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Abstract

Latentclassmodelsareusedfor clusteranalysisof cateyoricaldata.Underlyingsuchamodelis the
assumptiothattheobsenredvariablesaremutuallyindependengiventheclassvariable.A serious
problemwith the useof latentclassmodels known aslocal dependencaes thatthis assumptioris
oftenuntrue. In this paperwe proposehierarchicallatentclassmodelsasa framevork wherethe
local dependenceroblemcanbe addressedh a principled manner We develop a search-based
algorithmfor learninghierarchicalatentclassmodelsfrom data. The algorithmis evaluatedusing
bothsyntheticandreal-world data.

Keywords: Model-basedtlustering,latentclassmodels,local dependenceBayesiannetworks,
latentstructurediscovery

1. Intr oduction

Clusteranalysisis thepatrtitioningof similar objectsinto meaningfukclasseswhenboththenumber
of classesandthe compositionof the classesreto bedeterminedKaufmanandRousseeuvit 990;
Everitt 1993). In model-basedlustering,it is assumedhatthe objectsunderstudyaregenerated
by a mixture of probability distributions,with onecomponentorrespondingo eachclass.When
the attributesof objectsare continuousgclusteranalysisis sometimescalledlatentpro le analysis
(Gibson,1959;LazarsfeldandHenry, 1968;Bartholomev andKnott, 1999;VermuntandMagidson,
2002).Whentheattributesarecatgyorical,clusteranalysiss sometimesalledlatentclassanalysis
(LCA) (LazarsfeldandHenry, 1968; Goodman,1974b;Bartholomev andKnott, 1999; Uebersax,
2001). Thereis alsoclusteranalysisof mixed-modelata (Everitt, 1993)wheresomeattributesare
continuouswhile othersarecategorical.

This paperis concernedvith LCA, wheredataareassumedo be generatedy a latentclass
(LC) model.An LC modelconsistf aclassvariablethatrepresenttheclusterdo beidenti ed and
anumberof othervariablesthatrepresenattributesof objects! The classvariableis not obsered
andhencesaidto belatent Onthe otherhand,the attributesare obsered andarecalledmanifest
variables

LC modelsassumdocal independencei.e., manifestvariablesare mutually independentn
eachlatentclass,or equivalently, giventhelatentvariable.A seriougproblemwith theuseof LCA,
known aslocal dependencas thatthis assumptions oftenviolated.If onedoesnotdealwith local

1. Latentclassmodelsare sometimesalsoreferredto asnaive Bayesmodels. We suggesthat the term “naive Bayes
models”be usedonly in the contet of classi cation andthe term “latent classmodels”be usedin the context of
clustering.
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dependencexplicitly, oneimplicitly attributesit to the latentvariable. This canleadto spurious
latentclassesndpoormodel t. It canalsodegeneratéheaccurag of classi cationbecausdocally
dependentanifestvariablescontainoverlappinginformation(VermuntandMagidson,2002).

The local dependenc@roblemhasattractedsomeattentionin the LCA literature (Espeland
andHandelman1989; GarrettandZeger, 2000; Hagenaars] 988; VermuntandMagidson,2000).
Methodsfor detectingandmodelinglocal dependencbare beenproposed.To detectlocal depen-
dence onetypically comparesobsered and expectedcross-classi catiorfrequenciedor pairs of
manifestvariables.To modellocal dependencanecanjoin manifestvariablesjntroducemultiple
latentvariablespr reformulate C modelsasloglinearmodelsandthenimposeconstraint®nthem.
All existing methodsare preliminary proposalsand suffer from a numberof de ciencies(Section
2).

1.1 Our Work

This paperdescribeghe rst systemati@approacho the problemof local dependencéiVe address
the problemin theframawork of hierarchical latentclass(HLC) models HLC modelsareBayesian
networks whosestructuresare rootedtreesandwherethe leaf nodesare obsered while all other

nodesarelatent. This classof modelsis choserfor two reasonsFirstit is signi cantly largerthan

theclassof LC modelsandcanaccommodatical dependenceSecondnferencen anHLC model

takestime linearin modelsize,which makesit computationallyfeasibleto run EM.

We develop a search-basedlgorithmfor learningHLC modelsfrom data. The algorithmsys-
tematicallysearchedor the optimal modelby hill-climbing in a spaceof HLC modelswith the
guidanceof a modelselectioncriterion. Whenthereis no local dependencehe algorithmreturns
anLC model. Whenlocal dependencis presentijt returnsanHLC modelwherelocal dependence
is appropriatelymodeled. It shouldbe noted,however, thatthe algorithmmight not work well on
datageneratedy modelsthat neitherare HLC modelsnor canbe closelyapproximatedy HLC
models.

The motivation for this work originatesfrom an applicationin traditional Chinesemedicine.
In thatapplication thereareapproximatelysevzenty manifestvariablesandlocal dependences an
importantissue.Theaimis to learna statisticaimodelfrom dataandhenceprovide doctorswith an
objective pictureaboutthestructureof theapplicationdomain? As such,modelquality is of utmost
importancewhile it is reasonabléo assumebundantdataand computingresources So we take
a principled (asopposedo heuristic)approachwhendesigningour algorithmandwe empirically
shav thatthe algorithmyields modelsof goodquality. In subsequenvork, we will explore ways
to scaleup thealgorithm.

1.2 RelatedLiteratur e

This paperis an additionto the growing literatureon hiddenvariablediscovery in Bayesiannet-
works (BN). Hereis a brief discussiorof someof this literature. Elidanetal. (2001)discusshow
to introducelatentvariablesto BNs constructedor obsened variablesby BN structurelearning
algorithms. The ideais to look for structuralsignaturesof latentvariables. Elidan and Friedman
(2001)give afastalgorithmfor determiningthe cardinalities— the numbersof possiblestates—
of latentvariablesintroducedthis way. Meila-Predeiciu (1999)studieshov mixturesof treescan

2. Currently diagnosisn Chinesemedicineis basedn theorieshathave notbeenscienti cally validated.
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beinducedfrom data. This work is basedon the methodof approximatingoint probability distri-
butionswith dependencé&reesby Chow andLiu (1968). The nev componenis a latentvariable
thatspeci eshow severaltreesover obsenednodest into onemodel.

Thealgorithmsdescribedn Connolly(1993)andMartin andVanLehn(1994)arecloselyrelated
the algorithm presentedn this paper They all aim at inducing from dataa latent structurethat
explains correlationsamongobsened variables. The algorithm by Martin and VanLehn(1994)
builds a two-level Bayesiametwork wherethe lower level consistof obsenedvariableswhile the
upperlevel consistof latentvariables.Thealgorithmis basedn testsof associatiorbetweemairs
of obsened variables. The algorithm by Connolly (1993) constructsexactly what we call HLC
models. Mutual informationis usedto group variables,a latentvariableis introducedfor each
group,andthe cardinality of the latentvariableis determinecusinga techniquecalled conceptual
clustering.In comparisorwith Connolly's method,our methodis moreprincipledin the sensehat
it determinesnodelstructureandcardinalitiesof latentvariablesusingonecriterion,namely(some
approximationpf themarginal likelihood.

Thetaskof learningHLC modelsis similar to thereconstructiorof phylogeneticreeswhichis
amajortopicin biologicalsequencanalysigDurbinetal., 1998).As a matterof fact, phylogenetic
treesarespecialHLC modelswherethe modelstructuresarebinary (bifurcating)treesandall the
variablessharethe sameset of possiblestates. However, phylogenetictreescannotbe directly
usedfor generalclusteranalysisbecausdhe constraintsmposedon them. And techniquedor
phylogenetictree reconstructiordo not necessarilycarry over to HLC models. For example,the
structuralEM algorithmfor phylogenetictree reconstructiorby Friedmanet al., (2002) doesnot
work for HLC modelsbecausave do not know, a priori, the numberof latentvariablesandtheir
cardinalities.

HLC modelsshouldnot be confusedwith model-basedthierarchicalclustering(e.g.,Hansonet
al., 1991; Fraley, 1998). In anLC model(or similar modelswith continuousmanifestvariables),
thereis only onelatentvariableandeachstateof the variablecorrespond$o a clusterin data.HLC
modelsyeneralize.C modelsby allowing multiple latentvariablesandhenceopenupthepossibility
of multiple clusteringsn onemodel. An HLC modelcontainsa hierarcly of latentvariableswith
eachcorrespondingo oneway to clusterdata.ln model-basethierarchicaklustering,onthe other
hand,one hasa hierarcly of classes.Conceptuallythereis only one latentvariable. Classesat
differentlevelsof thehierarcly correspondo statesof thevariableat differentlevelsof granularity

1.3 Organization of Paper

The restof this paperis organizedasfollows. In the next sectionwe give a brief review of latent
classmodelsandsurwey previouswork onlocal dependencdn Section3 we formally de ne HLC

modelsandstudya numberof theoreticaissueselatedto thetaskof learningHLC models.A hill-

climbing algorithmfor inducingregular HLC modelsfrom datais describedn Section4. Section
5 reportsempirical resultson syntheticdataand Section6 discussegxperimentswith real-world
data.Conclusionsaandremarksaboutfuturedirectionsareprovidedin the nal section.

2. Latent ClassModels and Local Dependence

A latentclass(LC) modelinvolvesalatentvariableX andanumberof manifestvariablesys, Yo, .. .,
Y. All the variablesare catgyoricalandthe relationshipsamongthemaredescribeddy the simple
Bayesiannetwork shavn in Figure 1. In applications,the latentvariable X representoncepts
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Figurel: Structureof LC models.

suchas “depression’that cannotbe directly measuredEatonet al., 1989). Statesof the latent
variablecorrespondo classesf individualsin a population. The manifestvariablesY; represent
manifestationef thelatentconcepsuchas“loss of appetite”,“trouble falling asleep”,‘thoughtsof
death”,andsoon.

The latent variablein uences all the manifestvariablesat the sametime and hencerenders
themcorrelated. The essencef latent classanalysis(LCA) is to characterizaéhe latentconcept
by analyzingthosecorrelations.This is possibledueto the assumptiorthatthe manifestvariables
are mutually independengiven the latentvariable,which canbe intuitively interpretedas saying
thatthelatentvariableis the only reasorfor the correlations . Sinceeachstateof the latentvariable
correspondso a classof individualsin a population the conditionalindependencassumptiorcan
berestatedasthatthe manifestvariablesareindependentvithin eachlatentclass.Becauseof this,
it is sometimesalledthelocal independencassumption.

LearninganLC modelfrom datameango (1) determinghe cardinalityfor variableX, i.e.,the
numberof latentclassesand(2) estimatehe modelparameter®(X) andP(Y;jX). Parameterare
usuallyestimatedusingthe EM algorithm(Dempsteret al., 1977;Lauritzen,1995). The cardinal-
ity of X is determinedby comparingalternatvesusinggoodness-of- tindicesor scoringmetrics.
The mostcommonlyusedscoringmetricis BIC (Schwarz, 1978). Equivalentto the MDL score
(Lanterman2001),the BIC scoreis anapproximatiorof themamginal likelihoodthatis derivedin a
settingwhenall variablesareobsened. Geigeretal., (1998)have recentlycautionedagainstits use
in LC models.Extensve experimentsy ChickeringandHeckerman(1997)shav thatBIC is less
accuratethan otheref cient approximationsof mamginal likelihood suchasthe Cheeseman-Stutz
(CS)score(CheesemanndStutz,1995).

A seriousproblemwith the useof LCA is that the local independenc@assumptionis often
violated. Thetermlocal dependences usedto referto this problem.Previous methoddor dealing
with local independencare suneyed by Uebersax2000). In this suney, Uebersaxdistinguishes
betweertwo subtasksnamelythe diagnosisandmodelingof local dependence.

Diagnosticmethodssompareobsenedandexpectedrequenciedor pairsof manifestvariables.
For concreteness;onsidertwo manifestvariablesA andB in an LC model. Denotethe obsered
andexpectedirequencie®n A andB by O(A; B) andE(A; B) respectiely. For ary statea of A and
b of B, O(a; b) is thenumberof recordswhereA is in statea andB is in stateb.® Ontheotherhand,
E(a;b) = P(a;b) N, whereP(A;B) is thejoint probabilityof A andB in theLC modelandN is the
total numberof records.Hagenaar$1988)suggestshatoneexaminethe standardizedesiduals

O(a;b) E(ab)
v E(a;b)

3. We useuppercasdettersfor variablenamesandthe correspondindower caseettersfor their states.

R(a;b) =
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Figure2: Modelingof local dependence.

for eachcombination(a; b) of statef A andB. If theresidualdeviatefrom zerosigni cantly, one
concludeghatA andB arelocally dependentEspelancandHandelmar(1988)proposecomputing
thelikelihoodratio statistic

By = 2 : O(a;b) |
L(A;B) = i;inO(a, b)log E(ab).

Thelargerthe statistic,the strongerthe evidencefor local dependencbetweenA andB. WhenA
andB arebinaryvariableswe denotethe possiblestatedor thetwo variablesby a, : a, b, and: b.
GarretandZeger(2000)recommendo comparehe obsenedandexpectedog oddsratio

O(: a;b)=0(a; b) E(: a;b)=E(a;b)

IogO(: a;: b)=O(a;: b)’ gE(: a;: b)=E(a;: b):

Again largerdifferencesndicatestrongerevidencefor local dependence.

An obvious way to modellocal dependenceés to introducejoint variables. Considerthe LC
model M1 in Figure 2. If variablesB andC are locally dependentwe can combinethosetwo
variablesandintroducea joint variableBC. This leadto the modelM2. A secondmethodis to
introducenew latentvariables(Goodman,1974a).Uebersaxcallsit the multipleindicator method
To accounffor thelocal dependencbetweerB andC in M1, for instancewe canintroducea new
latentvariableX; andtherebygetmodelM3. By doingthis, we areassuminghatthereasorfor B
andC beinglocally dependenis thatthey arejointly in uenced by a latentvariableX; thatis not
completelydeterminedy the latentvariableX. In athird approaciHagenaars1988),oneviews
LC modelsasspecialloglinearmodels. Whentwo manifestvariablesarelocally dependentpne
simply addsa direct effect betweenthem. In modelM1, addinga direct effect betweenB andC
yieldsthe modelM4. Notethat M4 is no longera Bayesiannetwork. It is the path-diagram(see
BohrnstedandKnoke, 1994,Chapterll) for aloglinearmodel.

Previouswork in the LCA communityfor dealingwith local dependences not sufcient for a
numberof reasons.First, the criteria for detectinglocal dependencés heuristicin nature. Judg-
mentsarerequiredasto how thevariousthresholdshouldbe set. Secondthereareno criteriafor
makingthetrade-of betweerincreasinghe cardinalitiesof existing latentvariablesversusincreas-
ing the compleity of modelstructure.ln Hagenaar$1988)andUebersax2000),cardinalitiesof
all latentvariablesare x edat 2 while modelstructuresareallowedto change.In mostotherwork
the standardone-latent-ariablestructureis assumednd x ed, while the cardinality of the latent
variableis allowedto change Third, thesearctfor thebestmodelis carriedoutmanually Typically
only afew simplemodelsare consideredGoodman,1974a;Hagenaars]1988). The searchspace
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Figure3: An exampleHLC model. TheX;'s arelatentvariablesandtheY;'s aremanifestvariables.

for themultiple indicatormethodis not evenclearlyde ned. Finally, whentherearemultiple pairs
of locally dependentnanifestvariables,it is not clearwhich pair shouldbe tackled rst, or if all
pairsshouldbe handledsimultaneously

The purposeof this paperis to develop a principled and systematianethodfor dealingwith
local dependenceln the next section,we describethe modelsthat sene asthe framework for our
work.

3. Hierar chical Latent ClassModels

A hierarchical latentclass(HLC) modelis a Bayesiametwork where
1. Thenetwork structureis arootedtree;and
2. Thevariablesattheleaf nodesareobsenedandall the othervariablesarenot.

Figure3 shavsanexampleof anHLC model.Following theLCA literature wereferto theobsenred
variablesas manifestvariablesandall the othervariablesaslatentvariables In this paperwe do
not distinguishbetweenvariablesand nodes. So we sometimespeakalso of manifestnodesand
latentnodes For technicalconveniencewe assumehatthereareat leasttwo manifestvariables.

We useq to refer to the collection of parametersn an HLC modelM andusem to referto
whatis left whenthe parameterareremovedfrom M. Sowe usuallywrite anHLC modelasa pair
M = (m;g). We sometimeseferto the rst componentn of the pair alsoasanHLC model.When
it is necessaryo distinguishbetweenm andthe pair (m; g), we call manuninstantiatedHLC model
andthe pair aninstantiatedHLC model ThetermHLC modelstructure is resenedfor whatis left
if informationaboutcardinalitiesof latentvariablesareremoved from an uninstantiateanodelm.
Model structurewill be denoteday theletterS, possiblywith subscripts.

3.1 ParsimoniousHLC Models

In this paperwe studythelearningof HLC models.We assumehatthereis a collectionof identical
andindependentlgistributed(i.i.d.) samplegeneratethy someHLC model. Eachsampleconsists
of statesfor all or someof the manifestvariables.The taskis to reconstructhe HLC modelfrom

data.As will beseenlater, notall HLC modelscanbereconstructedrom data. It is hencenatural

4. The conceptof avariablebeingobseredis alwaysw.r.t somegiven dataset. A variableis observedn a datasetif
thereis atleastonerecordthatcontainsthe statefor thatvariable.
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to askwhat modelscan be reconstructed.In this subsectiorwe provide a partial answerto this
guestion.

Considertwo instantiatedHLC modelsM = (m; ) andM®= (m®q9 thatsharethe sameman-
ifest variablesYy, Yo, ..., Yn. We saythatM andMP®are maminally equivalentif the probability
distribution over the manifestvariabless the samean bothmodels,.e.,

P(Ys: 5 Yaim ) = POYe: s Yaim2 g9 (1)

Two mamginally equivalentinstantiatednodelsareequivalenif they alsohave thesamenumber
of independenparameters.Two uninstantiatedHLC modelsm and m® are equivalentif for ary
parameterizatiom of m thereexists a parameterizatiom® of m? suchthat (m;q) and(m;q9 are
equvalentandviceversa.Two HLC modelstructuress; andS, areequivalenif thereareequvalent
uninstantiateanodelsm; andm, whoseunderlyingstructuresareS; andS, respectiely.

An instantiatedHLC modelM is parsimoniousif theredoesnot exist anothermodelM° that
is maginally equivalentto M andthat hasfewer independenparametershan M. An uninstan-
tiatedHLC modelm is parsimoniousf thereexists a parameterizatiog) of m suchthat (m;q) is
parsimonious.

Let M be aninstantiatedHLC modelandD be a setof i.i.d. samplegyeneratedy M. If M is
not parsimoniousthentheremustexist anotherHLC modelwhosepenalizedoglikelihoodscore
givenD (Green,1998; Lanternman2001)is greaterthanthatof M. This meanshat, if oneuses
penalizedoglikelihoodfor modelselection onewould preferthis otherparsimoniousnodelsover
the non-parsimoniousnodelM. The following theoremstateghat, to someextent,the oppositeis
alsotrue,i.e.,onewould preferM to othermodelsif M is parsimonious.

Theorem1 LetM and M®betwo instantiatedHLC modelswith the samemanifestvariables. Let
D bea setofi.i.d. samplegeneatedfromM.

1. If M and M° are not marginally equivalent,thenthe loglikelihood|(MjD) of M is strictly
greaterthantheloglikelihoodl (M3D) of MOwhenthe samplesizeis large enough.

2. If M is parsimoniousand is not equivalentto M% thenthe penalizedoglikelihood of M is
strictly larger thanthat of M®whenthe samplesizeis large enough.

Proof: UseP andP°to denotethe maiginal probability distributionsover the manifestvariablesin
M andMPrespectiely. Let N bethe samplesize. It follows from the law of large numbersthat,
asN goestoin nity , [[(MjD) [(MYD)]=N approachethe Kullback-Leibler(KL) distancd (P:P9Y.
The rst parthencefollows from the well-known propertyof the KL distancethat!(P:P% 0 and
theequalityis true only whenP andPPareidentical(e.g.,CoverandThomas1991).

Thesecondpartcanbe dividedinto two casesThe rst caseis whenM andMCaremaginally
equivalentandM® hasmoreparametershanM. Herethe statements trivially true for all sample
sizes. In the secondcase M andM? are not maginally equivalent. Accordingto the rst part of
thetheorem)(MjD) 1(MYD) is positive whenN is large enough Moreover the quantityincreases
linearlywith N. Onthe otherhand,the penaltyon modelcompleity increasesogarithmicallywith
N. Hencethestatemenis truewhenN is largeenough.Q.E.D.
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Figure4: Theoperationof rootwalking.

3.2 Model Equivalence

In this subsectiorwe give anoperationatharacterizatiomf modelequialence.Let X; betheroot
of aninstantiatedHLC modelM1. SupposeX; is achild of X; andit is alatentnode(seeFigure4).
De ne anotheHLC modelM; by reversingthearrow X;! X, and,while leaving the valuesfor all
otherparametersinchangedde ning Py, (X2) andPu,(X3jX2) asfollows:

Pv,(X2) = é. Pu, (X1) Py, (X2)X1)
Z< PMl(xl)PMl(ijxl) . ]
Puv,(X1jX2) = BEERCONE if Puv,(X2) > O:

i otherwise.
We usethe termroot walkingto referto the processof obtainingM, from M. In the processthe
root haswalkedfrom X; to X,.

Theorem2 LetM; andM> betwo instantiatedHLC models.If M> is obtainedfromM; by oneor
more stepsof rootwalking thenM; andM, are equivalent

Proof: We will prove this theoremfor the casewhenM is obtainedfrom M; by onestepof root
walking. Thegenerakasefollows from this specialcaseby induction.

Assumethe modelsareasshavn in Figure4. Model M, is obtainedby letting the root of M3
walk from X; to X,. Let A bethe setof variablesin the subtreegootedat X, exceptthosein the
subtreerootedat X; andlet B bethe setof variablesin the subtreesootedat X; exceptthosein the
subtreeootedat Xo. We have,

P, (X1; X2; A; B) P (X1) P, (X2 X1) P, (A1 X2) Pu, (Bj X1)
P, (X2) P, (X1 X2) P, (AjX2) Pu, (Bj X1)

= Pu, (X1 X2, A B):

ConsequentlyM; andM, aremamginally equivalent.

It is easyto seethat Py, (X1) andPu, (X2jX1) encapsulat@XijjXoj 1 parametersThe sameis
true for Py,(X2) and Py,(X1jX2). HenceM; and M, have the samenumberof parameters.The
theoremis thereforeproved. Q.E.D.

5. A similar but differenttheoremwasproved by Chickering (1996)for Bayesiametworkswith no latentvariables.In
Chickering (1996),modelequivalenceimpliesequalnumberof parametersHereequalnumberof parameterss part
of thede nition of modelequialence.
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Figure5: HLC modelsthatareequivalentto the onein Figure3.

Figure6: TheunrootedHLC modelthatcorrespondso the HLC modelin Figure3.

Thetwo HLC modelsshovn in Figure5 areequivalentto the modelin Figure3. Themodelon
theleft is obtainedby letting theroot of the original modelwalk from X; to X,, while themodelon
theright is obtainedby letting theroot walk from X; to Xs.

In generaltheroot of an HLC modelcanwalk to ary latentnode. This impliesthe root node
cannotbe determinedrom data® A questionaboutthe suitability of HLC modelsfor clusteranal-
ysis naturallyarises.We take the positionthatthe root nodecanbe determinedrom the objectve
in clusteringanddomainknowledge.Moreover we view thepresencef multiple latentvariablesas
anadwantagedbecausdt enableoneto clusterdatain multiple ways. Eachlatentvariablerepresents
onepossibleway to clusterdata. Note that multiple clusteringsdueto multiple latentvariablesare
very differentfrom multiple clusteringsn hierarchicalclustering.In thelatter case a clusteringat
alowerlevel of the hierarcly is are nementof aclusteringata higherlevel. Thesamerelationship
doesnotexist in theformercase.

Theinability of determiningherootnodefrom dataalsohassometechnicalconsequence§Ve
cannever induceHLC modelsfrom data. Insteadwe obtainwhat might be calledunrootedHLC
models.An unrootedHLC modelis anHLC modelwith all directionsonthe edgesdropped.Figure
6 shows the unrootedHLC modelthat corresponds$o the HLC modelin Figure3. An unrooted
HLC modelrepresents classof HLC models;membersf the classare obtainedby rooting the
modelat variouslatentnodesandby directingthe edgesaway from the root. Semanticallyit is a
Markov random eld on anundirectedree. The leaf nodesare obsered while the interior nodes
arelatent. The conceptsf maginal equivalence equivalence,and parsimory canbe de ned for
unrootedHLC modelsin the sameway asfor rootedmodels.

Fromnow on whenwe speakof HLC modelswe alwaysmeanunrootedHLC modelsunlessit
is explicitly statedotherwise.

6. In the caseof phylogenetictrees thisis awell-known fact(Durbinetal., 1998).
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3.3 Regular HLC Models

In this subsectiorwe rst introducethe conceptof regularHLC modelsandshav thatall parsimo-
niousmodelsmustregular We thenshawv thatthe setof uninstantiatedegular HLC modelsfor a
givensetof manifestvariablesis nite. This providesa searchspacefor the learningalgorithmto
be developedin the next section.

For ary variable X, useWy andjXj to denoteits domainand cardinality respectiely. For a
latentvariableZ in an HLC model,enumeratéts neighborsas Xy, Xo, ..., Xk. An HLC modelis
regular if

1. It consistof atleasttwo manifestvariables;and
2. For ary latentvariableZz,

(a) If Z hasonly two neighborsthenoneof thetwo neighboramustbe alatentnodeand

- JXaji Xo]
9= maxti Xij;i%eig @)
(b) If Z hasmorethantwo neighborsthen
o OK X
1Z) #JJ (3
maxC ;jXj

Notethatthis de nition appliesto instantiatecaswell asuninstantiateanodels.

Theorem3 LetM beaninstantiatedHLC model.If M is irr egular, thenthere existsanothermodel
MOthatis marmginally equivalento and hasfewer parametes thanM.

Proof. Parametersf a rootedHLC modelinclude the prior probability distribution of the root
andthe conditionalprobability distribution of eachof the non-rootnodesgivenits parent.On the
otherhand,parametersf an unrootedHLC modelincludea potentialfor eachedgein the model
structure.The potentialis a function of the two variablesconnectedy the edge. Referringto the

1 ifz=x
filt<ziinac )= ifzez'

Setthepotential fy(Z; Xk) for theedgebetweenXy andZ asfollows:

Then

N Qo
le
N
%

Il
Q
X
e,
&

i=1
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HenceM?is mamginally equivalentto M. Becaus& hasfewer statesn M°thanin M, M®hasfewer
parameterghanM. ThereforeM is not parsimonious.

Now considerthecasewheninequality(2) is violated. In this casethelatentvariableZ hastwo
neighborsxX; andX,, oneof which beingalatentnode,suchthat

- JXai Xz
19 oty Xoji %l @
We assumethat X; is a latentnode. Let M° be the model obtainedby eliminatingZ from M.”
ThenM?is mawginally equivalentto M. To calculatethe differencein the numberof independent
parameterbetweenM®andM, imaginerooting both modelsat X;. Thenit is easyto seethatthe

differenceis
X% 1) (X432 D+jZi(iX D] = iXaj Xl jZj(%aj+ jXg)  1):

Thisquantityis negative becausef inequality(4) andof thefactthatboth X; andX, have morethan
onestate.HenceM®hasfewer parametershanM. ThereforeM is not parsimoniousThetheorem
is proved.Q.E.D

Corollary 1 ParsimoniousHLC modelsmustberegular.

Theorem4 Thesetof all regular uninstantiatedHLC modelsfor a givensetof manifestvariables
is nite.

Beforeproving thistheoremwe needto introduceseverallemmaswhichareinterestingn their
own right. A latentnodein an HLC modelhasat leasttwo neighbors.A singly connectedatent
nodeis onethathasexactly two neighbors.

Lemmal In aregular HLC model,notwo singly connectedatentnodescanbeneighbos.

Proof: We know from 2 that the cardinality of a singly connectechodeis strictly smallerthan
thoseof its two neighborslf two singly connectedatentnodesZ; andZ, wereneighborsthenwe
would have bothjZ;j> jZyj andjZij<jZyj. Thereforetwo singly connectedatentnodescannotbe
neighborsQ.E.D.

This lemmainspiresthe following two de nitions. We saythat an HLC model structureis
regular if no two singly connectedatentnodesare neighbors. If thereare no singly connected
latentnodesat all, we saythatthe modelstructures strictly regular.

Lemma?2 LetSbeanHLC modelstructue with n manifeswariables.If Sis regular, thenthere are
fewerthan3n latentnodes.If Sis strictly regular, thenthere are fewerthann latentnodes.

Proof: We prove thesecondpart rst.  Let h bethe numberof latentnodes.Thenthetotal number
of nodess n+ h. Hencethenumberof edgessn+h 1.

7. Thismeango (1) remove Z andconnectX; andXy; and(2) setthe potentialfor the new edgebetweenX; andX, to
bed 7z f1(X1;2) f2(X2; Z), wheref, and f, arethe potentialsfor the edgebetweenX; andZ andthe edgebetweenX,
andZ respectiely.

8. This proofis contribtutedby Toméas Kocka.
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On the otherhand,eachmanifestnodeappearsn exactly oneedgeand,becausef strict reg-
ularity, eachlatentnodeappearsn at leastthreeedges.Becausesachedgeinvolves exactly two
variablesthereareat least(n+ 3h)=2 edges.Hencent+h 1 (n+3h)=2. Solvingthis inequality
yieldsh n 2<n.

To prove the rst part, let m be the total numberof nodesin a regular structure.Imaginethat
we root the structureat anarbitrarylatentnode. Thenthe child of a singly connectedatentnodeis
eithera manifestnodeor anotherdatentnodethatis not singly connected .Moreover, the children
for differentsingly connectedhodesaredifferent. Soif we eliminateall the singly connectedatent
nodestheresultingstructurewill have atleastm=2 nodes.Theresultingstructureis strictly regular.
Hencem=2<2n. This impliesthatm<4n. Sincetherearen manifestnodesthe numberof latent
mustbesmallerthan3n. Q.E.D

Lemma 3 Theee are fewer than 23" different regular HLC modelstructuesfor a givensetof n
manifesinodes.

Proof: Let P bethe power setof the setof manifestnodesandlet V' be the collectionof vectors
that consist3n elementof P. Duplicatesareallowedin ary givenvector Sincethe cardinalityof
P is 2", the cardinalityof V is (2)31= 237,

Let S be the setof all regular HLC modelstructuresfor the given manifestnodes. De ne a
mappingfrom Sto V asfollows: For ary givenmodelstructurein S, rst root the structureat the
parentof the rst manifestnode.Secondarrangeall thelatentnodesinto a vectoraccordingo the
depth- rsttraversalorder Accordingto Lemmaz2, thelengthof thevectorcannotexceed3n. Third,
replaceeachlatentnodewith the subsebf manifestnodesn its subtreesFinally, addcopiesof the
emptysetto theendsothatthelengthof thevectoris 3n. It is notdif cult to seethatthe mapping
is bijective. Thereforethe cardinalityof S cannotexceedthatof V, whichis 23" Thetheoremis
proved.Q.E.D.

Proof of Theorem 4: Accordingto Lemma3, thenumberof regularmodelstructuress nite. It is
clearfrom (3), the numberof uninstantiateanodelfor a given modelstructuremustalsobe nite.
Thetheoremis thereforeproved. Q.E.D

4. Searching for Optimal Models

In thissectionwe presengahill-climbing algorithmfor learningHLC models.Hill-climbing requires
a scoringmetric for comparingcandidatemodels. In this work we experimentwith four existing
scoringmetrics, namely AIC (Akaike, 1974), BIC (Schwarz, 1978), the Cheeseman-StutCS)
score(CheesemanndStutz,1995),andthe holdoutlogarithmicscore(LS) (Cowell etal., 1999).

Hill-climbing alsorequiresthe speci cationof a searctspaceandsearchoperators According
to Corollary 1, a naturalsearchspacefor our taskis the setof all regular (uninstantiatedHLC
modelsfor the setof manifestvariableshatappeaiin data.By Theoremd, we know thatthis space
is nite.

Insteadof searchinghis spacedirectly, we structurethe spacento two levelsaccordingto the
following two subtask&ndwe searchthosetwo levelsseparately:

1. Givenamodelstructure,nd optimalcardinalitiesfor thelatentvariables.

2. Findanoptimalmodelstructure.
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Figure7: lllustrationof structuralsearchoperators.

This searchspacerestructurings motivatedby the factthat naturalsearchoperatorsxist for each
of thetwo levels,while operatordor the at spacearelessobvious.

4.1 Estimating Cardinalities of Latent Variables

Thesearchspacdor the rst subtaskconsistf all theregular modelswith the givenmodelstruc-
ture. To hill-climb in this spacewe startwith the modelwherethe cardinalitiesof all the latent
variablesarethe minimum. In mostcasesthe minimum cardinalityfor a latentvariableis 2. For
alatentvariablenext to a singly connectedatentnode,however, the minimum possiblecardinality
is 3 becausef theinequality (2). At eachstep,we modify the currentmodelto geta numberof
newv models. The operatorfor modifying a modelis to increasehe cardinalityof a latentvariable
by one.Irregularnenv modelsarediscardedWe thenevaluateeachof the new modelsandpicksthe
bestoneto seedhenext searclstep.To evaluateamodel,oneneedgo estimatdts parametersWe
usethe EM algorithm(Dempsteretal., 1977;Lauritzen,1995)for thistask.

4.2 Seaich for Optimal Model Structur es

The searchspacefor the subtaskof nding an optimal modelstructureconsistsof all the regular
HLC model structuresfor the given manifestvariables. To searchthis space,we startwith the
simplestHLC modelstructure namelythe LC modelstructure(viewedasanunrootedHLC model
structure).At eachstep,we modify the currentstructureto constructa numberof new structures.
The new structuresare then evaluatedand the beststructureis selectedas the starting point for
the next step. To evaluatea model structure,one needsto estimatethe cardinalitiesof its latent
variables.Thisissueis addresseth subtaskL.

We usethree searchoperatorsto modify model structures,namely node introduction, node
elimination,andneighborrelocation.

4.2.1 NODE INTRODUCTION

To motivate the nodeintroductionoperatoy we needto go backto rootedmodels. Considerthe
rootedHLC modelM; shavn in Figure7. SupposevariablesY; andY, arelocally dependentA
naturalway to modelthis local dependences to introducea new parentfor Y1 andY,, asshavn in
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M,. Thisis preciselytheideabehindthe multiple indicatorapproacho local dependencéhatwe
mentionedn Section2.

Whentranslatedo unrootedmodel structuresthe new parentintroductionoperatorbecomes
the nodeintroductionoperator Let X bea latentnodein anunrootedmodelstructure.Supposex
hasmorethantwo neighbors.Thenfor ary two neighborsof X, sayZ; andZ,, we canintroducea
new latentnodeZ to separat&X from Z; andZ,. Afterwards,X is nolongerconnectedo Z; andZ,.
InsteadX is connectedo Z andZ is connectedo Z; andZ,. To seeanexample,consideithemodel
structurel\/lg in Figure?. Introducinga new latentnodeX; to separateX from Y; andY, resultsin
the modelstructureMs.

In thecaseof rootedmodelstructureswe do not considelintroducingnew parentdor groupsof
threeor morenodedfor the sale of computationaéf ciency. This constrainimpliesthatthe model
M3 in Figure7 cannotbe reachedrom M; in onestep. In the caseof unrootedmodelstructures,
we do not allow the introductionof a new nodeto separatea latentnodefrom threeor more of its
neighbors Thisimpliesthatwe cannotreachM3 from M? in onestep.

Nodeintroductionis not allowed whenit resultsin irregular modelstructures.This meanghat
we cannotintroducea new nodeto separatea latentnode X from two of its neighborsif it has
only oneotherneighborandthatneighboris a singly connectedatentnode. Moreover, we cannot
introducea new nodeto separate singly connectedatentnodefrom its two neighbors?

4.2.2 NODE ELIMINATION

Theoppositeof nodeintroductionis nodeelimination We noticethata newly introducednodehas
exactly threeneighbors.Consequentlyve allow alatentnodebe eliminatedonly whenit hasthree
neighbors Of course nodeeliminationcannotbe appliedif thereis only onelatentnode.

4.2.3 NEIGHBOR RELOCATION

Thethird searchoperatoris calledneighborrelocation Suppose latentnodeX hasa neighborZ
thatis alsoalatentnode. Thenwe canrelocateary of theotherneighborsz®of X to Z, whichmeans
to disconnecZ®from X andreconnectt to Z. To seean example,considerthe modelstructurel\/lg
in Figure?. If werelocatethe neighborYs of X to Xz, we reachstructurel\/lg.

For the sale of computationalkefciency, we do not allow neighborrelocationbetweentwo
non-neighborindatentnodes. In Figure 6, for example,we cannotrelocateneighborsof X, to
X3 andvice versa.Moreover neighborrelocationis not allowed whenit resultsin irregular model
structures.To be morespeci ¢, supposeX is alatentnodethat hasa latentnodeneighborZ. We
cannotrelocateanothemeighborz®of X to Z if X hasonly threeneighborsandthethird neighboris
asingly connectedatentnode.Therelocationis notallowed,of coursejf X hasonly two neighbors.
Finally notethatthe effectsof ary particularneighborrelocationcanalwaysbe undoneby another
applicationof the operatort©

9. Nodeintroductionis similar to anoperatorthat PROMTL, a systemfor inferring phylogenetictrees,usesto search
for optimaltreetopologiesvia stardecompositiorfKishino etal., 1990). Theformeris slightly lessconstrainedhan
thelatterin thatit is allowedto createsingly connectedhodesasby-products.

10. Neighborrelocationis relatedto but signi cantly differentthananoperatorcalledbranchswappingthatPAUPR, asys-
temfor inferring phylogenetictrees,usesto searchfor optimaltreetopologieg(Swofford, 1998). Thelatterincludes
whatarecallednearesheighborinterchangesubtregoruningandregrafting; andtreebisection/reconnection.
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4.2.4 A PROPERTY

Theorem5 Considerthe collection of regular HLC modelstructuresfor a givensetof manifest
variables.Onecango betweeranytwo structuesin the collectionwithoutvisiting irr egular struc-
turesusingnodeintroduction,nodeelimination,andneighborrelocation.

Proof: It sufces to shav that any regular structureS in the collection can be reachedrom the

(unrooted)LC modelstructurewithout visiting irregular structuresWe do this by inductionon the

numberof latenthodesn S. If thereis only onelatentnode thepropositionis trivially true. Suppose
the propositionis truefor thecaseof n 1 latenthodeswheren> 1. Consideithecaseof n. Because
Sis regular andthereare morethanonelatentnode,theremustbe a latentnode X thathas3 or

moreneighborsWe modify Sby rst relocatingsomeof the neighborsf X to other(neighboring)
latentnodessuchthatit hasonly 3 neighborsafterwards.We theneliminateX. Denotetheresulting
structureby S°. It is evidentthat S andall theintermediatestructuresareregular By theinduction

hypothesiswe canreachS’from the LC modelstructurewithout visiting irregular structuresusing

nodeintroduction,nodeelimination,andneighborrelocation. By the constructionof S, we know

thatwe canreachS from S° without visiting irregular structuresusing thosethreeoperators.The

theoremis thereforeproved. Q.E.D

4.3 Complexity Analysis

Thedescriptionof our learningalgorithmis now complete.ln this subsectiorwe analyzethe worst
casecompleity of thealgorithm.

Let n bethenumberof manifestvariables.Accordingto Lemma2, aregularHLC modelwith n
manifestvariableshasfewer than3n latentnodes.Thetotal numberof nodesin the modelis hence
boundedby 4n 1.

In eachstepof structuralsearch,our algorithm appliesnodeintroduction, node elimination,
andneighborrelocationto the currentmodelstructureand producesa setof new structures.Each
applicationof nodeintroductioninvolves a pair of neighborsof a latent nodes. Such pairs for
differentapplicationsof the operatorcannotbe the same. Hencethe numberof new structures
producedby nodeintroductionis boundedby (4n 1)4n=2< 8n2. The node-eliminatioroperator
producesno morethan3n new structures.An applicationof neighborrelocationalsoinvolvesa
pair of nodes,a latentnodeandone of its neighbors. Suchpairsfor differentapplicationsof the
operatoraredifferent. Hencethe total numberof new structureproducedby neighborrelocation
is boundedby the numberof edgeswhich is no morethan4n. Thetotal numberof new structures
producedateachsearctstepis henceboundedy 8n?+ 3n+ 4n= 8n?+ 7n. If theentiresearclprocess
takesN steps.thenthetotal numberof modelstructureghat we needto examineis no morethan
N(8n?+ 7n).

For eachmodelstructure we needto determinethe cardinalitiesof all its latentvariables.Our
algorithmdoessoby hill-climbing. Thesearctstartsfrom themodelwhereall latentvariableshave
the minimum numbersof stategpossibleandat eachstepa newv modelis generatedor eachlatent
variableby increasingts cardinalityby one. Sincethe numberof latentvariablesis no largerthan
3n, no morethan3n modelscanbe generatedt eachstep.Let k bethe maximumnumberof states
avariablecanhave in all modelsthatwe encounterThenthe searchtakesno morethan3nk steps.
Consequentlythe total numberof modelsexaminedfor an given modelstructuredoesnot exceed
n 3nk=3nk.
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For eachmodel,we needto estimatdts parametersisingthe EM algorithm. The compleity of
inferencen anHLC modelis linearin thenumberof nodes.Sincethereareno morethan4n nodes,
inferencetakesO(4n) time. Supposehereared distinctdatarecords(d  k"). Theneachiteration
of EM takesO(4nd) time. Let M be the maximumnumberof EM iterationsallowed on a model.
Thenparameteestimationfor a givenmodeltakes(4ndM) time.

Totalingup all the parts,we concludethatthetime compleity of our algorithmis

O(N(8n?+7n) 3n’k 4ndM) = O(96MNkdn®): (5)

5. Empirical Resultson Synthetic Data

We have empirically evaluatedthe algorithmdescribedn the previous sectionusingboth synthetic
andreal-world data. This sectiondiscussegxperimentswith syntheticdata. Two experimentsvere
conductedWe reporttheir resultsseparately

5.1 Experiment 1

In this experiment,syntheticdatawere generatedisingthe HLC modelstructurein Figure3. The
cardinalitiesof all variablesweresetat 3. The modelwasrandomlyinstantiated Four training sets
with 5,000,10,000,50,000,and100,000recordswveresampled A testsetof 5,000recordsvasalso
sampled Eachsamplerecordconsistof statedor all the manifestvariables.

We ranourlearningalgorithmon eachof thefour trainingsets,oncefor eachof thefour scoring
metricsBIC, AIC, CS,andLS. Thereare16 settingsin total. For the LS scoringmetric, 25% of
thetrainingdatawassetasideandusedasvalidationdata. Candidatenodelswerecomparedising
their logarithmic scoreson the validationdata. During modelselection EM wasterminatedvhen
theincreasdn real (not expected)loglikelihoodfell belov 0.01. Whenestimatingparametersor
the nal model,thethresholdwassetat 0.0001. Irrespectie of the threshold EM wasallowedto
run no more than 200 iterationson ary given model. For local maximaavoidance ,we usedthe
ChickeringandHeckerman(1997)variantof the multiple-restaripproach.

Theexperimentsvereconductecdbn a PCwith a1l GHz Pentiumlll processarOn thetraining
setwith 10,000recordsthealgorithmtook 97 hoursto terminate. Therunningtimesfor othercases
arein thesamescale.

The logarithmic scoresof the learnedmodelson the testingdataare shavn in Figure8. The
scoresaregroupednto four curvesaccordingto thefour scoringmetrics. The scoreof the original
modelis alsoshowvn for comparison.We seethat, in the relative sensethe scoresof the learned
modelsarequite closeto thatof the original model. This indicateshatthosemodelsareasgoodas
the original modelwhenit comesto predictingthetestingset. We alsoseethatscoresdo not vary
signi cantly acrosghe scoringmetrics.

The structuresof the learnedmodelsdo dependon the scoringmetrics. Thereare 7 different
modelstructures.The rst oneis the original structureandwill be denotedoy M0O. The othersix
areshowvn in Figure9. Model structuregproducedby our algorithmare unrooted. In this andthe
next section,we root themin certainwaysfor readability Table1 givesinformationaboutwhich
structurewasobtainedn whatsettingandhow farawaythestructuresarefrom theoriginal structure
in termsthe numberof structuralsearchoperations.

We seethat, whencombinedwith eitherBIC or CS, our algorithmobtained from the 50k and
100ktraining sets,the correctstructure.In the othertwo training sets,the modelstructurefound
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Figure8: Logarithmicscoresf learnedmodelson testingdata.

Figure9: Structuresf learnedmodels.

are quite closeto the original structure. For example,the BIC scoringmetric gave us M1. This
modelstructureis very similar to the original structure. The only thing thatour algorithmfailedto
recognizen M1 is thatY, and X, arenotindependengiven X;. ThefactthatM1 is only onestep
away from the generatre modelimpliesthatM1 wascomparedwith the generatie modelduring
search.It waschooserover the generatre modelbecauset is betterthanthe latter accordingto
data.This happenediueto insufcient data.As a matterof fact,in thetwo casesvheretherewere
50k and100krecordsthe generatie modelwasselectedver M1.
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| [ 5k | 10k | 50k | 100K |
BIC | 1(M1) | 1(M1) | 0(MO) | 0 (MO)
CS | 1(M1) | 2(M2) | 0(MO) | 0(MO)
LS | 2(M3) | 4(M6) | 0(M0) | 0 (MO)
AIC | 3(M4) | 4(M5) | 0(MO) | 0(MO)

Tablel: Modelstructuredoundin the 16 settingsandthe numbersof operationst would take to
reachthe original structure.

50k 100k
BIC |CS|LS|AIC |BIC [ CS[LS|AIC
x| 2222 ]2]2]2]2
X| 3 | 3[3] 3| 3 |3|3] 4
X3 2 | 2|4 4] 3|34 4

Table2: Cardinalitiesof latentvariablesn thelearnedmodelsof Experimentl thathave thecorrect
structure In the original model,all variableshave 3 states.

Whencombinedwith AIC andLS, our algorithmalsorecoveredthe correctstructurefrom the
50k and 100k training sets. In the othertwo training sets,however, it obtainedstructureghatare
signi cantly differentfrom theoriginal structure.

Although the correctmodel structurewas recoveredfrom the 50k and 100k training setsno
matterwhich the scoringmetricwasused differentscoringmetricsgave differentestimatedor the
cardinalitiesof the latentvariables. As canbe seenfrom Table 2, BIC and CS tendto produce
underestimateandwith moredata,they tendto give betterestimatesOn the otherhand,AlIC and
LS tendto bring aboutoverestimatesndthe estimateslo not seemto improve with moredata.

5.2 Experiment 2

The setupof this experimentis the sameasthat of Experimentl excepttheway modelparameters
were generated Here we generatedhe parameterslsoin randomfashionbut ensuredhat each
conditionalprobability distribution hasone componentvith massno smallerthan0.6. The objec-
tive is to seehow our algorithmwould performin caseswvherethe parameterare more extreme
comparedvith thosein Experimentl.

In termsof logarithmic scoresof learnedmodelson testingdata,resultsof this experimentare
moreor lessthe sameasin Experimentl. Whenit comesto structuresand cardinalitiesof latent
nodes therearesigni cant differences.With BIC andCS, our algorithmwasableto recover the
correctmodelstructurefrom all four training sets. Moreover, the cardinalitiesof X, and X3 were
alwaysestimatedcorrectly The cardinalityof X; wasestimatectorrectlyin the 100ktrainingsets,
while it wasunderestimately 1 in all othertrainingsets.Theseresultsaresigni cantly betterthan
thosein Experimentl.
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WhenAIC andLS wasused,on the otherhand,the performancds worsethanin Experiment
1. The algorithmwasunableto recover the correctmodel structureeven from the 50k and 100k
trainingsets.

6. Empirical Resultson Real-World Data

This sectionreportsempiricalresultson four datasetstaken from the LCA literature,namelythe
Hannwer rheumatoidarthritis data (Wasmuset al., 1989), the Colemandata (Coleman,1964),
the HIV data(Alvord et al., 1988), and the housingbuilding data(Hagenaars1988). For the
convenienceof thereadeythe datasetsarereproducedn Tables3 and4 nearthe endof the paper
Theseexperimentsverealsoconductedbn a PCwith a1l GHz Pentiumlll processarTherunning
timesrangefrom afew secondso afew minutes.

6.1 The Hannover Rheumatoid Arthritis Data

The Hannwer rheumatoidarthritis datawas taken from a study by Wasmuset al. (1989)on the
prevalenceof rheumatoidarthritisin the adult population. A randomsampleof 25 to 74 yearold
Germarresident®f Hannwer, Germaly wassuneyedby meanf amailedquestionnaireAmong
others,this questionnaireontained ve questionsaboutthe presenceof ve symptoms‘today”:
backpain,neckpain, painin oneor severaljoints, joint swelling,andmorningstiffness.Eachitem
wasto beansweredn a simpleyes/noresponsdormat. The datasetconsistsof 7,162records.

This datasethasbeenanalyzedy KohlmannandFormann(1997). They concludethatthe best
modelfor this datasetis a four classLC model. This model ts the datawell (L = 8:2, df = 8,
p = 0:414)andis meaningfulto epidemiologists.

Using scoringmetricsBIC, CS,andAIC, our algorithmdiscoveredexactly the samemodelas
the oneobtainedby KohimannandFormann(1997). WhenLS wasused,however, it computeda
very differentmodelthatdoesnot t datawell.

6.2 The ColemanData

The Colemandatasummarizeresponse®f 3,398 schoolbgs, eachwas asled to respondto the
following questionand statementt two differentpointsin time: (1) “Are you a memberof the
leadingcrowd?” (2) “If afellow wantsto bea partof theleadingcrowd aroundhere,he sometimes
hasto go againsthis principles. Thereare four binary manifestvariablesA, B, C, andD. The
variable A standsfor the answerto the questionin October1957andC thatin May 1958. The
variableB standgfor the responseo the statementn Octoberl957andD thatin May 1958. The
valueof 0 means'yes” and1 means’no”.

This datasethasbeenpreviously analyzedoy Goodmarn(1974a)andHagenaar$1988). Good-
manstartedwith a2-clasd.C modelandfoundthatit doesnot t thedatawell (L = 24950,df = 6,
p < 0:001).Hewentonto considettheloglinearmodelthatis representetly the pathdiagrammM1
in Figure10. In themodel,bothX; andX; arebinaryvariables.Thismodel ts datawell (L = 1:27,
df = 4, p= 0:87). Hagenaargxaminedsereral possiblemodelsandreachedhe conclusionthat
the loglinearmodelM2, whereX is a binary variable,bestexplainsthe data. This modelalso ts
thedataverywell (L= 1:43,df = 5, p= 0:.92).

UsingscoringmetricsAIC, BIC, andCS, our algorithmfoundthe modelM3, whereX; and X
arebothbinaryvariables.It' s obviousthatM3 is equivalentto M1 andhencet dataequallywell.
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Figure10: Modelsfor the Colemandata.

Figurell: Modelfor theHIV data.

Our algorithmdoesnot examinemodelM2 becauseét is notan HLC model. Thisis, howvever, no
problembecausé2 andM3 arealmostidenticalasgeneratre modelsfor the manifestvariables.

UsingLS, ouralgorithmfounda modelthatis the sameasM3 exceptthe cardinalityof X; is 3.
Thismodeldoesnot t datawell (L= 1:27,df = 0, p= 0:0).

6.3 The HIV TestData

This datasetconsistsof resultson 428 subjectsof four diagnostictestsfor humanHIV virus: “ra-
dioimmunoassagf antigenag121”(A); “radioimmunoassagf HIV p24” (B); “radioimmunoassay
of HIV gp120”(C); and“enzyme-linked immunosorbentassay”(D). A negative resultis repre-
sentedby 0 anda positive resultby 1.

Alvord et al. (1988) reasonedhat there should be two latent classescorrespondingo the
presenceindabsencef the HIV virus. However, the two-classLC modeldoesnot t datawell
(L= 16:23,df = 6, p= 0:01). Thisindicateshe presencef local dependence.

The performanceof our algorithmon this datasetis similar to that on the Colemandataset.
Using AIC, BIC, andCS, it foundthe modelin Figure 11, whereboth latentvariablesare binary
variables. The modelis identicalto one of the equivalentmodelsUebersax2000)reachedusing
someheuristictechniquesThemodel t datawell (L = 3:056,df = 4, p= 0:548).

With LS score our algorithmproducedhe samemodelstructure However, the cardinalitiesof
bothlatentvariablesareoverestimatedby 2. Themodel ts datapoorly.

6.4 The HouseBuilding Data

The housebuilding dataaretakenfrom a studyby Hagenaar®n peoples view aboutwhata new
governmentshoulddo. Again therearefour binary manifestvariablesA, B, C, andD. Roughly
speakingA andC represenanswerdy respondentsn NovemberandDecembefl970respecitiely,
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Figure12: Modelsfor the housebuilding data.

to the questionwhetherhousebuilding wasanimportantproblem. B andD representhe views of
respondentdn NovemberandDecembel 970respectiely, on how importanthousebuilding was
in relationto severalotherissues We referthereaderto Hagenaar$1988)for the details.

When analyzingthe data,Hagenaarstartedwith the modelM1 shavn in Figure12. In M1
andall the otherthreemodels,all latentvariablesare binary The ideabehindM1 is to capture
the test-reteseffects betweenthe two interviews. This modeldoesnot t datawell (L = 45:37,
df = 4, p= 0:000). Hagenaarsventon to examinethe standardizedesidualsandconcludedhat
andirecteffect shouldbe addedbetweenA andB. This led to the modelM2. This model t data
well (L= 1:94,df = 3, p= 0:59). Startingfrom someotherinitial modelsandaddingdirecteffects
properlyamongmanifestvariables Hagenaarsisoderivedthe modelsM3 andM4, which t data
aswell asM2.

It is clearthatmodelsM2, M3, andM4 arenot closeto ary HLC models. Consequentlywe
cannotexpectour algorithmto nd satisactorymodelsfor this dataset. This turnedoutto be the
case.Regardlessof the scoringmetric, our algorithmalwaysfound LC models.With BIC andCS
it found 3-classLC models.With AIC andLS, it found4-classLC models.Noneof themodelst
datawell.

To summarizehe experimentswith real-world data,we notethatthe performancenf our algo-
rithm ontheHannwerrheumatoidarthritisdatasupportgheclaimmadein theintroductionthatthe
algorithmwould returnLC modelswhenthereis no local dependenceThe performance®n the
ColemanandHIV datasetssupportthatclaim thatwhenlocal dependences presentthealgorithm
would returnHLC modelswith local dependenceroperly encoded.Finally, the performanceon
the housingbuilding datashows thelimitation of HLC models.

7. Conclusionsand Futur e Dir ections

We have introduceda new classof modelsfor clusteranalysisnamelyHLC models.HLC models
aresigni cantly moregeneralthanLC modelsand canaccommodatéocal dependenceYet they
remaincomputationallyattractive becausef simplicity of their structures.

A search-basedlgorithmhasbeendevelopedfor learningHLC modelsfrom data. Both syn-
thetic and real-world datahave beenusedto evaluatethe algorithm with four different scoring
metrics,namelyAlC, BIC, CS,andLS. Theresultsindicatethatthealgorithmworkswell with BIC
andCS.

Themodelsthatouralgorithm,with BIC or CS,reconstructeérom syntheticdatapredicatdest
dataaswell astheoriginal model. Their structuresarethe sameor equivalentto thatof the original
model,exceptin acoupleof caseshereminor differencesxist (probablydueto insufcient data).
The cardinalitiesof latentvariableswere,howvever, oftenunderestimatedOn threeof thefour real-
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world datasets,our algorithmfound modelsthatare consideredptimal or closeto optimalin the
literature.However, it failed on thefourth dataset,owing to thelimitations of HLC models.

We endthe paperwith alist of issuesthatshouldbe addressedOn top of thelist is the issue
of compleity. The focusof this paperhasbeenon developinga principled search-basethethod
for learningHLC models. Not much consideratiorwas given to computationacompleity. It is
clearfrom Section4.3 thatour algorithmis computationallyexpensve becauset, at eachstepof
searchexaminesa large numberof modelsandrunsthe EM algorithmon eachof the models.To
improve scability, we needto reducethe numberof candidatemodelsandto reducethe number
of timesthe EM algorithmis called. Although not straightforvard, both tasksare possible. For
example,the numberof callsto the EM algorithmcanbe reducedby applyingthe ideaof struc-
tural EM (Friedman,1997). We have recentlydevelopeda new algorithmbasedon this andother
ideas.Thealgorithmwastestedon, amongothersadatasetderivedfrom the ColL Challenge2000
benchmarlkdata(van der Puttenand van Someren2000). Thereare 42 mostly binary attributes
and5822records.The new algortihm nished analyzingthe datain 121 hourson a PCwith a2.4
GHz Pentium4 processorandit obtaineda very interestingmodel. The detailswill bereportedin
upcomingpapers.

The secondssueconcernsscoringmetric. It hasbeenshavn thatthe BIC scoreis a consistent
modelselectiorcriterionfor Bayesiametworkswith nolatentvariablesn the sensehat,givensuf-
cient data,the BIC scoreof the generatie model,i.e., the modelfrom which dataweresampled,
is largerthanthoseof ary othermodelsthat are not equivalentto the generatre model(Geigeret
al., 2001).Althoughourempiricalstudiessuggesthatthe BIC scoreis well-behaedin practicefor
thetaskof learningHLC models BIC hasnot beenprovedto be consistentor latentvariablemod-
els. The useof effective dimensionsnakesBIC a betterapproximationof the maginal likelihood
(Geigeretal., 1996);anda methodfor effectively computingeffective dimensionof HLC models
hasbeenfound (Kocka and Zhang,2002). However, the maginal likelihooditself hasnot been
shawn to beconsistenfor latentvariablemodels.Findinga consistentmodelselectiorcriterionfor
HLC modelsin particularandfor latentvariablemodelsin generais animportantresearchopic.

Finally, we chooseto studyHLC modelsbecausehey signi cantly generalizd.C modelsand
are computationallyattractve. As we have seenin Section6, HLC modelsare well suitedfor
someapplicationswvhile inadequatdor others.Sometimesnorecomplex modelsareneeded.The
challenges to keepcomputatiorfeasiblewhile consideringnoreandmorecomplex models.
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BackPain | NeckPain | JointPain | Swelling | Stiffness || Frequeny |

no no no no no 3,634
no no no no yes 73
no no no yes no 87
no no no yes yes 10
no no yes no no 440
no no yes no yes 89
no no yes yes no 106
no no yes yes yes 75
no yes no no no 295
no yes no no yes 25
no yes no yes no 15
no yes no yes yes 5
no yes yes no no 137
no yes yes no yes 42
no yes yes yes no 35
no yes yes yes yes 39
yes no no no no 489
yes no no no yes 37
yes no no yes no 23
yes no no yes yes 7
yes no yes no no 255
yes no yes no yes 116
yes no yes yes no 71
yes no yes yes yes 65
yes yes no no no 306
yes yes no no yes 48
yes yes no yes no 16
yes yes no yes yes 11
yes yes yes no no 229
yes yes yes no yes 162
yes yes yes yes no 44
yes yes yes Yes yes 176

Table3: TheHannwerrheumatoidarthritisdata.
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