 classi ers,such
that eachclassi er is trainedon different 19 examplesfrom S, testedon the otherexample
andwe countsuccesgercentag®f these20 classi ers. For CEM this meanstraining one
classi er over Sandthencomputingthe entrogy of theresultingpartitionwith respecto U.

3. LOO and CEM then choosetheir bestcandidateg2 G. For LOO this meanstaking the
parametecorrespondingo the highestaverageprecisionandfor CEM, takingthe parameter
correspondingo the maximalentrory.

4. Two SVMs with the winning parametergonefor LOO andonefor CEM) arethentrained
over Sandthecorrespondinglassi ersaretestedon Fegq.

In orderto geta correctperspectie on the performanceof LOO and CEM we alsocomputedhe
performancef thebestandworstmodelsin hindsight.Speci cally, for eachg2 Gwe computedhe
resultingaccurag over Req Of thecorrespondingVM (whichwastrainedwith gon S). Theresults
of this procedurearegivenin Table8. Eachrow of thetablecorrespond$o onedataset(amongthe
13) andthe accuray resultsfor eachof the methodss speci ed; thatis, the SVM emplgying the
bestparameteralueobtainedfor LOO andCEM. Notethateachnumberin thetableis anaverage
over 100folds andstandarderrorsof the meansarespeci edaswell.

The rst striking obsenationis thatbothLOO andCEM performquitewell. In particular based
on atiny training setboth estimatorsachiese performancejuite closeto the bestpossible.Second,
it is evidentthat CEM outperformsLOO. Experimentsve performedwith othertraining setsizes
shawv that the relative advantageof CEM increasesasthe training setsize decreasesWhenthe
training setsizeincrease<CEM's adwvantageover LOO eventually disappearsFor instancewhen
the samplesizeis 40, LOO becomesnorereliableandslightly outperformsCEM. Similar results
were obtainedwheninsteadof LOO we usedk-fold cross-alidationwith “standard”valuesof k
(for example k= 3;4;5).

Appendix C. Stabling Active Learner Performance

As mentionedabove (andfollowing Tong andKoller, 2001) we usethe kernelcorrectionmethod
of Shawv-Taylor and Christianini (2002). This correctionguaranteeinear separabilityin feature
spacewhich guaranteethe existenceof the versionspace However, the useof this correction can
introducesevereclassi cationinstability in earlystage®f theanactive-learningorocesgfor active
learnerssuchas siMpPLE) whenlearningnoisy datasets. In this appendixwe brie y presenthis
problemandproposea simplesolutionbasedn “buffering”.

Thiskernelcorrectionof Shav-TaylorandChristianini(2002)worksby addinga constanto the
diagonalof thekernelmatrix, thusproviding extra (additive) biasto theclassi cationof thetraining
points. One main effect of this correctionis thatall training pointsare correctly classi ed. This
correctionintroducedgdiscontinuitiesn thedecisionboundary

Considerthe examplein Figure 11 (left) shawving a 2D projectionof the "Twonorm' dataset
(seethe detailsof this datasetin Tablel). Figure12 shawvs the pool classi cationandthetraining
setsgeneratedy the sSIMPLE active learnerafter 4-8 iterations. The decisionboundarychanges
drasticallyfrom oneiterationto another Note thatthe above kernel“correction” enablesa correct
classi cationof thetrainingsetusingall the decisionboundariepresentedh the gure. A learning
curwve of SIMPLE (shawing thetrueerror)is givenin Figurel11l (right). Clearlythetrueaccuray is
extremelyunstable.
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Dataset BestPossible| WorstPossible|| LOO CEM
Accuray Accuray Accuray Accuray
Banana 71.66 0.66 | 50.26+-0.51 66.03 1.13 | 65.98 0.97
Breast-Cancer|| 72.05 0.51 | 67.16+-0.85 69.83 0.58 | 69.69 0.60
Diabetis 68.44 0.36 | 63.26+-0.67 66.06 0.55 | 67.39 0.34
Flare-Solar 63.96 0.42 | 59.00+-0.60 62.04 0.52 | 62.94 0.45
German 70.43 0.38 | 68.23+-0.67 69.35 0.49 | 69.48 0.40
Heart 75.11 0.82 | 53.12+-0.62 7159 0.11 | 74.2 0.8
Image 69.69 1.33 | 55.27+-1.04 64.51 1.71 | 68.40 1.40
Ringnorm 90.35 1.1 53.66+-0.76 88.97 1.21 | 89.66 1.1
Splice 55.56 1.48 | 49.40+-0.49 52.86 1.3 | 55.46 1.44
Thyroid 89.76 0.73 | 70.21+-0.61 85.73 0.94 | 89.56 0.75
Titanic 71.32 0.82 | 63.02+-1.08 67.41 1.07 | 64.65 1.1
Twonorm 88.09 1.09 | 54.11+-0.86 86.45 1.35 | 88.01 1.08
Waveform 76.73 0.73 | 65.56+-0.86 73.69 0.87 | 76.58 0.72
Averages 74.08 59.40 7111 72.46

Table8: Averageaccurag (andits standarderror) achiezed by Classi cation Entropy Maximiza-
tion (CEM) andLeave-one-ou{LOO) estimatoroonthe 13 UCI problemsof Ratschetal.
(2001). For eachdataset,the winner (amongCEM andLOOQO) appearsn boldface. The
accurag of thebestandworstpossiblemodels(in hindsight)arealsogiven.

100 Twonorm2D

ENHANCED
SIMPLE

SIMPLE

True Accuracy
(o2} ~
S o
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o

400

Trair%i?]q Set%?ze 40 %0

Figurell: Left: DataSet Twonorm2D'thatwascreatedby projectingthe UCI “Twonorm' data
setto two dimensionsThis datasetdemonstratetheunstablegenerabehaior of active
learnergduring early stagesf thelearningsessionRight: Learningcurvesof SIMPLE
andenhancedIMPLE (via buffering) onthe Twonorm2D' dataset.

We proposethe following solutionusingthe ideaof “buffering”, aswell asour classi cation
entropy estimator Oneof thesymptomsf thedrasticdecisionboundaryinstability describedabore
is a (drastic)changein the classi cationentrofy. We obsene thatwhenthe boundaryshifts from
the borderbetweenthetwo clustersto the middle of oneof the clusterg(iterations5,7) the entroyy
decreasesTherefore the solutionwe proposes to look at the changein entropy of the pool (and
training set)classi cationin theendof eachtrial. As long asthe entrofy decreases)en examples
are buffered and not addedto the training set. Oncethe entrofy hasnot decreasedall buffered
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(4) (5) (6)

() (8)

Figurel2: Poolclassi cationandtraining sets(blackenedpoints)generatedy the siMPLE active
learnerafter4-8iterationson the Twonorm2D'dataset.

pointsareaddedto thetrainingset. If we wantto keepa boundedbuffer this solutionintroducesa
new parameternamely the buffer size. In our experiencea smallbuffer is sufcient andin all our
experimentsve useda buffer of threepoints.

This buffering approachprovides an effective solution to the above problem. In Figure 11
(right) we seethe learningcurvesof siIMPLE on the "Twonorm2D' datasetwith andwithout this
enhancementt is evidentthatthelearningcunve of theoriginal algorithmis very unstable Adding
thebufferingenhancemergmootheshelearningcurve. Figurel3shavsthepoolclassi cationand
thetraining setsgeneratedy the enhancediMPLE active learnerafter4-8iterations.Thedecision
boundarynow doesnot changedrasticallyfrom oneiterationto another
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