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Abstract
Latentclassmodelsareusedfor clusteranalysisof categoricaldata.Underlyingsuchamodelis the
assumptionthattheobservedvariablesaremutuallyindependentgiventheclassvariable.A serious
problemwith theuseof latentclassmodels,known aslocal dependence,is thatthis assumptionis
oftenuntrue. In this paperwe proposehierarchicallatentclassmodelsasa framework wherethe
local dependenceproblemcanbe addressedin a principledmanner. We develop a search-based
algorithmfor learninghierarchicallatentclassmodelsfrom data.Thealgorithmis evaluatedusing
bothsyntheticandreal-world data.
Keywords: Model-basedclustering,latentclassmodels,local dependence,Bayesiannetworks,
latentstructurediscovery

1. Intr oduction

Clusteranalysisis thepartitioningof similarobjectsinto meaningfulclasses,whenboththenumber
of classesandthecompositionof theclassesareto bedetermined(KaufmanandRousseeuw1990;
Everitt 1993). In model-basedclustering,it is assumedthat theobjectsunderstudyaregenerated
by a mixtureof probabilitydistributions,with onecomponentcorrespondingto eachclass.When
theattributesof objectsarecontinuous,clusteranalysisis sometimescalledlatentpro�le analysis
(Gibson,1959;LazarsfeldandHenry, 1968;Bartholomew andKnott,1999;VermuntandMagidson,
2002).Whentheattributesarecategorical,clusteranalysisis sometimescalledlatentclassanalysis
(LCA) (LazarsfeldandHenry, 1968;Goodman,1974b;Bartholomew andKnott, 1999;Uebersax,
2001).Thereis alsoclusteranalysisof mixed-modedata(Everitt, 1993)wheresomeattributesare
continuouswhile othersarecategorical.

This paperis concernedwith LCA, wheredataareassumedto be generatedby a latent class
(LC) model.An LC modelconsistsof aclassvariablethatrepresentstheclustersto beidenti�ed and
a numberof othervariablesthatrepresentattributesof objects.1 Theclassvariableis not observed
andhencesaidto be latent. On theotherhand,theattributesareobservedandarecalledmanifest
variables.

LC modelsassumelocal independence, i.e., manifestvariablesare mutually independentin
eachlatentclass,or equivalently, giventhelatentvariable.A seriousproblemwith theuseof LCA,
known aslocal dependence, is thatthisassumptionis oftenviolated.If onedoesnotdealwith local

1. Latentclassmodelsaresometimesalsoreferredto asnäive Bayesmodels.We suggestthat the term“naïve Bayes
models”be usedonly in the context of classi�cationandthe term “latent classmodels”be usedin the context of
clustering.
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dependenceexplicitly, oneimplicitly attributesit to the latentvariable. This canleadto spurious
latentclassesandpoormodel�t. It canalsodegeneratetheaccuracy of classi�cationbecauselocally
dependentmanifestvariablescontainoverlappinginformation(VermuntandMagidson,2002).

The local dependenceproblemhasattractedsomeattentionin the LCA literature(Espeland
andHandelman,1989;GarrettandZeger, 2000;Hagenaars,1988;VermuntandMagidson,2000).
Methodsfor detectingandmodelinglocal dependencehave beenproposed.To detectlocal depen-
dence,onetypically comparesobserved andexpectedcross-classi�cationfrequenciesfor pairsof
manifestvariables.To modellocaldependence,onecanjoin manifestvariables,introducemultiple
latentvariables,or reformulateLC modelsasloglinearmodelsandthenimposeconstraintsonthem.
All existing methodsarepreliminaryproposalsandsuffer from a numberof de�ciencies(Section
2).

1.1 Our Work

This paperdescribesthe�rst systematicapproachto theproblemof local dependence.We address
theproblemin theframework of hierarchical latentclass(HLC) models. HLC modelsareBayesian
networks whosestructuresarerootedtreesandwherethe leaf nodesareobserved while all other
nodesarelatent.This classof modelsis chosenfor two reasons.First it is signi�cantly largerthan
theclassof LC modelsandcanaccommodatelocaldependence.Secondinferencein anHLC model
takestime linearin modelsize,whichmakesit computationallyfeasibleto runEM.

We developa search-basedalgorithmfor learningHLC modelsfrom data.Thealgorithmsys-
tematicallysearchesfor the optimal modelby hill-climbing in a spaceof HLC modelswith the
guidanceof a modelselectioncriterion. Whenthereis no local dependence,thealgorithmreturns
anLC model.Whenlocal dependenceis present,it returnsanHLC modelwherelocal dependence
is appropriatelymodeled.It shouldbenoted,however, that thealgorithmmight not work well on
datageneratedby modelsthat neitherareHLC modelsnor canbe closelyapproximatedby HLC
models.

The motivation for this work originatesfrom an applicationin traditionalChinesemedicine.
In thatapplication,thereareapproximatelyseventymanifestvariablesandlocal dependenceis an
importantissue.Theaim is to learnastatisticalmodelfrom dataandhenceprovidedoctorswith an
objectivepictureaboutthestructureof theapplicationdomain.2 As such,modelquality is of utmost
importance,while it is reasonableto assumeabundantdataandcomputingresources.Sowe take
a principled(asopposedto heuristic)approachwhendesigningour algorithmandwe empirically
show that thealgorithmyieldsmodelsof goodquality. In subsequentwork, we will exploreways
to scaleup thealgorithm.

1.2 RelatedLiteratur e

This paperis an additionto the growing literatureon hiddenvariablediscovery in Bayesiannet-
works(BN). Hereis a brief discussionof someof this literature.Elidanet al. (2001)discusshow
to introducelatentvariablesto BNs constructedfor observed variablesby BN structurelearning
algorithms. The ideais to look for structuralsignaturesof latentvariables.Elidan andFriedman
(2001)give a fastalgorithmfor determiningthecardinalities— thenumbersof possiblestates—
of latentvariablesintroducedthis way. Meila-Predoviciu (1999)studieshow mixturesof treescan

2. Currently, diagnosisin Chinesemedicineis basedon theoriesthathavenotbeenscienti�cally validated.
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beinducedfrom data.This work is basedon themethodof approximatingjoint probabilitydistri-
butionswith dependencetreesby Chow andLiu (1968). The new componentis a latentvariable
thatspeci�eshow severaltreesoverobservednodes�t into onemodel.

Thealgorithmsdescribedin Connolly(1993)andMartinandVanLehn(1994)arecloselyrelated
the algorithmpresentedin this paper. They all aim at inducing from dataa latentstructurethat
explains correlationsamongobserved variables. The algorithm by Martin and VanLehn(1994)
builds a two-level Bayesiannetwork wherethelower level consistsof observedvariableswhile the
upperlevel consistsof latentvariables.Thealgorithmis basedontestsof associationbetweenpairs
of observed variables. The algorithmby Connolly (1993)constructsexactly what we call HLC
models. Mutual information is usedto group variables,a latent variableis introducedfor each
group,andthecardinalityof the latentvariableis determinedusinga techniquecalledconceptual
clustering.In comparisonwith Connolly's method,our methodis moreprincipledin thesensethat
it determinesmodelstructureandcardinalitiesof latentvariablesusingonecriterion,namely(some
approximation)of themarginal likelihood.

Thetaskof learningHLC modelsis similar to thereconstructionof phylogenetictrees,which is
amajortopic in biologicalsequenceanalysis(Durbinetal., 1998).As amatterof fact,phylogenetic
treesarespecialHLC modelswherethemodelstructuresarebinary (bifurcating)treesandall the
variablessharethe sameset of possiblestates. However, phylogenetictreescannotbe directly
usedfor generalclusteranalysisbecausethe constraintsimposedon them. And techniquesfor
phylogenetictreereconstructiondo not necessarilycarry over to HLC models. For example,the
structuralEM algorithmfor phylogenetictreereconstructionby Friedmanet al., (2002)doesnot
work for HLC modelsbecausewe do not know, a priori, the numberof latentvariablesandtheir
cardinalities.

HLC modelsshouldnot beconfusedwith model-basedhierarchicalclustering(e.g.,Hansonet
al., 1991;Fraley, 1998). In an LC model(or similar modelswith continuousmanifestvariables),
thereis only onelatentvariableandeachstateof thevariablecorrespondsto aclusterin data.HLC
modelsgeneralizeLC modelsbyallowingmultiplelatentvariablesandhenceopenupthepossibility
of multiple clusteringsin onemodel.An HLC modelcontainsa hierarchy of latentvariables,with
eachcorrespondingto oneway to clusterdata.In model-basedhierarchicalclustering,on theother
hand,onehasa hierarchy of classes.Conceptuallythereis only one latentvariable. Classesat
differentlevelsof thehierarchy correspondto statesof thevariableatdifferentlevelsof granularity.

1.3 Organizationof Paper

The restof this paperis organizedasfollows. In thenext sectionwe give a brief review of latent
classmodelsandsurvey previouswork on local dependence.In Section3 we formally de�ne HLC
modelsandstudyanumberof theoreticalissuesrelatedto thetaskof learningHLC models.A hill-
climbing algorithmfor inducingregularHLC modelsfrom datais describedin Section4. Section
5 reportsempiricalresultson syntheticdataandSection6 discussesexperimentswith real-world
data.Conclusionsandremarksaboutfuturedirectionsareprovidedin the�nal section.

2. Latent ClassModelsand Local Dependence

A latentclass(LC) modelinvolvesalatentvariableX andanumberof manifestvariablesY1, Y2, . . . ,
Yn. All thevariablesarecategoricalandtherelationshipsamongthemaredescribedby thesimple
Bayesiannetwork shown in Figure 1. In applications,the latent variableX representsconcepts
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Figure1: Structureof LC models.

suchas “depression”that cannotbe directly measured(Eatonet al., 1989). Statesof the latent
variablecorrespondto classesof individualsin a population. The manifestvariablesYi represent
manifestationsof thelatentconceptsuchas“lossof appetite”,“trouble falling asleep”,“thoughtsof
death”,andsoon.

The latent variablein�uences all the manifestvariablesat the sametime and hencerenders
themcorrelated.The essenceof latent classanalysis(LCA) is to characterizethe latentconcept
by analyzingthosecorrelations.This is possibledueto theassumptionthat themanifestvariables
aremutually independentgiven the latentvariable,which canbe intuitively interpretedassaying
thatthelatentvariableis theonly reasonfor thecorrelations.Sinceeachstateof thelatentvariable
correspondsto a classof individualsin a population,theconditionalindependenceassumptioncan
berestatedasthat themanifestvariablesareindependentwithin eachlatentclass.Becauseof this,
it is sometimescalledthelocal independenceassumption.

LearninganLC modelfrom datameansto (1) determinethecardinalityfor variableX, i.e., the
numberof latentclasses;and(2) estimatethemodelparametersP(X) andP(Yi jX). Parametersare
usuallyestimatedusingtheEM algorithm(Dempsteret al., 1977;Lauritzen,1995). Thecardinal-
ity of X is determinedby comparingalternativesusinggoodness-of-�tindicesor scoringmetrics.
The mostcommonlyusedscoringmetric is BIC (Schwarz, 1978). Equivalent to the MDL score
(Lanterman,2001),theBIC scoreis anapproximationof themarginal likelihoodthatis derivedin a
settingwhenall variablesareobserved.Geigeretal., (1998)haverecentlycautionedagainstits use
in LC models.Extensive experimentsby ChickeringandHeckerman(1997)show thatBIC is less
accuratethanotheref�cient approximationsof marginal likelihoodsuchasthe Cheeseman-Stutz
(CS)score(CheesemanandStutz,1995).

A seriousproblemwith the useof LCA is that the local independenceassumptionis often
violated.Thetermlocal dependenceis usedto referto this problem.Previousmethodsfor dealing
with local independencearesurveyedby Uebersax(2000). In this survey, Uebersaxdistinguishes
betweentwo subtasks,namelythediagnosisandmodelingof localdependence.

Diagnosticmethodscompareobservedandexpectedfrequenciesfor pairsof manifestvariables.
For concreteness,considertwo manifestvariablesA andB in an LC model. Denotethe observed
andexpectedfrequencieson A andB by O(A;B) andE(A;B) respectively. For any statea of A and
b of B, O(a;b) is thenumberof recordswhereA is in statea andB is in stateb.3 Ontheotherhand,
E(a;b) = P(a;b) � N, whereP(A;B) is thejoint probabilityof A andB in theLC modelandN is the
total numberof records.Hagenaars(1988)suggeststhatoneexaminethestandardizedresiduals

R(a;b) =
O(a;b) � E(a;b)

p
E(a;b)

3. Weuseuppercaselettersfor variablenamesandthecorrespondinglowercaselettersfor their states.
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Figure2: Modelingof localdependence.

for eachcombination(a;b) of statesof A andB. If theresidualsdeviatefrom zerosigni�cantly, one
concludesthatA andB arelocally dependent.EspelandandHandelman(1988)proposecomputing
thelikelihoodratiostatistic

L(A;B) = å
a;b

2O(a;b)log
O(a;b)
E(a;b)

:

The larger thestatistic,thestrongertheevidencefor local dependencebetweenA andB. WhenA
andB arebinaryvariables,we denotethepossiblestatesfor thetwo variablesby a, : a, b, and: b.
GarretandZeger(2000)recommendto comparetheobservedandexpectedlog oddsratio

log
O(: a;b)=O(a;b)

O(: a; : b)=O(a; : b)
, log

E(: a;b)=E(a;b)
E(: a; : b)=E(a; : b)

:

Again largerdifferencesindicatestrongerevidencefor localdependence.
An obvious way to model local dependenceis to introducejoint variables. Considerthe LC

model M1 in Figure 2. If variablesB andC are locally dependent,we can combinethosetwo
variablesand introducea joint variableBC. This leadto the modelM2. A secondmethodis to
introducenew latentvariables(Goodman,1974a).Uebersaxcalls it themultipleindicator method.
To accountfor thelocal dependencebetweenB andC in M1, for instance,we canintroducea new
latentvariableX1 andtherebygetmodelM3. By doingthis,we areassumingthatthereasonfor B
andC beinglocally dependentis that they arejointly in�uenced by a latentvariableX1 that is not
completelydeterminedby the latentvariableX. In a third approach(Hagenaars,1988),oneviews
LC modelsasspecialloglinearmodels. Whentwo manifestvariablesarelocally dependent,one
simply addsa direct effect betweenthem. In modelM1, addinga direct effect betweenB andC
yields the modelM4. Note that M4 is no longera Bayesiannetwork. It is the path-diagram(see
BohrnstedtandKnoke,1994,Chapter11) for a loglinearmodel.

Previouswork in theLCA communityfor dealingwith local dependenceis not suf�cient for a
numberof reasons.First, the criteria for detectinglocal dependenceis heuristicin nature. Judg-
mentsarerequiredasto how thevariousthresholdsshouldbeset.Second,thereareno criteriafor
makingthetrade-off betweenincreasingthecardinalitiesof existing latentvariablesversusincreas-
ing thecomplexity of modelstructure.In Hagenaars(1988)andUebersax(2000),cardinalitiesof
all latentvariablesare�x edat 2 while modelstructuresareallowedto change.In mostotherwork
the standardone-latent-variablestructureis assumedand�x ed,while the cardinalityof the latent
variableis allowedto change.Third, thesearchfor thebestmodelis carriedoutmanually. Typically
only a few simplemodelsareconsidered(Goodman,1974a;Hagenaars,1988). Thesearchspace
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Figure3: An exampleHLC model.TheXi 'sarelatentvariablesandtheYj 'saremanifestvariables.

for themultiple indicatormethodis not evenclearlyde�ned. Finally, whentherearemultiple pairs
of locally dependentmanifestvariables,it is not clearwhich pair shouldbe tackled�rst, or if all
pairsshouldbehandledsimultaneously.

The purposeof this paperis to develop a principledandsystematicmethodfor dealingwith
local dependence.In thenext section,we describethemodelsthatserve astheframework for our
work.

3. Hierar chical Latent ClassModels

A hierarchical latentclass(HLC) modelis aBayesiannetwork where

1. Thenetwork structureis a rootedtree;and

2. Thevariablesat theleafnodesareobservedandall theothervariablesarenot.4

Figure3showsanexampleof anHLC model.Following theLCA literature,wereferto theobserved
variablesasmanifestvariablesandall theothervariablesaslatentvariables. In this paperwe do
not distinguishbetweenvariablesandnodes.So we sometimesspeakalsoof manifestnodesand
latentnodes. For technicalconvenience,weassumethatthereareat leasttwo manifestvariables.

We useq to refer to the collectionof parametersin an HLC modelM andusem to refer to
whatis left whentheparametersareremovedfrom M. Soweusuallywrite anHLC modelasapair
M = (m;q). We sometimesreferto the�rst componentm of thepair alsoasanHLC model.When
it is necessaryto distinguishbetweenmandthepair (m;q), wecall manuninstantiatedHLC model
andthepair aninstantiatedHLC model. ThetermHLC modelstructure is reservedfor whatis left
if informationaboutcardinalitiesof latentvariablesareremoved from anuninstantiatedmodelm.
Model structureswill bedenotedby theletterS, possiblywith subscripts.

3.1 ParsimoniousHLC Models

In thispaperwestudythelearningof HLC models.Weassumethatthereis acollectionof identical
andindependentlydistributed(i.i.d.) samplesgeneratedby someHLC model.Eachsampleconsists
of statesfor all or someof themanifestvariables.Thetaskis to reconstructtheHLC modelfrom
data.As will beseenlater, not all HLC modelscanbereconstructedfrom data.It is hencenatural

4. Theconceptof a variablebeingobservedis alwaysw.r.t somegivendataset. A variableis observedin a datasetif
thereis at leastonerecordthatcontainsthestatefor thatvariable.
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to askwhat modelscanbe reconstructed.In this subsectionwe provide a partial answerto this
question.

Considertwo instantiatedHLC modelsM = (m;q) andM0= (m0;q0) thatsharethesameman-
ifest variablesY1, Y2, . . . , Yn. We saythat M andM0 aremarginally equivalentif the probability
distributionover themanifestvariablesis thesamein bothmodels,i.e.,

P(Y1; : : : ;Ynjm;q) = P(Y1; : : : ;Ynjm0;q0): (1)

Two marginally equivalentinstantiatedmodelsareequivalentif they alsohavethesamenumber
of independentparameters.Two uninstantiatedHLC modelsm andm0 areequivalentif for any
parameterizationq of m thereexists a parameterizationq0 of m0 suchthat (m;q) and (m;q0) are
equivalentandviceversa.Two HLC modelstructuresS1 andS2 areequivalentif thereareequivalent
uninstantiatedmodelsm1 andm2 whoseunderlyingstructuresareS1 andS2 respectively.

An instantiatedHLC modelM is parsimoniousif theredoesnot exist anothermodelM0 that
is marginally equivalent to M and that hasfewer independentparametersthanM. An uninstan-
tiatedHLC modelm is parsimoniousif thereexists a parameterizationq of m suchthat (m;q) is
parsimonious.

Let M bean instantiatedHLC modelandD bea setof i.i.d. samplesgeneratedby M. If M is
not parsimonious,thentheremustexist anotherHLC modelwhosepenalizedloglikelihoodscore
givenD (Green,1998;Lanternman,2001)is greaterthanthatof M. This meansthat, if oneuses
penalizedloglikelihoodfor modelselection,onewould preferthis otherparsimoniousmodelsover
thenon-parsimoniousmodelM. Thefollowing theoremstatesthat,to someextent,theoppositeis
alsotrue,i.e.,onewouldpreferM to othermodelsif M is parsimonious.

Theorem1 Let M andM0 betwo instantiatedHLC modelswith thesamemanifestvariables.Let
D bea setof i.i.d. samplesgeneratedfromM.

1. If M and M0 are not marginally equivalent,then the loglikelihood l (MjD) of M is strictly
greaterthantheloglikelihoodl (M0jD) of M0whenthesamplesizeis largeenough.

2. If M is parsimoniousand is not equivalentto M0, thenthe penalizedloglikelihoodof M is
strictly larger thanthatof M0whenthesamplesizeis largeenough.

Proof: UseP andP0 to denotethemarginal probabilitydistributionsover themanifestvariablesin
M andM0 respectively. Let N be the samplesize. It follows from the law of large numbersthat,
asN goesto in�nity , [l (MjD)� l (M0jD)]=N approachestheKullback-Leibler(KL) distanceI(P:P0).
The �rst parthencefollows from thewell-known propertyof theKL distancethat I (P:P0)� 0 and
theequalityis trueonly whenP andP0areidentical(e.g.,CoverandThomas,1991).

Thesecondpartcanbedividedinto two cases.The�rst caseis whenM andM0aremarginally
equivalentandM0 hasmoreparametersthanM. Herethestatementis trivially true for all sample
sizes. In the secondcase,M andM0 arenot marginally equivalent. Accordingto the �rst part of
thetheorem,l (MjD)� l (M0jD) is positivewhenN is largeenough.Moreover thequantityincreases
linearlywith N. Ontheotherhand,thepenaltyonmodelcomplexity increaseslogarithmicallywith
N. Hencethestatementis truewhenN is largeenough.Q.E.D.
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Figure4: Theoperationof rootwalking.

3.2 Model Equivalence

In this subsectionwe give anoperationalcharacterizationof modelequivalence.Let X1 betheroot
of aninstantiatedHLC modelM1. SupposeX2 is achild of X1 andit is a latentnode(seeFigure4).
De�ne anotherHLC modelM2 by reversingthearrow X1! X2 and,while leaving thevaluesfor all
otherparametersunchanged,de�ning PM2(X2) andPM2(X1jX2) asfollows:

PM2(X2) = å
X1

PM1(X1)PM1(X2jX1)

PM2(X1jX2) =

( PM1(X1)PM1(X2jX1)
PM2(X2) if PM2(X2) > 0:

1
jX1j otherwise.

We usethetermroot walking to refer to theprocessof obtainingM2 from M1. In theprocess,the
roothaswalkedfrom X1 to X2.

Theorem2 Let M1 andM2 betwo instantiatedHLC models.If M2 is obtainedfromM1 by oneor
morestepsof rootwalking, thenM1 andM2 areequivalent.5

Proof: We will prove this theoremfor thecasewhenM2 is obtainedfrom M1 by onestepof root
walking. Thegeneralcasefollows from thisspecialcaseby induction.

Assumethemodelsareasshown in Figure4. Model M2 is obtainedby letting the root of M1

walk from X1 to X2. Let A be the setof variablesin the subtreesrootedat X2 exceptthosein the
subtreerootedat X1 andlet B bethesetof variablesin thesubtreesrootedat X1 exceptthosein the
subtreerootedatX2. Wehave,

PM1(X1;X2;A;B) = PM1(X1)PM1(X2jX1)PM1(AjX2)PM1(BjX1)

= PM2(X2)PM2(X1jX2)PM2(AjX2)PM2(BjX1)

= PM2(X1;X2;A;B):

Consequently, M1 andM2 aremarginally equivalent.
It is easyto seethatPM1(X1) andPM1(X2jX1) encapsulatejX1jjX2j� 1 parameters.Thesameis

true for PM2(X2) andPM2(X1jX2). HenceM1 andM2 have the samenumberof parameters.The
theoremis thereforeproved.Q.E.D.

5. A similar but differenttheoremwasprovedby Chickering(1996)for Bayesiannetworkswith no latentvariables.In
Chickering(1996),modelequivalenceimpliesequalnumberof parameters.Hereequalnumberof parametersis part
of thede�nition of modelequivalence.
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Figure5: HLC modelsthatareequivalentto theonein Figure3.

Figure6: TheunrootedHLC modelthatcorrespondsto theHLC modelin Figure3.

Thetwo HLC modelsshown in Figure5 areequivalentto themodelin Figure3. Themodelon
theleft is obtainedby letting therootof theoriginalmodelwalk from X1 to X2, while themodelon
theright is obtainedby letting therootwalk from X1 to X3.

In general,the root of anHLC modelcanwalk to any latentnode.This implies theroot node
cannotbedeterminedfrom data.6 A questionaboutthesuitability of HLC modelsfor clusteranal-
ysisnaturallyarises.We take thepositionthat theroot nodecanbedeterminedfrom theobjective
in clusteringanddomainknowledge.Moreoverweview thepresenceof multiple latentvariablesas
anadvantagebecauseit enablesoneto clusterdatain multipleways.Eachlatentvariablerepresents
onepossibleway to clusterdata.Notethatmultiple clusteringsdueto multiple latentvariablesare
very differentfrom multiple clusteringsin hierarchicalclustering.In thelattercase,a clusteringat
a lower level of thehierarchy is a re�nementof aclusteringatahigherlevel. Thesamerelationship
doesnotexist in theformercase.

Theinability of determiningtherootnodefrom dataalsohassometechnicalconsequences.We
cannever induceHLC modelsfrom data. Insteadwe obtainwhat might be calledunrootedHLC
models.An unrootedHLC modelis anHLC modelwith all directionsontheedgesdropped.Figure
6 shows the unrootedHLC model that correspondsto the HLC model in Figure3. An unrooted
HLC modelrepresentsa classof HLC models;membersof the classareobtainedby rooting the
modelat variouslatentnodesandby directingtheedgesaway from the root. Semanticallyit is a
Markov random�eld on anundirectedtree. The leaf nodesareobservedwhile the interior nodes
arelatent. The conceptsof marginal equivalence,equivalence,andparsimony canbe de�ned for
unrootedHLC modelsin thesamewayasfor rootedmodels.

Fromnow on whenwe speakof HLC modelswe alwaysmeanunrootedHLC modelsunlessit
is explicitly statedotherwise.

6. In thecaseof phylogenetictrees,this is awell-known fact(Durbinetal., 1998).
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3.3 Regular HLC Models

In this subsectionwe �rst introducetheconceptof regularHLC modelsandshow thatall parsimo-
niousmodelsmustregular. We thenshow that thesetof uninstantiatedregularHLC modelsfor a
givensetof manifestvariablesis �nite. This providesa searchspacefor the learningalgorithmto
bedevelopedin thenext section.

For any variableX, useWX and jXj to denoteits domainandcardinality respectively. For a
latentvariableZ in anHLC model,enumerateits neighborsasX1, X2, . . . , Xk. An HLC modelis
regular if

1. It consistsof at leasttwo manifestvariables;and

2. For any latentvariableZ,

(a) If Z hasonly two neighbors,thenoneof thetwo neighborsmustbea latentnodeand

jZj <
jX1jjX2j

maxfj X1j; jX2jg
(2)

(b) If Z hasmorethantwo neighbors,then

jZj �
Õk

i= 1 jXi j
maxk

i= 1 jXi j
: (3)

Notethatthisde�nition appliesto instantiatedaswell asuninstantiatedmodels.

Theorem3 LetM bean instantiatedHLC model.If M is irregular, thenthereexistsanothermodel
M0 that is marginally equivalentto andhasfewerparameters thanM.

Proof: Parametersof a rootedHLC model include the prior probability distribution of the root
andtheconditionalprobabilitydistribution of eachof thenon-rootnodesgiven its parent.On the
otherhand,parametersof anunrootedHLC modelincludea potentialfor eachedgein themodel
structure.Thepotentialis a functionof the two variablesconnectedby theedge.Referringto the
de�nition of regularity, let f (Z;X1; : : : ;Xk) bethemultiplicationof all potentialsfor edgesbetween
Z andits neighborsandlet g(X1; : : : ;Xk)= å Z f (Z;X1; : : : ;Xk).

Considerthecasewheninequality(3) is violated,i.e., jZj > Õk
i= 1 jXi j=maxk

i= 1 jXi j. Without loss
of generality, supposejXkj= maxk

i= 1 jXi j. Let M0 be the sameasM exceptthat the domainof Z is
rede�nedto beÕk� 1

i= 1 WXi . An stateof Z canbewritten as< z1; : : : ;zk� 1> , wherezi is a stateof Xi .
For eachi = 1; : : : ;k� 1, setthepotential fi(Z;Xi) for theedgebetweenXi andZ asfollows:

fi(< z1; : : : ;zk� 1> ;xi) =
�

1 if zi = xi

0 if zi 6= xi :

Setthepotential fk(Z;Xk) for theedgebetweenXk andZ asfollows:

fi(< z1; : : : ;zk� 1> ;xk) = g(z1; : : : ;zk� 1;xk):

Then

å
Z

k

Õ
i= 1

fi(Z;Xi) = g(X1; : : : ;Xk):
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HenceM0 is marginally equivalentto M. BecauseZ hasfewer statesin M0 thanin M, M0hasfewer
parametersthanM. ThereforeM is notparsimonious.

Now considerthecasewheninequality(2) is violated.In thiscase,thelatentvariableZ hastwo
neighborsX1 andX2, oneof whichbeinga latentnode,suchthat

jZj �
jX1jjX2j

maxfj X1j; jX2jg
(4)

We assumethat X1 is a latent node. Let M0 be the model obtainedby eliminating Z from M.7

ThenM0 is marginally equivalentto M. To calculatethe differencein the numberof independent
parametersbetweenM0 andM, imaginerootingbothmodelsat X1. Thenit is easyto seethat the
differenceis

jX1j(jX2j � 1) � [jX1j(jZj � 1) + jZj(jX2j � 1)] = jX1jjX2j � jZj(jX1j + jX2j � 1):

Thisquantityis negativebecauseof inequality(4) andof thefactthatbothX1 andX2 havemorethan
onestate.HenceM0hasfewer parametersthanM. ThereforeM is not parsimonious.Thetheorem
is proved.Q.E.D

Corollary 1 ParsimoniousHLC modelsmustberegular.

Theorem4 Thesetof all regular uninstantiatedHLC modelsfor a givensetof manifestvariables
is �nite .

Beforeproving thistheorem,weneedto introduceseverallemmas,whichareinterestingin their
own right. A latentnodein an HLC modelhasat leasttwo neighbors.A singly connectedlatent
nodeis onethathasexactly two neighbors.

Lemma 1 In a regular HLC model,no twosinglyconnectedlatentnodescanbeneighbors.

Proof: We know from 2 that the cardinality of a singly connectednodeis strictly smallerthan
thoseof its two neighbors.If two singly connectedlatentnodesZ1 andZ2 wereneighbors,thenwe
would have both jZ1j> jZ2j andjZ1j< jZ2j. Thereforetwo singly connectedlatentnodescannotbe
neighbors.Q.E.D.

This lemmainspiresthe following two de�nitions. We say that an HLC model structureis
regular if no two singly connectedlatentnodesareneighbors. If thereareno singly connected
latentnodesatall, wesaythatthemodelstructureis strictly regular.

Lemma 2 LetSbeanHLC modelstructurewith n manifestvariables.If Sis regular, thenthereare
fewer than3n latentnodes.If Sis strictly regular, thenthereare fewer thann latentnodes.

Proof: We prove thesecondpart�rst. 8 Let h bethenumberof latentnodes.Thenthetotal number
of nodesis n+ h. Hencethenumberof edgesis n+ h� 1.

7. This meansto (1) remove Z andconnectX1 andX2; and(2) setthepotentialfor thenew edgebetweenX1 andX2 to
beå Z f1(X1;Z) f2(X2;Z), wheref1 and f2 arethepotentialsfor theedgebetweenX1 andZ andtheedgebetweenX2
andZ respectively.

8. Thisproof is contributedby Tomá�sKo�cka.
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On theotherhand,eachmanifestnodeappearsin exactly oneedgeand,becauseof strict reg-
ularity, eachlatentnodeappearsin at leastthreeedges.Becauseeachedgeinvolvesexactly two
variables,thereareat least(n+ 3h)=2 edges.Hencen+ h� 1 � (n+ 3h)=2. Solving this inequality
yieldsh� n� 2< n.

To prove the �rst part, let m be the total numberof nodesin a regular structure.Imaginethat
we root thestructureat anarbitrarylatentnode.Thenthechild of a singly connectedlatentnodeis
eithera manifestnodeor anotherlatentnodethat is not singly connected.Moreover, thechildren
for differentsinglyconnectednodesaredifferent.Soif weeliminateall thesinglyconnectedlatent
nodes,theresultingstructurewill haveat leastm=2 nodes.Theresultingstructureis strictly regular.
Hencem=2< 2n. This implies that m< 4n. Sincetherearen manifestnodes,the numberof latent
mustbesmallerthan3n. Q.E.D

Lemma 3 There are fewer than 23n2
different regular HLC modelstructuresfor a givensetof n

manifestnodes.

Proof: Let P be thepower setof thesetof manifestnodesandlet V be thecollectionof vectors
thatconsist3n elementsof P. Duplicatesareallowedin any givenvector. Sincethecardinalityof
P is 2n, thecardinalityof V is (2n)3n= 23n2

.
Let S be the setof all regular HLC modelstructuresfor the given manifestnodes. De�ne a

mappingfrom S to V asfollows: For any givenmodelstructurein S, �rst root thestructureat the
parentof the�rst manifestnode.Second,arrangeall thelatentnodesinto a vectoraccordingto the
depth-�rst traversalorder. Accordingto Lemma2, thelengthof thevectorcannotexceed3n. Third,
replaceeachlatentnodewith thesubsetof manifestnodesin its subtrees.Finally, addcopiesof the
emptysetto theendsothatthelengthof thevectoris 3n. It is not dif�cult to seethatthemapping
is bijective. Thereforethecardinalityof S cannotexceedthatof V , which is 23n2

. Thetheoremis
proved.Q.E.D.

Proof of Theorem4: Accordingto Lemma3, thenumberof regularmodelstructuresis �nite. It is
clearfrom (3), thenumberof uninstantiatedmodelfor a givenmodelstructuremustalsobe�nite.
Thetheoremis thereforeproved.Q.E.D

4. Searching for Optimal Models

In thissectionwepresentahill-climbing algorithmfor learningHLC models.Hill-climbing requires
a scoringmetric for comparingcandidatemodels. In this work we experimentwith four existing
scoringmetrics,namelyAIC (Akaike, 1974), BIC (Schwarz, 1978), the Cheeseman-Stutz(CS)
score(CheesemanandStutz,1995),andtheholdoutlogarithmicscore(LS) (Cowell et al., 1999).

Hill-climbing alsorequiresthespeci�cationof a searchspaceandsearchoperators.According
to Corollary 1, a naturalsearchspacefor our task is the setof all regular (uninstantiated)HLC
modelsfor thesetof manifestvariablesthatappearin data.By Theorem4, weknow thatthisspace
is �nite.

Insteadof searchingthis spacedirectly, we structurethespaceinto two levelsaccordingto the
following two subtasksandwesearchthosetwo levelsseparately:

1. Givenamodelstructure,�nd optimalcardinalitiesfor thelatentvariables.

2. Findanoptimalmodelstructure.
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Figure7: Illustrationof structuralsearchoperators.

This searchspacerestructuringis motivatedby thefact thatnaturalsearchoperatorsexist for each
of thetwo levels,while operatorsfor the�at spacearelessobvious.

4.1 Estimating Cardinalities of Latent Variables

Thesearchspacefor the�rst subtaskconsistsof all theregularmodelswith thegivenmodelstruc-
ture. To hill-climb in this spacewe startwith the modelwherethe cardinalitiesof all the latent
variablesaretheminimum. In mostcases,theminimumcardinalityfor a latentvariableis 2. For
a latentvariablenext to a singly connectedlatentnode,however, theminimumpossiblecardinality
is 3 becauseof the inequality(2). At eachstep,we modify the currentmodelto get a numberof
new models.Theoperatorfor modifying a modelis to increasethecardinalityof a latentvariable
by one.Irregularnew modelsarediscarded.Wethenevaluateeachof thenew modelsandpicksthe
bestoneto seedthenext searchstep.To evaluateamodel,oneneedsto estimateits parameters.We
usetheEM algorithm(Dempsteretal., 1977;Lauritzen,1995)for this task.

4.2 Search for Optimal Model Structur es

The searchspacefor the subtaskof �nding an optimal modelstructureconsistsof all the regular
HLC model structuresfor the given manifestvariables. To searchthis space,we start with the
simplestHLC modelstructure,namelytheLC modelstructure(viewedasanunrootedHLC model
structure).At eachstep,we modify thecurrentstructureto constructa numberof new structures.
The new structuresare then evaluatedand the beststructureis selectedas the startingpoint for
the next step. To evaluatea modelstructure,oneneedsto estimatethe cardinalitiesof its latent
variables.This issueis addressedin subtask1.

We usethreesearchoperatorsto modify model structures,namelynodeintroduction,node
elimination,andneighborrelocation.

4.2.1 NODE INTRODUCTION

To motivate the nodeintroductionoperator, we needto go back to rootedmodels. Considerthe
rootedHLC modelM1 shown in Figure7. SupposevariablesY1 andY2 arelocally dependent.A
naturalway to modelthis local dependenceis to introducea new parentfor Y1 andY2, asshown in
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M2. This is preciselythe ideabehindthemultiple indicatorapproachto local dependencethatwe
mentionedin Section2.

Whentranslatedto unrootedmodelstructures,the new parentintroductionoperatorbecomes
thenodeintroductionoperator. Let X bea latentnodein anunrootedmodelstructure.SupposeX
hasmorethantwo neighbors.Thenfor any two neighborsof X, sayZ1 andZ2, we canintroducea
new latentnodeZ to separateX from Z1 andZ2. Afterwards,X is no longerconnectedto Z1 andZ2.
InsteadX is connectedto Z andZ is connectedto Z1 andZ2. To seeanexample,considerthemodel
structureM0

1 in Figure7. Introducinga new latentnodeX1 to separateX from Y1 andY2 resultsin
themodelstructureM0

2.

In thecaseof rootedmodelstructures,wedonotconsiderintroducingnew parentsfor groupsof
threeor morenodesfor thesakeof computationalef�ciency. Thisconstraintimpliesthatthemodel
M3 in Figure7 cannotbe reachedfrom M1 in onestep. In thecaseof unrootedmodelstructures,
we do not allow the introductionof a new nodeto separatea latentnodefrom threeor moreof its
neighbors.This impliesthatwecannotreachM0

3 from M0
1 in onestep.

Nodeintroductionis not allowedwhenit resultsin irregularmodelstructures.This meansthat
we cannotintroducea new nodeto separatea latentnodeX from two of its neighborsif it has
only oneotherneighborandthatneighboris a singly connectedlatentnode.Moreover, we cannot
introduceanew nodeto separateasinglyconnectedlatentnodefrom its two neighbors.9

4.2.2 NODE ELIMINATION

Theoppositeof nodeintroductionis nodeelimination. We noticethata newly introducednodehas
exactly threeneighbors.Consequentlywe allow a latentnodebeeliminatedonly whenit hasthree
neighbors.Of course,nodeeliminationcannotbeappliedif thereis only onelatentnode.

4.2.3 NEIGHBOR RELOCATION

Thethird searchoperatoris calledneighborrelocation. Supposea latentnodeX hasa neighborZ
thatis alsoalatentnode.Thenwecanrelocateany of theotherneighborsZ0of X to Z, whichmeans
to disconnectZ0 from X andreconnectit to Z. To seeanexample,considerthemodelstructureM0

2
in Figure7. If we relocatetheneighborY3 of X to X1, we reachstructureM0

3.

For the sake of computationalef�ciency, we do not allow neighborrelocationbetweentwo
non-neighboringlatent nodes. In Figure 6, for example,we cannotrelocateneighborsof X2 to
X3 andvice versa.Moreover neighborrelocationis not allowedwhenit resultsin irregularmodel
structures.To bemorespeci�c, supposeX is a latentnodethathasa latentnodeneighborZ. We
cannotrelocateanotherneighborZ0of X to Z if X hasonly threeneighborsandthethird neighboris
asinglyconnectedlatentnode.Therelocationis notallowed,of course,if X hasonly two neighbors.
Finally notethattheeffectsof any particularneighborrelocationcanalwaysbeundoneby another
applicationof theoperator.10

9. Nodeintroductionis similar to anoperatorthatPROMTL, a systemfor inferring phylogenetictrees,usesto search
for optimaltreetopologiesvia stardecomposition(Kishinoetal., 1990).Theformeris slightly lessconstrainedthan
thelatterin thatit is allowedto createsinglyconnectednodesasby-products.

10. Neighborrelocationis relatedto but signi�cantly differentthananoperatorcalledbranchswappingthatPAUP, asys-
temfor inferring phylogenetictrees,usesto searchfor optimaltreetopologies(Swofford, 1998).Thelatterincludes
whatarecallednearestneighborinterchange;subtreepruningandregrafting;andtreebisection/reconnection.
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4.2.4 A PROPERTY

Theorem5 Considerthe collectionof regular HLC modelstructures for a givensetof manifest
variables.Onecangobetweenanytwostructuresin thecollectionwithoutvisiting irregular struc-
turesusingnodeintroduction,nodeelimination,andneighborrelocation.

Proof: It suf�ces to show that any regular structureS in the collectioncanbe reachedfrom the
(unrooted)LC modelstructurewithout visiting irregularstructures.We do this by inductionon the
numberof latentnodesin S. If thereis only onelatentnode,thepropositionis trivially true.Suppose
thepropositionis truefor thecaseof n� 1 latentnodeswheren> 1. Considerthecaseof n. Because
S is regular andtherearemorethanonelatentnode,theremustbe a latentnodeX that has3 or
moreneighbors.We modify Sby �rst relocatingsomeof theneighborsof X to other(neighboring)
latentnodessuchthatit hasonly 3 neighborsafterwards.WetheneliminateX. Denotetheresulting
structureby S0. It is evidentthatS0andall theintermediatestructuresareregular. By theinduction
hypothesis,we canreachS0 from theLC modelstructurewithout visiting irregularstructuresusing
nodeintroduction,nodeelimination,andneighborrelocation.By theconstructionof S0, we know
that we canreachS from S0 without visiting irregular structuresusingthosethreeoperators.The
theoremis thereforeproved.Q.E.D

4.3 Complexity Analysis

Thedescriptionof our learningalgorithmis now complete.In this subsectionweanalyzetheworst
casecomplexity of thealgorithm.

Let n bethenumberof manifestvariables.Accordingto Lemma2, aregularHLC modelwith n
manifestvariableshasfewer than3n latentnodes.Thetotal numberof nodesin themodelis hence
boundedby 4n� 1.

In eachstepof structuralsearch,our algorithm appliesnodeintroduction,nodeelimination,
andneighborrelocationto thecurrentmodelstructureandproducesa setof new structures.Each
applicationof nodeintroductioninvolves a pair of neighborsof a latent nodes. Suchpairs for
different applicationsof the operatorcannotbe the same. Hencethe numberof new structures
producedby nodeintroductionis boundedby (4n� 1)4n=2< 8n2. The node-eliminationoperator
producesno morethan3n new structures.An applicationof neighborrelocationalso involvesa
pair of nodes,a latentnodeandoneof its neighbors.Suchpairsfor differentapplicationsof the
operatoraredifferent. Hencethe total numberof new structuresproducedby neighborrelocation
is boundedby thenumberof edges,which is no morethan4n. Thetotal numberof new structures
producedateachsearchstepishenceboundedby8n2+ 3n+ 4n= 8n2+ 7n. If theentiresearchprocess
takesN steps,thenthe total numberof modelstructuresthatwe needto examineis no morethan
N(8n2+ 7n).

For eachmodelstructure,we needto determinethecardinalitiesof all its latentvariables.Our
algorithmdoessoby hill-climbing. Thesearchstartsfrom themodelwhereall latentvariableshave
theminimumnumbersof statespossibleandat eachstepa new modelis generatedfor eachlatent
variableby increasingits cardinalityby one.Sincethenumberof latentvariablesis no larger than
3n, no morethan3n modelscanbegeneratedat eachstep.Let k bethemaximumnumberof states
a variablecanhave in all modelsthatwe encounter. Thenthesearchtakesno morethan3nk steps.
Consequently, the total numberof modelsexaminedfor angivenmodelstructuredoesnot exceed
n� 3nk= 3n2k.
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For eachmodel,weneedto estimateits parametersusingtheEM algorithm.Thecomplexity of
inferencein anHLC modelis linearin thenumberof nodes.Sincetherearenomorethan4n nodes,
inferencetakesO(4n) time. Supposethereared distinctdatarecords(d � kn). Theneachiteration
of EM takesO(4nd) time. Let M be themaximumnumberof EM iterationsallowedon a model.
Thenparameterestimationfor agivenmodeltakes(4ndM) time.

Totalingupall theparts,weconcludethatthetimecomplexity of ouralgorithmis

O(N(8n2+ 7n) � 3n2k� 4ndM) = O(96MNkdn5): (5)

5. Empirical Resultson SyntheticData

We have empiricallyevaluatedthealgorithmdescribedin theprevioussectionusingbothsynthetic
andreal-world data.Thissectiondiscussesexperimentswith syntheticdata.Two experimentswere
conducted.Wereporttheir resultsseparately.

5.1 Experiment 1

In this experiment,syntheticdataweregeneratedusingtheHLC modelstructurein Figure3. The
cardinalitiesof all variablesweresetat 3. Themodelwasrandomlyinstantiated.Four trainingsets
with 5,000,10,000,50,000,and100,000recordsweresampled.A testsetof 5,000recordswasalso
sampled.Eachsamplerecordconsistsof statesfor all themanifestvariables.

Weranour learningalgorithmoneachof thefour trainingsets,oncefor eachof thefour scoring
metricsBIC, AIC, CS,andLS. Thereare16 settingsin total. For the LS scoringmetric,25% of
thetrainingdatawassetasideandusedasvalidationdata.Candidatemodelswerecomparedusing
their logarithmicscoreson thevalidationdata.During modelselection,EM wasterminatedwhen
the increasein real (not expected)loglikelihoodfell below 0.01. Whenestimatingparametersfor
the �nal model,the thresholdwassetat 0.0001.Irrespective of the threshold,EM wasallowedto
run no more than200 iterationson any given model. For local maximaavoidance,we usedthe
ChickeringandHeckerman(1997)variantof themultiple-restartapproach.

Theexperimentswereconductedon a PCwith a 1 GHz PentiumIII processor. On thetraining
setwith 10,000records,thealgorithmtook97hoursto terminate.Therunningtimesfor othercases
arein thesamescale.

The logarithmic scoresof the learnedmodelson the testingdataareshown in Figure8. The
scoresaregroupedinto four curvesaccordingto thefour scoringmetrics.Thescoreof theoriginal
model is alsoshown for comparison.We seethat, in the relative sense,the scoresof the learned
modelsarequitecloseto thatof theoriginalmodel.This indicatesthatthosemodelsareasgoodas
theoriginal modelwhenit comesto predictingthetestingset. We alsoseethatscoresdo not vary
signi�cantly acrossthescoringmetrics.

The structuresof the learnedmodelsdo dependon the scoringmetrics. Thereare7 different
modelstructures.The �rst oneis theoriginal structureandwill bedenotedby M0. Theothersix
areshown in Figure9. Model structuresproducedby our algorithmareunrooted.In this andthe
next section,we root themin certainwaysfor readability. Table1 givesinformationaboutwhich
structurewasobtainedin whatsettingandhow farawaythestructuresarefrom theoriginalstructure
in termsthenumberof structuralsearchoperations.

We seethat,whencombinedwith eitherBIC or CS,our algorithmobtained,from the50k and
100k trainingsets,thecorrectstructure.In theothertwo trainingsets,themodelstructuresfound
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Figure8: Logarithmicscoresof learnedmodelson testingdata.

Figure9: Structuresof learnedmodels.

arequite closeto the original structure. For example,the BIC scoringmetric gave us M1. This
modelstructureis very similar to theoriginal structure.Theonly thing thatour algorithmfailedto
recognizein M1 is thatY4 andX2 arenot independentgivenX1. Thefact thatM1 is only onestep
away from thegenerative modelimplies thatM1 wascomparedwith thegenerative modelduring
search.It waschoosenover the generative modelbecauseit is betterthanthe latter accordingto
data.This happeneddueto insuf�cient data.As a matterof fact,in thetwo caseswheretherewere
50kand100krecords,thegenerativemodelwasselectedoverM1.
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5k 10k 50k 100k

BIC 1 (M1) 1 (M1) 0 (M0) 0 (M0)
CS 1 (M1) 2 (M2) 0 (M0) 0 (M0)
LS 2 (M3) 4 (M6) 0 (M0) 0 (M0)
AIC 3 (M4) 4 (M5) 0 (M0) 0 (M0)

Table1: Model structuresfound in the16 settingsandthenumbersof operationsit would take to
reachtheoriginal structure.

50k 100k
BIC CS LS AIC BIC CS LS AIC

X1 2 2 2 2 2 2 2 2
X2 3 3 3 3 3 3 3 4
X3 2 2 4 4 3 3 4 4

Table2: Cardinalitiesof latentvariablesin thelearnedmodelsof Experiment1 thathavethecorrect
structure.In theoriginalmodel,all variableshave3 states.

Whencombinedwith AIC andLS, our algorithmalsorecoveredthecorrectstructurefrom the
50k and100k trainingsets. In theothertwo trainingsets,however, it obtainedstructuresthatare
signi�cantly differentfrom theoriginal structure.

Although the correctmodel structurewas recoveredfrom the 50k and100k training setsno
matterwhich thescoringmetricwasused,differentscoringmetricsgave differentestimatesfor the
cardinalitiesof the latentvariables. As canbe seenfrom Table2, BIC andCS tend to produce
underestimatesandwith moredata,they tendto give betterestimates.On theotherhand,AIC and
LS tendto bringaboutoverestimatesandtheestimatesdonotseemto improvewith moredata.

5.2 Experiment 2

Thesetupof this experimentis thesameasthatof Experiment1 excepttheway modelparameters
weregenerated.Herewe generatedthe parametersalsoin randomfashionbut ensuredthat each
conditionalprobabilitydistribution hasonecomponentwith massno smallerthan0.6. Theobjec-
tive is to seehow our algorithmwould performin caseswherethe parametersaremoreextreme
comparedwith thosein Experiment1.

In termsof logarithmicscoresof learnedmodelson testingdata,resultsof this experimentare
moreor lessthesameasin Experiment1. Whenit comesto structuresandcardinalitiesof latent
nodes,therearesigni�cant differences.With BIC andCS,our algorithmwasableto recover the
correctmodelstructurefrom all four training sets.Moreover, the cardinalitiesof X2 andX3 were
alwaysestimatedcorrectly. Thecardinalityof X1 wasestimatedcorrectlyin the100ktrainingsets,
while it wasunderestimatedby 1 in all othertrainingsets.Theseresultsaresigni�cantly betterthan
thosein Experiment1.
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WhenAIC andLS wasused,on theotherhand,theperformanceis worsethanin Experiment
1. The algorithmwasunableto recover the correctmodelstructureeven from the 50k and100k
trainingsets.

6. Empirical Resultson Real-World Data

This sectionreportsempiricalresultson four datasetstaken from theLCA literature,namelythe
Hannover rheumatoidarthritis data(Wasmuset al., 1989), the Colemandata(Coleman,1964),
the HIV data(Alvord et al., 1988), and the housingbuilding data(Hagenaars,1988). For the
convenienceof thereader, thedatasetsarereproducedin Tables3 and4 neartheendof thepaper.
Theseexperimentswerealsoconductedon a PCwith a 1 GHz PentiumIII processor. Therunning
timesrangefrom a few secondsto a few minutes.

6.1 The Hannover RheumatoidArthritis Data

The Hannover rheumatoidarthritis datawastaken from a studyby Wasmuset al. (1989)on the
prevalenceof rheumatoidarthritis in theadult population.A randomsampleof 25 to 74 yearold
Germanresidentsof Hannover, Germany wassurveyedby meansof amailedquestionnaire.Among
others,this questionnairecontained� ve questionsaboutthe presenceof � ve symptoms“today”:
backpain,neckpain,painin oneor severaljoints, joint swelling,andmorningstiffness.Eachitem
wasto beansweredin asimpleyes/noresponseformat.Thedatasetconsistsof 7,162records.

Thisdatasethasbeenanalyzedby KohlmannandFormann(1997).They concludethatthebest
modelfor this dataset is a four classLC model. This model�ts the datawell (L = 8:2, d f = 8,
p = 0:414)andis meaningfulto epidemiologists.

UsingscoringmetricsBIC, CS,andAIC, our algorithmdiscoveredexactly thesamemodelas
theoneobtainedby KohlmannandFormann(1997). WhenLS wasused,however, it computeda
verydifferentmodelthatdoesnot �t datawell.

6.2 The ColemanData

The Colemandatasummarizeresponsesof 3,398schoolboys, eachwasasked to respondto the
following questionandstatementat two differentpoints in time: (1) “Are you a memberof the
leadingcrowd?” (2) “If a fellow wantsto bea partof theleadingcrowd aroundhere,hesometimes
hasto go againsthis principles.” Thereare four binary manifestvariablesA, B, C, andD. The
variableA standsfor the answerto the questionin October1957andC that in May 1958. The
variableB standsfor the responseto thestatementin October1957andD that in May 1958. The
valueof 0 means“yes” and1 means“no”.

Thisdatasethasbeenpreviouslyanalyzedby Goodman(1974a)andHagenaars(1988).Good-
manstartedwith a2-classLC modelandfoundthatit doesnot �t thedatawell (L = 249:50,d f = 6,
p < 0:001).Hewenton to considertheloglinearmodelthatis representedby thepathdiagramM1
in Figure10. In themodel,bothX1 andX2 arebinaryvariables.Thismodel�ts datawell (L = 1:27,
d f = 4, p = 0:87). Hagenaarsexaminedseveralpossiblemodelsandreachedtheconclusionthat
the loglinearmodelM2, whereX is a binaryvariable,bestexplainsthedata. This modelalso�ts
thedataverywell (L = 1:43,d f = 5, p = 0:92).

UsingscoringmetricsAIC, BIC, andCS,our algorithmfoundthemodelM3, whereX1 andX2

arebothbinaryvariables.It' s obviousthatM3 is equivalentto M1 andhence�t dataequallywell.
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Figure10: Modelsfor theColemandata.

Figure11: Model for theHIV data.

Our algorithmdoesnot examinemodelM2 becauseit is not anHLC model. This is, however, no
problembecauseM2 andM3 arealmostidenticalasgenerativemodelsfor themanifestvariables.

UsingLS, ouralgorithmfoundamodelthatis thesameasM3 exceptthecardinalityof X1 is 3.
Thismodeldoesnot �t datawell (L = 1:27,d f = 0, p = 0:0).

6.3 The HIV TestData

This datasetconsistsof resultson 428subjectsof four diagnostictestsfor humanHIV virus: “ra-
dioimmunoassayof antigenag121”(A); “radioimmunoassayof HIV p24” (B); “radioimmunoassay
of HIV gp120” (C); and“enzyme-linked immunosorbentassay”(D). A negative result is repre-
sentedby 0 andapositive resultby 1.

Alvord et al. (1988) reasonedthat thereshouldbe two latent classes,correspondingto the
presenceandabsenceof the HIV virus. However, the two-classLC modeldoesnot �t datawell
(L = 16:23,d f = 6, p = 0:01). This indicatesthepresenceof localdependence.

The performanceof our algorithmon this dataset is similar to that on the Colemandataset.
Using AIC, BIC, andCS, it found the modelin Figure11, whereboth latentvariablesarebinary
variables.The modelis identicalto oneof the equivalentmodelsUebersax(2000)reachedusing
someheuristictechniques.Themodel�t datawell (L = 3:056,d f = 4, p = 0:548).

With LS score,ouralgorithmproducedthesamemodelstructure.However, thecardinalitiesof
bothlatentvariablesareoverestimatedby 2. Themodel�ts datapoorly.

6.4 The HouseBuilding Data

Thehousebuilding dataaretaken from a studyby Hagenaarson people's view aboutwhata new
governmentshoulddo. Again therearefour binary manifestvariablesA, B, C, andD. Roughly
speaking,A andC representanswersby respondents,in NovemberandDecember1970respectively,
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Figure12: Modelsfor thehousebuilding data.

to thequestionwhetherhousebuilding wasanimportantproblem.B andD representtheviews of
respondents,in NovemberandDecember1970respectively, on how importanthousebuilding was
in relationto severalotherissues.Wereferthereaderto Hagenaars(1988)for thedetails.

Whenanalyzingthe data,Hagenaarsstartedwith the modelM1 shown in Figure12. In M1
andall the other threemodels,all latentvariablesarebinary. The ideabehindM1 is to capture
the test-retesteffectsbetweenthe two interviews. This modeldoesnot �t datawell (L = 45:37,
d f = 4, p = 0:000). Hagenaarswenton to examinethestandardizedresidualsandconcludedthat
andirecteffect shouldbeaddedbetweenA andB. This led to themodelM2. This model�t data
well (L = 1:94,d f = 3, p = 0:59). Startingfrom someotherinitial modelsandaddingdirecteffects
properlyamongmanifestvariables,HagenaarsalsoderivedthemodelsM3 andM4, which �t data
aswell asM2.

It is clearthat modelsM2, M3, andM4 arenot closeto any HLC models.Consequently, we
cannotexpectour algorithmto �nd satisfactorymodelsfor this dataset. This turnedout to be the
case.Regardlessof thescoringmetric,our algorithmalwaysfoundLC models.With BIC andCS
it found3-classLC models.With AIC andLS, it found4-classLC models.Noneof themodels�t
datawell.

To summarizetheexperimentswith real-world data,we notethat theperformanceof our algo-
rithm ontheHannoverrheumatoidarthritisdatasupportstheclaimmadein theintroductionthatthe
algorithmwould returnLC modelswhenthereis no local dependence.The performanceson the
ColemanandHIV datasetssupportthatclaimthatwhenlocaldependenceis present,thealgorithm
would returnHLC modelswith local dependenceproperlyencoded.Finally, the performanceon
thehousingbuilding datashows thelimitation of HLC models.

7. Conclusionsand Futur eDir ections

We have introduceda new classof modelsfor clusteranalysis,namelyHLC models.HLC models
aresigni�cantly moregeneralthanLC modelsandcanaccommodatelocal dependence.Yet they
remaincomputationallyattractivebecauseof simplicity of their structures.

A search-basedalgorithmhasbeendevelopedfor learningHLC modelsfrom data. Both syn-
thetic and real-world datahave beenusedto evaluatethe algorithm with four different scoring
metrics,namelyAIC, BIC, CS,andLS. Theresultsindicatethatthealgorithmworkswell with BIC
andCS.

Themodelsthatouralgorithm,with BIC or CS,reconstructedfrom syntheticdatapredicatetest
dataaswell astheoriginalmodel.Their structuresarethesameor equivalentto thatof theoriginal
model,exceptin acoupleof caseswhereminordifferencesexist (probablydueto insuf�cient data).
Thecardinalitiesof latentvariableswere,however, oftenunderestimated.On threeof thefour real-
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world datasets,our algorithmfoundmodelsthatareconsideredoptimalor closeto optimal in the
literature.However, it failedon thefourthdataset,owing to thelimitationsof HLC models.

We endthepaperwith a list of issuesthatshouldbeaddressed.On top of the list is the issue
of complexity. The focusof this paperhasbeenon developinga principledsearch-basedmethod
for learningHLC models. Not muchconsiderationwasgiven to computationalcomplexity. It is
clearfrom Section4.3 that our algorithmis computationallyexpensive becauseit, at eachstepof
search,examinesa largenumberof modelsandrunstheEM algorithmon eachof themodels.To
improve scability, we needto reducethe numberof candidatemodelsandto reducethe number
of timesthe EM algorithmis called. Although not straightforward, both tasksarepossible. For
example,the numberof calls to the EM algorithmcanbe reducedby applyingthe ideaof struc-
tural EM (Friedman,1997). We have recentlydevelopeda new algorithmbasedon this andother
ideas.Thealgorithmwastestedon,amongothers,adatasetderivedfrom theCoIL Challenge2000
benchmarkdata(van der Puttenandvan Someren,2000). Thereare42 mostly binary attributes
and5822records.Thenew algortihm�nished analyzingthedatain 121hourson a PCwith a 2.4
GHz Pentium4 processorandit obtaineda very interestingmodel. Thedetailswill bereportedin
upcomingpapers.

Thesecondissueconcernsscoringmetric. It hasbeenshown thattheBIC scoreis a consistent
modelselectioncriterionfor Bayesiannetworkswith no latentvariablesin thesensethat,givensuf-
�cient data,theBIC scoreof thegenerative model,i.e., themodelfrom which dataweresampled,
is larger thanthoseof any othermodelsthatarenot equivalentto thegenerative model(Geigeret
al., 2001).AlthoughourempiricalstudiessuggestthattheBIC scoreis well-behavedin practicefor
thetaskof learningHLC models,BIC hasnotbeenprovedto beconsistentfor latentvariablemod-
els. Theuseof effective dimensionsmakesBIC a betterapproximationof themarginal likelihood
(Geigeret al., 1996);anda methodfor effectively computingeffective dimensionsof HLC models
hasbeenfound (Ko�cka andZhang,2002). However, the marginal likelihood itself hasnot been
shown to beconsistentfor latentvariablemodels.Findingaconsistentmodelselectioncriterionfor
HLC modelsin particularandfor latentvariablemodelsin generalis animportantresearchtopic.

Finally, we chooseto studyHLC modelsbecausethey signi�cantly generalizeLC modelsand
are computationallyattractive. As we have seenin Section6, HLC modelsare well suitedfor
someapplicationswhile inadequatefor others.Sometimesmorecomplex modelsareneeded.The
challengeis to keepcomputationfeasiblewhile consideringmoreandmorecomplex models.
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BackPain NeckPain JointPain Swelling Stiffness Frequency

no no no no no 3,634
no no no no yes 73
no no no yes no 87
no no no yes yes 10
no no yes no no 440
no no yes no yes 89
no no yes yes no 106
no no yes yes yes 75
no yes no no no 295
no yes no no yes 25
no yes no yes no 15
no yes no yes yes 5
no yes yes no no 137
no yes yes no yes 42
no yes yes yes no 35
no yes yes yes yes 39
yes no no no no 489
yes no no no yes 37
yes no no yes no 23
yes no no yes yes 7
yes no yes no no 255
yes no yes no yes 116
yes no yes yes no 71
yes no yes yes yes 65
yes yes no no no 306
yes yes no no yes 48
yes yes no yes no 16
yes yes no yes yes 11
yes yes yes no no 229
yes yes yes no yes 162
yes yes yes yes no 44
yes yes yes Yes yes 176

Table3: TheHannover rheumatoidarthritisdata.
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