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Why Estimation?

x

y

?

Estimation?

• Purpose of Estimation
– Maintain accurate knowledge of the state of 

the system throughout time

• Hovercraft example
– States:

• Translation {x, y}
• Attitude {?}

– Sensors are only approximations, at best, due 
to noisy measurements 
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Estimation Fundamentals: 
Stationary Systems

• Goal
– Find the most likely state, , given an observation, 

• Card Counting Example
– Estimate the number of cards that have been played after 3 hands

of blackjack
• One Player
• One Dealer 

Ss ∈ˆ Oo ∈

)|(maxargˆ ..1 osPs ini==

s = # of cards dealt

e = counting error

o = observed value = s + e
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Card Counting Example Continued

• Joint PMF,

• Determine conditional 
probability of being in a 
state given an observation, 
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• Observe, o = 17
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Card Counting Example Continued

• Joint PMF,

• Determine conditional 
probability of being in a 
state given an observation, 
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Card Counting Example Continued

• Joint PMF,

• Determine conditional 
probability of being in a 
state given an observation, 
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Estimation for Non-Stationary Systems

• Continuous Dynamics Model
– Differential Equations

– Continuous Estimation: Kalman Filter
• Propagate and Update

• Concurrent Constraint Automata (CCA) representation
– Discrete Transitions

– Mode Estimation: Belief State Update
• Propagate (a priori probability)

• Update (posteriori probability)
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Belief State Update Formulation

• Estimate the State, s

• Joint PMFs/PDFs can be difficult to compute à Bayes Rule

• Update Step in Belief State Update Equations
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Non-Stationary System Example

Off

Broken

Oncmd = turnOn

Unconstrained

0.1 or 0.2

cmd = turnOff

• State Variables, ∏s

– Switch
• {On, Off, Broken}

• Command Variables, ∏c

– cmd
• {on, off, no-command}

Output_pin = low Output_pin = high

• Observable Variables, ∏o

– Output_pin 
• {low, high}

¬(cmd = turnOn) ¬(cmd = turnOff)

0.9

0.8

0.8

0.1 or 0.2

1
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Non-Stationary System Example

• Initially: {P(Off0)=0.7, P(Broken1)=0.3}
• System command = turn On
• Propagate States

– On

– Broken

• Update States

∑
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Full Belief State

• Requires:
– P, B(t), p(t•), µ(t), o(t+1)

• Computes:
– B(t+1), p(t+1•)

B(t) B(t+1)

S1
(t)

S2
(t)

Sn
(t)

S1
(t+1)

S2
(t+1)

Sm
(t+1)

… …

∑

nextcurrent

B(t+2)

S1
(t+2)

S2
(t+2)

Sq
(t+2)

…

future

• Size-Space: O(mc)
– c: # of components
– m: # of modes

∑

∑
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Mode Estimation Overview

• Introduction
• Previous Mode Estimation Algorithms

– General Diagnostic Engine (GDE)
– Sherlock
– Mine-Me
– Livingstone

• Current Mode Estimation Algorithms
– Single State Trajectory (Titan 1.0)
– Most Likely Trajectories (Titan 1.1)

• Future Mode Estimation Algorithms
– Compiled Mode Estimation (Titan 2.0)
– N-Step Estimation
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General Diagnostic Engine (GDE)

• Developed by deKleer and Williams in 1987
• Components modes limited to “ok” and “not okay”

– Constrained based on observations
– Useful for logic systems (and, or, not…) and mathematical 

operators (addition, subtraction…)

• Uses Divide and Conquer to generate diagnoses

OR Ok Not
OKOut = In1 v In2

Unconstrained

Conflict
Recognition

Candidate
Generation

Observations Conflicts Diagnoses

System Model



Mode Estimation Evolution July 10, 2003                                 omartin@mit.edu,       tsoline@mit.edu 14

GDE Example

• Conflict Recognition
Conflict is a partial set of assignments to 

mode variables which are inconsistent 
with observations

– Ex: 

• Candidate Generation
– Constituent Diagnoses

– Kernel Diagnoses

[ ])1()( oksquareokbuffer =∧=¬

Out =
In

Square1

Out = In2

Square2

Out = In2

Buffer

A

B C

Observe: A = 2, B = 5, C = 5

[ ])2()( oksquareokbuffer =∧=¬

[ ])1()( oksquareokbuffer =¬∨=¬

[ ])2()( oksquareokbuffer =¬∨=¬

[ ])( okaynotbuffer −=

[ ])2()1( okaynotsquareokaynotsquare −=∧−=
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Sherlock

• Developed by deKleer in 1989
• Similar to GDE but specifies nominal and fault modes 

with associated probabilities

• Added conflict directed search to prioritize diagnoses in 
best-first order

∑ ⋅
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Off Broken
Lamp = Off
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System Model
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Mini-Me?
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Miniature Mode Estimation (Mini-ME)

• Developed by Chung and Williams in 2001
• Same component models as Sherlock with nominal 

and fault modes and associated probabilities
• Increased performance by removing the need for 

satisfiability and online conflict generation through 
compilation

Mini-ME

Offline

Spacecraft
Model

Dissent
Generator

Compiled
Model

Online

Partial
Diagnosis

Trigger

Best-first
Kernel

Diagnosis
Generator

ConflictsDissents Most Likely
Diagnosis

Monitors Continuous
Observations

Partial
Diagnosis

Rule
Generator

Partial Diagnosis
Rules

Discrete
Observations
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Moving towards a Full Belief State

B(t) B(t+1)

S1
(t)

S2
(t)

Sn
(t)

S1
(t+1)

S2
(t+1)

Sm
(t+1)

… …

∑

nextcurrent

B(t+2)

S1
(t+2)

S2
(t+2)

Sq
(t+2)

…

∑

∑

future



Mode Estimation Evolution July 10, 2003                                 omartin@mit.edu,       tsoline@mit.edu 19

Livingstone Mode Estimation

• Developed by Williams in 1996
• Same strategy as Sherlock 

– Conflict directed search to generate estimates 
in best-first order (any-time)

• Two key differences:
– Uses CCA model representation with 

transitions
– Tracks an Approximate Belief State over time

Engine ModelEngine Model

StandbyStandby

OffOff

offoff--
cmdcmd standbystandby--

cmdcmd

0.010.01

FiringFiring

0.010.01
standbystandby--

cmdcmd
firefire--
cmdcmd

0.010.01

FailedFailed

ß(t) ß(t+1)

S1
(t)

S1
(t+1)

S2
(t+1)

Sk+1
(t+1)

…

nextcurrent

ß(t+2)

Sk
(t+1)

…

S1
(t+2)

S2
(t+2)

Sk+1
(t+2)

…
Sk

(t+2)

…

future
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Single State Trajectory

ß(t) ß(t+1)

S1
(t)

S1
(t+1)

S2
(t+1)

Sm
(t+1)

…

nextcurrent

ß(t+2)

S1
(t+2)

S2
(t+2)

Sq
(t+2)

…

• Titan 1.0 Mode Estimation
– Computes the single most likely state trajectory, s1∈ ß, that 

is consistent with observations, o(t+1), and commands, µ(t)

• Enumerated in Best-First order using OPSAT

future
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Most Likely Trajectories

ß(t) ß(t+1)

S1
(t)

S1
(t+1)

S2
(t+1)

Sk+1
(t+1)

…

nextcurrent

ß(t+2)

• Titan 1.1 Mode Estimation
– Computes the K most likely state trajectories, s1..K∈ ß, that 

is consistent with observations, o(t+1), and commands, µ(t)

Sk
(t+1)

…

S1
(t+2)

S2
(t+2)

Sk+1
(t+2)

…
Sk

(t+2)

…

Each trajectory is considered unique and are not summed 
together when they converge to the same state

Probabilistically 
Incomplete

future
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Most Likely Trajectory Calculation

• Probability Calculations

– a priori

– posteriori 

– Normalize over K estimates*

• Ranked using a priority queue
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Demo Results

OR LED

sw1

sw2

Cmd1 = turnOn-sw1
Observation1: LED light=off
Cmd2 = turnOn-sw2
Observation2: LED light=off

Single Trajectory (previous implementation)

Multiple Trajectories (new implementation)

Sw1 = Broken & Sw2 = Broken 
(Probability of Switch breaking is highest for each time-step)

Sw1 = Broken & others = nominal

Sw2 = Broken & others = nominal

OR-gate = Broken & others = nominal

After Cmd2 and Obs2

OR-gate = not Broken & others = nominal

Sw1 = broken & Sw2 = broken &
Or-gate = not broken
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Compiled Mode Estimation

• Computes an approximate belief state, si∈ ß, that is 
consistent with observations, o(t+1), by enumerating 
mode estimates in best-first order

ß(t) ß(t+1)

S1
(t)

S2
(t)

Sk
(t)

S1
(t+1)

Sn
(t+1)

Sk
(t+1)

… …

∑

nextcurrent

• Decreases the trajectory 
search space by compiling out 
model constraints offline

– Mini-ME

• Uses Conflict-Directed A* 
(CDA*) to find most likely 
trajectories, eliminating the 
need for a satisfiability engine

– Sherlock/Livingstone

…

Sk+1
(t+1)

highest 
probability

lowest 
probability
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Dynamic Mode Estimate Generation

1. Choose a 
previous mode 
estimate, Si

(t)

• generate algorithm

3. Determine all 
transitions from 

within ß(t) to 
Sj

(t+1) to calculate 
P(•t+1) [Sj]

• rank algorithm

How do we choose Si
(t) in 

order to find the most 
likely Sj

(t+1)? 2. Choose the most likely 
transition from Si

(t) to Sj
(t+1)

•Conflict Directed A*
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Generation Algorithm

• Determines a current state 
estimate which will 
generate the next most 
likely state estimate

• Modified A* Search
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(t+1)
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(t+1)

… …

∑

nextcurrent

…

Sk+1
(t+1)

where
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Initialize Search Tree

• Previous mode estimates 
are placed in order of 
highest posterior 
probability 

{}

S1
(t) S2

(t) S3
(t) S4

(t)

Enumerated:
C1= C2= C3= C4=

R = 1
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Iteration #1

• Expand most likely 
trajectory from most 
probable previous mode 
estimate 
à S1

(t)

Enumerated:
S1

(t+1)C1=0.88 C2= C3= C4=

R =1-0.62= 0.38

S1
(t+1)

{}

S1
(t) S2

(t) S3
(t) S4

(t)

C1=0.5*1.0+0.38
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Iteration #2

• Continue to expand next 
state in B(t) but not highest 
cost
à S2

(t)

Enumerated:
S1

(t+1), S3
(t+1)C1=0.64 C2= 0.32 C3= C4=

R =1-0.62-0.24= 0.14

{}

S1
(t) S2

(t) S3
(t) S4

(t)

C2=0.3*0.6+0.14

S3
(t+1)S1

(t+1)
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Iteration #3

• Continue to expand next 
state in B(t) but not highest 
cost
à S3

(t)

Enumerated:
S1

(t+1), S3
(t+1)C1=0.64 C2= 0.32 C3= 0.20 C4=

R =1-0.62-0.24= 0.14

{}

S1
(t) S2

(t) S3
(t) S4

(t)

C3=0.15*0.4+0.14

S3
(t+1)S1

(t+1) S3
(t+1)
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Iteration #4

• Continue to expand next 
state in B(t) but not highest 
cost
à S4

(t)

Enumerated:
S1

(t+1), S3
(t+1), S4

(t+1)C1=0.5525 C2= 0.2325 C3= 0.1125 C4= 0.0875

R =1-0.62-0.24-0.0875= 0.0525

{}

S1
(t) S2

(t) S3
(t) S4

(t)

C4=0.05*0.7+0.0525

S4
(t+1)S1

(t+1) S3
(t+1) S3

(t+1)
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Iteration #5

• Expand most likely 
trajectory from the 
highest cost node 
à S1

(t) à S2
(t)

Enumerated:
S1

(t+1), S3
(t+1), S4

(t+1)C2= 0.1725 C3= 0.1125 C4= 0.0875

R =1-0.62-0.24-0.0875= 0.0525

{}

S1
(t) S2

(t) S3
(t) S4

(t)

C2=0.3*0.4+0.0525

S1
(t+1) S3

(t+1) S4
(t+1)
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Iteration #6

• Expand most likely 
trajectory from the 
highest cost node 
à S2

(t) à S3
(t)

Enumerated:
S1

(t+1), S3
(t+1), S4

(t+1)C3= 0.105 C4= 0.0875

R =1-0.62-0.24-0.0875= 0.0525

{}

S1
(t) S2

(t) S3
(t) S4

(t)

C2=0.15*0.35+0.0525

S4
(t+1) S4

(t+1)
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Iteration #7

• Expand most likely 
trajectory from the 
highest cost node 
à S3

(t)

Enumerated:
S1

(t+1), S3
(t+1), S4

(t+1), 
S2

(t+1)

C3= 0.0525 C4= 0.05

R =1-0.62-0.24-0.0875-0.0375
= 0.015

{}

S1
(t) S2

(t) S3
(t) S4

(t)

C3=0.15*0.25+0.015

S2
(t+1) S4

(t+1)
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Iteration #8

• Expand most likely 
trajectory from the 
highest cost node 
à S3

(t) à S4
(t)

Enumerated:
S1

(t+1), S3
(t+1), S4

(t+1), 
S2

(t+1), S5
(t+1)

C4= 0.015

R =1-0.62-0.24-0.0875-0.0375 -
0.015 = 0.0

{}

S1
(t) S2

(t) S3
(t) S4

(t)

C4=0.05*0.3+0.0

S5
(t+1)
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N-Step Mode Estimation
• Motivation: 

– Better estimates obtained by considering history of 
observations and commands in situations where a low 
probability trajectory becomes highly likely after additional 
evidence

• Use a moving window of N previous observations 
and commands to estimate the next states

t

O_t-n+1…..O_t
C_t-n…..C_t-1 
Plant Model

t-n
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Approach

• Encode as CSP
– Map CCA to constraints expressed in propositional logic
– Types of constraints:

• Modal constraints
• Transition constraints 
• Non-deterministic transitions
• Component interconnection constraints
• Mutex constraints- interleaving of transitions

• Construct a Trellis Diagram
• Solve for best trajectories using OPSAT
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Modal Constraints

On

Broken

Offcmd = turnOff

Unconstrain
ed

0.0001
0.0001

cmd = turnOn

cmd = turnOn
V cmd = 
noCmd

cmd = turnOff
V cmd = 
noCmd

Output 
= HI

Output 
= LO

M_Switch(Switch=On)=(output=HI)
M_Switch(Switch=Off)=(output=LO)
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Transition Constraints

On

Broken

Offcmd = 
turnOff

Unconstrained

0.0001
0.0001

cmd = 
turnOn

cmd = 
turnOn V 

cmd = 
noCmd

cmd = 
turnOff V 

cmd = 
noCmd

Switch 
= On

Switch 
= Off

Tn_Switch(Switch=On)={(cmd=turnOff,Off), (cmd=turnOff, On)}
Tn_Switch(Switch=Off)={(cmd=turnOn,On), (cmd=turnOn, Off)}
Tf_Switch(Switch=On)={(True, Broken)}
Tf_Switch(Switch=Off)={(True,Broken)}

P(Tn_Switch)=0.99
P(Tf_Switch)=0.01
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Non-deterministic Transitions

• Take only 1 transition 
at a time: g1 and g2 
must be mutually 
exclusive, i.e.

• g1 and g2 are mutually 
exhaustive

•RMPL compiler should 
check that these 
conditions on guards are 
satisfied

~(g1&g2)

g1vg2

s

t1

t3

t2

T1
T2

T3

g1

g2

t4
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Non-deterministic Transitions

Tnd_component(x=s)={(g1,t1), (g1,t2), (g1,t3), (g1,s)}

Tnd_component(x=s)={(g2, t4), (g2,s)}

s

t1

t3

t2

T1
T2

T3

g1

g2

t4
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Component Interconnection Constraints
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Mutex Constraints

s1 t1

s2 t2

T1

g1

T2

g2

Interference: one of the effects of one transition
is the negation of a precondition of the other 

Component1:

Component2:

(M1_t=s1 & g1 & M2_t+1=t2) => (V1=T1 & V2=T2)
(M2_t=s2 & g2 & M1_t+1=t1) => (V1=T1 & V2=T2)
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Trellis Diagram

• Construct a Trellis Diagram
Consider the 
following state 
diagram:

We can represent it by an equivalent 
state-time pair graph as follows:

s

t = 0

0

12 1

2

3

00

01

1332

20

21

t = 6T

3

0

1

2

3

00

01

12

1332

20

21

t = 5T

0

1

2

00

01

12

1332

20

21

t = 4T

0

1

2

3

00

01

13

12

t = 3T

00
0

1

01

t = 2T

0
−πs0

t = T

t

t = 7T

32

0

33

21

12

01

00

1

2

3

0

2

3

1

13

20

Finish with a new end 
node with an empty 
transition from each 
state in the Nth + 1 step
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Algorithm for Constructing Trellis Diagram
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Algorithm for Constructing Trellis Diagram

assignmentemodnextthereturn

l|o)s(C

:thatsuch
)vx(in)'v,l(pairstransitionIdentify
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Frame as OCSP
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Frame as OCSP
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Frame as OCSP
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Frame as OCSP



Mode Estimation Evolution July 10, 2003                                 omartin@mit.edu,       tsoline@mit.edu 51

Frame as OCSP

)x;z(rp)Z,X(p 1kkx,x

N

1k
xNN k1ko −

= −
∏= π

So the objective function is to maximize:

))x;z(rpln()ln( 1kkx,x

N

1k
x k1ko −

= −
∑+π

Over all possible sequences }x,...,x,x{ N1o


